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Many high-dimensional hypothesis tests aim to globally examine
marginal or low-dimensional features of a high-dimensional joint dis-
tribution, such as testing of mean vectors, covariance matrices and re-
gression coefficients. This paper constructs a family of U-statistics as
unbiased estimators of the £,-norms of those features. We show that
under the null hypothesis, the U-statistics of different finite orders
are asymptotically independent and normally distributed. Moreover,
they are also asymptotically independent with the maximum-type
test statistic, whose limiting distribution is an extreme value distribu-
tion. Based on the asymptotic independence property, we propose an
adaptive testing procedure which combines p-values computed from
the U-statistics of different orders. We further establish power analy-
sis results and show that the proposed adaptive procedure maintains
high power against various alternatives.

1. Introduction.

Motivation. Analysis of high-dimensional data, whose dimension p could
be much larger than the sample size n, has emerged as an important and
active research area [e.g., 21, 72, 25, 23]. In many large-scale inference prob-
lems, one is often interested in globally testing some overall patterns of
low-dimensional features of the high-dimensional random observations. One
example is genome-wide association studies (GWAS), whose primary goal is
to identify single nucleotide polymorphisms (SNPs) associated with certain
complex diseases of interest. A popular approach in GWAS is to perform
univariate tests which examine each SNP one by one. This however may
lead to low statistical power due to the weak effect size of each SNP [56]
and the small statistical significance threshold (~ 107®) chosen to control
the multiple-comparison type I error [48]. Researchers therefore have pro-
posed to globally test a genetic marker set with many SNPs [73, 48] in order
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to achieve higher statistical power and to better understand the underlying
genetic mechanisms.

In this paper, we focus on a family of global testing problems in the high-
dimensional setting, including testing of mean vectors, covariance matrices
and regression coeflicients in generalized linear models. These problems can
be formulated as Hy : £ = 0, where 0 is an all zero vector, £ = {¢; : | € L}
is a parameter vector with £ being the index set, and e;’s being the corre-
sponding parameters of interest, e.g., elements in mean vectors, covariance
matrices or coefficients in generalized linear models. For the global testing
problem Hy : £ = 0 versus Hy : £ # 0, two different types of methods
are often used in the literature. One is sum-of-squares-type statistics. They
are usually powerful against “dense” alternatives, where £ has a high pro-
portion of nonzero elements with a large [|E]2 = Y, €f or its weighted
variants. See examples in mean testing [e.g., 4, 27, 69, 14, 13, 28, 71] and
covariance testing [e.g., 3, 51, 15, 54]. The other is maximum-type statistics.
They are usually powerful against “sparse” alternatives, where £ has few
nonzero elements with a large ||€]|~ [e.g., 43, 55, 32, 9, 10, 11, 67]. More
recently, [22, 79] also proposed to combine these two kinds of test statis-
tics. However, for denser or only moderately dense alternatives, neither of
these two types of statistics may be powerful, as will be further illustrated
in this paper both theoretically and numerically. Importantly, in real ap-
plications, the underlying truth is usually unknown, which could be either
sparse, dense, or in-between. As global testing could be highly underpowered
if an inappropriate testing method is used [e.g., 17], it is desired in practice
to have a testing procedure with high statistical power against a variety of
alternatives.

A Family of Asymptotically Independent U-Statistics. To address these is-
sues, we propose a U-statistics framework and introduce its applications to
adaptive high-dimensional testing. The U-statistics framework constructs
unbiased and asymptotically independent estimators of ||E[|G := >, - ef for
different (positive) integers a, where a = 2 corresponds to a sum-of-squares-
type statistic, and an even integer a — oo yields a maximum-type statistic.
The adaptive testing then combines the information from different ||€||%’s,
and our power analysis shows that it is powerful against a wide range of al-
ternatives, from highly sparse, moderately sparse to dense, to highly dense.

To illustrate our idea, suppose z1, . . ., Z, are n independent and identically
distributed (i.i.d.) copies of a random vector z. We consider the setting where
each parameter e; has an unbiased kernel function estimator K;(z;,, ..., Z;,, ),
and +; is the smallest integer such that for any 1 < i1 # ... # iy, < n,
E[Ki(2;,,...,2:,)| = e;. This includes many testing problems on moments
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of low orders, such as entries in mean vectors, covariance matrices and score
vectors of generalized linear models, which shall be discussed in details. The
family of U-statistics can be constructed generally as follows. For integers
a>1l,and 1 <idy # ... F iy # ... F Ua_1)xy+1- - 7 laxy < N, since the
z’s are 1.i.d., we have E[K)(z;,,...,2;, ) 'Kl(zi(afl)x'lerl’ e Bigyn, )| = €]
Therefore, we can construct an unbiased estimator of the parameters of
augmented powers e with different a. Then ||€]|% has an unbiased estimator

(11) U(a) :Z(P(?Xw)_l Z HKl(zi(k—l)xw-&-l’""Zikxw)’

lel 1<i1#.. Fiaxqy, <n k=1

where P! = n!/(n —k)! denotes the number of k-permutations of n. We call
a the order of the U-statistic U(a). If a > b, we say U(a) is of higher order
than U(b) and vice versa.

This construction procedure can be applied to many testing problems.
We give three common examples below for illustration and more detailed
case-studies will be discussed in Sections 2 and 4.

ExaMPLE 1. Consider one-sample mean testing of Hy : p = 0, where
E = p is the mean vector of a p-dimensional random wvector x. Suppose
X1,...,Xp are n i.4.d. copies of x. For each it = 1,...,n, j =1,...,p, 7;;
is a simple unbiased estimator of u;, then we can take the kernel function
K;(x;) = x;5. Following (1.1), we know the U-statistic

Ua)=EHY . > Tz

=1 1<i1 .. #ia<n k=1

is an unbiased estimator of |E||§ = [|pllg = >5_; p§. Please see Section 4.1
for the two-sample mean testing example and related theoretical properties.

EXAMPLE 2. Suppose x1,...,X, are n i.i.d. copies of a random vector
x with mean vector p = 0 and covariance matric X = {0j, j, }pxp- For
covariance testing Ho : 0j, j, = 0 for any 1 < ji # j2 < p, we have £ =
{o1: 1€ L} with £ ={(j1,72) : 1 < j1 # j2 < p}. Since z; j,x; j, is a simple
unbiased estimator of o, j,, then for each pair | = (ji1,J2) € L, we can take
the kernel function K;(x;) = x; j, % j,. Following (1.1), the U-statistic

Ula) = (P(?)_l Z Z H(ximjlwik,h)

1<j1#j2<p 1<i1#. Al <n k=1

is an unbiased estimator of ||E|[G = 321<j, £j,<, 05, j,- Please see Section 2
for the general case with unknown p.
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ExXAMPLE 3. Consider a response variable y and its covariates x € RP
following a generalized linear model: E(y|x) = ¢~ Y(x73), where g is the
canonical link function and B3 € RP are the regression coefficients. Suppose
that (x;,yi), 1 =1,...,n, are i.i.d. copies of (x,y). For testing Hy : B = (3,
the score vectors (Si; = (yi — pos)xij:j =1,...,p)7 are often used in the
literature, where po; = g1 (x] By). Note that E(S; ;) = 0 under Hy. Thus to
test Hy, we can take € = {E(S;;) : j=1,...,p} and use the U-statistic

Ua)=EH"Y > TS

J=11<iy#..#iq<n k=1

which is an unbiased estimator of ||E]|% = §:1{E(Si7j)}“. Please see Sec-
tion 4.3.

Related Literature. For high-dimensional testing, some other adaptive test-
ing procedures have recently been proposed in [61, 76, 74]. These works com-
bine the p-values of a family of sum-of-powered statistics that are powerful
against different ||£]|%’s. However in these existing works, to evaluate the p-
value of the adaptive test statistic, the joint asymptotic distribution of the
statistics is difficult to obtain or calculate. Accordingly computationally ex-
pensive resampling methods are often used in practice [61, 48, 78]. For some
special cases such as testing means and the coeflicients of generalized linear
models, [76] and [74] derived the limiting distributions of the test statistics
under the framework of a family of von Mises V-statistics. However, the
constructed V-statistics are usually correlated and biased estimators of the
target ||£]|%. It follows that in [76] and [74], numerical approximations are
still needed to calculate the tail probabilities of the adaptive test statistics;
see Remark 4.1 and Section 4.3. In addition, these existing adaptive test-
ing works mainly focus on the first-order moments, and their results do not
directly apply to testing second-order moments, such as covariance matrices.

To overcome these issues, this paper considers the proposed family of
unbiased U-statistics. There are some other recent works providing impor-
tant results on high-dimensional U-statistics [e.g., 16, 52, 82]. For instance,
[82] considered testing the regression coefficients in linear models using the
fourth-order U-statistic; [52] studied the limiting distributions of rank-based
U-statistics; and [16] studied bootstrap approximation of the second-order
U-statistics. However, these results do not directly apply to the high-order
U-statistics considered in this paper.

Our Contributions. We establish the theoretical properties of the U-statistics
in various high dimensional testing problems, including testing mean vectors,
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regression coefficients of generalized linear models, and covariance matrices.
Our contributions are summarized as follows.

Under the null hypothesis, we show that the normalized U-statistics of
different finite orders are jointly normally distributed. The result applies
generally for any asymptotic regime with n — oo and p — oo. In addi-
tion, we prove that all the finite-order U-statistics are asymptotically in-
dependent with each other under the null hypothesis. Moreover, we prove
that U-statistics of finite orders are also asymptotically independent of the
maximum-type test statistic with a limiting extreme value distribution.

Under the alternative hypothesis, we further analyze the asymptotic power
for U-statistics of different orders. We show that when £ has denser nonzero
entries, U(a)’s of lower orders tend to be more powerful; and when £ has
sparser nonzero entries, U(a)’s of higher orders tend to be more powerful.
More interestingly, we show that in the boundary case of “moderate” spar-
sity levels, U (a) with a finite a > 2 gives the highest power among the family
of U-statistics, clearly indicating the inadequacy of both the sum-of-squares-
and the maximum-type statistics.

An important application of the independence property among U(a)’s
is to construct adaptive testing procedures by combining the information
of different U(a)’s, whose univariate distributions or p-values can be easily
combined to form a joint distribution to calculate the p-value of an adaptive
test statistic. Compared with other existing works [e.g., 76, 74], numerical
approximations of tail probabilities are no longer needed. As shown in the
power analysis, an adaptive integration of information across different tests
leads to a powerful testing procedure.

The rest of the paper is organized as follows. In Sections 2 and 3, we illus-
trate the framework by a covariance testing problem. Particularly, in Section
2.1, we study the U-statistics under null hypothesis; in Section 2.2, we an-
alyze the power of the U-statistics; in Section 2.3, we develop an adaptive
testing procedure. In Sections 3.1 and 3.2, we report simulations and a real
dataset analysis. In Section 4, we study other high-dimensional testing prob-
lems, including testing means, regression coefficients and two-sample covari-
ances. In Section 5, we discuss several extensions of the proposed framework.
We give proofs and other stimulations in Supplementary Material.

2. Motivating Example: One-Sample Covariance Testing. The
constructed family of U-statistics and adaptive testing procedure can be
applied to various high-dimensional testing problems. In this section, we
illustrate the framework with a motivating example of one-sample covariance
testing. Analogous results for other high-dimensional testing problems in
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Section 4 can be obtained following similar analyses. We showcase the study

of one-sample covariance testing problem since this is more challenging than

mean testing due to the two-way dependency structure and the one-sample

problem can be used as the building block for more general cases.
Specifically, we focus on testing

(2.1) Hy:055,=0 V1<ji#j2<p,

where ¥ = {0j,5, : 1 < ji1,j2 < p} is the covariance matrix of a p-
dimensional real-valued random vector x = (z1,...,2,)T with E(x) = p =
(fe1, ..., 1p)T. The observed data include n ii.d. copies of x, denoted by
X1,...,Xp With x; = (2;1,...,i,p)T. In factor analysis, testing Hy in (2.1)
can be used to examine whether ¥ has any significant factor or not [2].

Global testing of covariance structure plays an important role in many
statistical analysis and applications; see a review in [8]. Conventional tests
include the likelihood ratio test, John’s test, and Nagao’s test, etc. [2, 59].
These methods, however, often fail in the high-dimensional setting when
both n,p — oco. To address this issue, new procedures have been recently
proposed [e.g., 3, 44, 45, 68, 66, 62, 51, 15, 43, 55, 9, 54, 67, 50]. However
these methods might suffer from loss of power when the sparsity level of the
alternative covariance matrix varies. In the following subsections, we intro-
duce the general U-statistics framework, study their asymptotic properties,
and develop a powerful adaptive testing procedure.

We introduce some notation. For two series of numbers uy j, v, that
depend on n,p: U,y = 0(vpy) denotes limsup,, , oo [Unp/Vnp| = 0; Upp =
O(vnp) denotes limsup,, ,, o [tnp/Vnp| < 00; Unp = O(vnyp) denotes 0 <
liminfy, 00 [Unp/Vnp| < HMsUp, o0 [tnp/Vnp| < 005 Upy = vy, denotes
limy, 00 Un p/VUnp = 1. Moreover, Ly oand 2 represent the convergence in

probability and distribution respectively. For p-dimensional random vector
x with mean p and Vjq,...,j5; € {1,...,p}, we write the central moment as

(2.2) W, = El(@, — ) - (@5, — 15.)]-

2.1. Asymptotically Independent U-Statistics. For testing (2.1), the set
of parameters that we are interested in is &€ = {0, j, : 1 < j1 # j2 < p}.
Following the previous analysis of (1.1), since o, j, has a simple unbiased
estimator x;, j, i, jo — Tiy j1 Tis,jo With 1 < 41 # 49 < n, then for integers
a > 1, an unbiased U-statistic of |E|[g = >_1<j, 2j,<, 07, 5, 1

a
-1
U(a) = (Py,) Z Z H(‘riQk—l7j1$i2k—l7j2 - xiQk—lJlxiQsz)'

1<G1#72<p 1<i1 #.. . Fiza <n k=1
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This is equivalent to

(2.3) Ua) = Y Za:(—l)CC)Pi >

1<j1#j2<p ¢=0 ate 1<iy# . Aigre<n

a—c a a-+c
[HEwgnzis) TT s [T i
k=1 s=a—c+1 t=a+1

REMARK 2.1. The U-statistics can be constructed by another method
equivalently. Given 1 < j1 # j2 < p, define @j, j, = 0j, j, + [bj, fj,- Then

a
a —
(24) Z O-?lva = Z Z <C) @?1,;2 X (_lujllu.j2)0>

1<j17#j2<p 1<j1#j2<p c¢=0

which is a polynomial function of the moments u; and @j, j,. Since u; and
©Yj1.j2 have unbiased estimators x; ; and x; j, x; j, respectively, then for 1 <

. . - +
11 7é ce 7é late < M, E( Z:i Lig,j1Tik,j2 ngachrl Lig,j1 H?:(;rl xitdé)
@5 15 15, Given this and (2.4), the U-statistics (2.3) can be obtained.

REMARK 2.2.  The summed term with ¢ =0 in (2.3) is

(2.5) Z;{(a) = (Pa?)il Z Z H(xik,jlxik,jz)a

1<ir#F#ia<n 1<j1 £j2<p k=1

which has the same form as the simplified U-statistic for mean zero obser-
vations in Example 2, and is shown to be the leading term of (2.3) in proof.

We next introduce some nice properties of the U-statistics (2.3). The first
one is the following location invariant property.

PROPOSITION 2.1. U(a) constructed as in (2.3) is location invariant;
that is, for any vector A € RP, the U-statistic constructed based on the
transformed data {x; + A :i=1,...,n} is stillU(a).

The following proposition verifies that the constructed U-statistics are
unbiased estimators of [|E]|g = 321« 2,<p 05, iy

PROPOSITION 2.2. For any integer a, EU(a)] = D21 45,<, 05, j,- Un-
der Hy in (2.1), EU(a)] = 0.

We next study the limiting properties of the constructed U-statistics un-
der Hy given the following assumptions on the random vector x = (z1,...,z,)T.
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CONDITION 2.1 (Moment assumption). lim, .o maxi<j<p E(z;—p;)® <
0o and lim, . mini<j<, B(z; — p;)? > 0.

CONDITION 2.2 (Dependence assumption). For a sequence of random
variables z = {z; : j > 1} and integers a < b, let Z° be the o-algebra
generated by {z; : j € {a,...,b}}. For each s > 1, define the a-mizing
coefficient ay(s) = sup;s1{|P(ANB) — P(A)P(B)| : A € Z{,B € Z%,}.
We assume that under Hy, x is a-mizing with ax(s) < Md®, where § € (0,1)
and M > 0 are some constants.

CONDITION 2.2* (Alternative dependence assumption to Condition 2.2).
Following the notation in (2.2), we assume that under Hy, for any j1, jo, js €
{1,..p}, Iy gy gs = 05 for any ji,j2,J3,Ja € {10}, Ty jagu =
K1(0j1,j205s.ja + Oj1.330daja + j1,ja0ja.jz) fOr some constant k1 < oo; and
fort=6,8, and any j1,--- 5 € {1,...,p}, I, .. j, = 0 when at least one
of these indexes appears odd times in {ji, -+ ,ji}.

Condition 2.1 assumes that the eighth marginal moments of x are uni-
formly bounded from above and the second moments are uniformly bounded
from below, which are true for most light-tailed distributions. Condition 2.2
assumes weak dependence among different x;’s under Hy, since the uncorre-
latedness of x;’s under Hy may not imply the independence of them, espe-
cially when z;’s are non-Gaussian. Under Hy, Condition 2.2 automatically
holds when x is Gaussian or m-dependent. The mixing-type weak depen-
dence is similarly considered in previous works such as [5, 13, 76] and also
commonly assumed in time series and spatial statistics [26, 64]. Moreover,
the variables in our motivating genome-wide association studies have a local
dependence structure, with their associations often decreasing to zero as the
corresponding physical distances on a chromosome increase. We note that
it suffices to have Condition 2.2 hold up to a permutation of the variables.

Alternatively, we can substitute Condition 2.2 with Condition 2.2*. Con-
dition 2.2* specifies some higher order moments of x and is satisfied when x
follows an elliptical distribution with finite eighth moments and covariance
3 [see 2, 24, 59, 60]. Conditions 2.2* and 2.2 become equivalent when x fol-
lows a multivariate Gaussian distribution. The fourth moment condition is
also assumed in other high-dimensional research [10]. In this work, the eighth
moment condition is needed to establish the asymptotic joint distribution
of different U-statistics.

The following theorem specifies the asymptotic variances of the finite
order U-statistics and their joint limiting distribution. Since the U-statistics
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are degenerate under Hy, an analysis different from the asymptotic theory
on non-degenerate U-statistics [e.g., 38] is needed in the proof.

THEOREM 2.1.  Under Hy in (2.1) and Conditions 2.1 and 2.2 (or 2.2%),
for U(a)’s defined in (2.3) and any distinct finite (and positive) integers
{ai,...,am}, as n,p — oo,

Ua@)  Ua)]T p

(2.6) U(al),...,o(am)] Dy N(0, In).

where

(27) @) =vald@]~ T Y ("

& 1<g1#£52<p; 1<j3#ja<p

with 11, j, js.js defined in (2.2). Note that o*(a) = ©(p*n=?).

Theorem 2.1 shows that after normalization, the finite-order U-statistics
have a joint normal limiting distribution with an identity covariance matrix,
which implies that they are asymptotically independent as n,p — oco. The
nice independence property makes it easy to combine these U-statistics and
apply our proposed adaptive testing later. Moreover, the conclusion holds
on general asymptotic regime for n,p — oo, without any constraint on the
relationship between n and p. We will also see in Section 4 that similar
results hold generally for some other testing problems.

REMARK 2.3. Theorem 2.1 discusses the U-statistics of finite orders,
i.e., the a values do not grow with n,p. When {x1,...,x,} are independent,
Theorem 2.1 can be extended when a = O(1) min{log® n,log®p} for some
€ > 0. On the other hand, we will show in Section 2.2 that it is usually
enough to include U(a)’s of finite a. Therefore, we do not pursue the general
case when a grows with n,p in this work.

In the following, we further discuss the maximum-type test statistic U (c0),
which corresponds to the ¢-norm of the parameter vector £ = {e; : | € L},
that is, [|€]|cc = maxjer |e;|. In the existing literature, there is already some
corresponding established work [43, 9] on the test statistic:

(2.8) My o= | maX 10132/ Gir.i Oassal:

where (65, jy)pxp = Dorq (X — X)(x; — X)T/n and X = > | x;/n. We will
take U(oo) = M below. The limiting distribution of U (c0) was first studied
in [43] and extended by [9, 55, 67]. Next we restate the result in [9], which
gives the limiting distribution of (2.8) under the following condition.
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CONDITION 2.3. Consider the random vector x = (x1,...,x,)T with
mean vector pp = (i1, . .., ttp)T and covariance matriz 3 = diag(oy 1, . . . "vap)'
(2j—11)/ /55 are i.i.d. for j =1,...,p. Furthermore, Eeto(m1=ml/Vori)* <
oo for some 0 < ¢ <2 and tg > 0.

THEOREM 2.2 (Cai and Jiang [9, Theorem 2]). Assume Condition 2.3
and logp = o(n?), where B = /(4 +<). Then P(n x U(c0)? + @, < u) —
G(u) = 6_(1/‘/§)57u/2, where w, = —4logp + loglogp and G(u) is an ex-
treme value distribution of type I.

Theorems 2.1 and 2.2 give the limiting distributions of ¢ (a) of finite orders
and U (oo) respectively; it is of interest to examine their joint distribution.
The following theorem shows that although U/(c0) has limiting distribution
different from U (a), a < oo, they are still asymptotically independent.

THEOREM 2.3. Assume that Condition 2.1 is satisfied, Condition 2.3
holds for ¢ = 2, and logp = o(n*/7). For finite integers {ay, ..., amn}, under
Hy, U(ar),...,U(am) and U(co) are mutually asymptotically independent.
In specific, for any z1,...,z2m,y € R, as n,p — oo,

‘P(Td/{(oo)2 + @y 2> Y, Z;{((le)) <z,...,
— P(nth(o0)® +mp > y) % ﬁp(z;{(ar)) < z)’ 0.

r=1 (ar

Theorem 2.1 suggests that all the finite-order U-statistics are asymptot-
ically independent with each other. Given this, Theorem 2.3 further shows
that the maximum-type test statistic U(00) is also asymptotically mutually
independent with those finite-order U-statistics. The conclusion shares sim-
ilarity with some classical results on the asymptotic independence between
the sum-of-squares-type and maximum-type statistics. Specifically, for ran-
dom variables wy, ..., wy, [39, 36] proved the asymptotic independence be-
tween y ", w? and max;—1 n |w;| for weakly dependent observations. The
similar independence properties were extensively studied in literature [e.g.
57, 37, 63, 41, 76, 53]. However, there are several differences between ex-
isting literature and the results in this paper. First, we discuss a family of
U-statistics U (a)’s, which takes different a values, and U/(2) here correspond-
ing to the sum-of-squares-type statistic is only a special case of general U (a).
Furthermore, we have shown not only the asymptotic independence between
U(a) and U(o0), but also the asymptotic independence among U (a)’s of fi-
nite a values. Second, the constructed U (a)’s are unbiased estimators, which
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are different from the sum-of-squares statistics usually examined in the lit-
erature. Moreover, the x’s are allowed to be dependent and the theoretical
development in the covariance testing involves a two-way dependence struc-
ture, which requires different proof techniques from the existing studies.

REMARK 2.4. An alternative way to construct U(oco) is to standard-
ize Gj, j, by its variance var(6;, j,). Specifically, following Cai et al. [10],
we take var(6j,,5,) = n~' 0 {(@igy — T5)) (@i, — Tj) — Gj1,ja ) Define
My} = maxi<j, 4j,<p |65, | /{7 (55, 3,) }V/? and we take U(o0) = Mif. Theo-
retically, we prove that Theorem 2.3 still holds with U(co) = M;q[ in Supple-
mentary Material Section B.11. Numerically, we provide the simulations in
Supplementary Material Section C.2, which shows that M. in (2.8) generally
has higher power than M;g

To apply hypothesis testing using the asymptotic results in Theorems
2.1 and 2.3, we need to estimate var{lU/(a)}. In particular, we propose the
following moment estimator of (2.7):

(2.9) Vy(a) = (;Z!)Q > S @i — 250 @i g — T5)°

1<j1#j2<p 1<ir#..#ia<n t=1

The next result establishes the statistical consistency of V,(a).
CONDITION 2.4.  For integer a, lim,_ o maxi<j<p E(z; — uj)sa < 00.

THEOREM 2.4. Under Hy in (2.1), assume Conditions 2.1, 2.2 and 2.4
hold. Then V,(a)/var{U(a)} 5.

Theorem 2.4 implies that the asymptotic results in Theorems 2.1 and 2.3
still hold by replacing var{U(a)} with its estimator V,(a). Specifically, under

Hy, [U(a1)/+/Vu(ar),...,.U(am)//Vu(am)]T EEN N(0, I,,) under Conditions
2.1, 2.2 and 2.4. Moreover, Theorem 2.3 implies that {U(a)/y/Vy(a)}’s are
asymptotically independent with U(c0).

2.2. Power Analysis. In this section, we analyze the asymptotic power
of the U-statistics. The power of U(2) has been studied in the literature. In
particular, [12] studied the hypothesis testing of a high-dimensional covari-
ance matrix with Hg : 3 = I,. The authors characterized the boundary that
distinguishes the testable region from the non-testable region in terms of the
Frobenius norm ||X — I,||r, and showed that the test statistic proposed by
[15, 12], which corresponds to U(2) in this paper, is rate optimal over their
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considered regime. However in practice, U(2) may be not powerful if the
alternative covariance matrix is sparse with a small ||X — I,||p. When the
alternative covariance has different sparsity levels, it is of interest to fur-
ther examine which U(a) achieves the best power performance among the
constructed family of U-statistics.

To study the test power, we establish the limiting distributions of U (a)’s
under the alternative hypothesis Hy : ¥ = 34, where the alternative co-
variance matrix 34 = (05, j, )pxp i specified in the following Condition 2.5.
Define J4 = {(j1,72) : 0j1.5o # 0,1 < j1 # jo < p}, which indicates the
nonzero off-diagonal entries in ¥ 4. The cardinality of J4, denoted by |J 4],
then represents the sparsity level of X 4.

CONDITION 2.5.  Assume |Ja| = o(p?) and for (j1,j2) € Ja, |0j, | =
©(p), where p =3, inesa |Tingl/1al-

Here p represents the average signal strength of X 4. In our following power
comparison of two U-statistics U (a) and U(b), we say U(a) is “better” than
U(b), if, under the same test power, U(a) can detect a smaller average sig-
nal strength p (please see the specific definition in Criterion 1 on Page 13).
Condition 2.5 specifies a general family of “local” alternatives, which include
banded covariance matrices, block covariance matrices, and sparse covari-
ance matrices whose nonzero entries are randomly located.

THEOREM 2.5.  Suppose Conditions 2.1, 2.5, and A.1 (an analogous con-
dition to Condition 2.2° under H 4 ) in the Supplementary Material hold. For
U(a) in (2.3) and finite integers {ay, ..., am}, if p= O(|Ja| /2 p'/9n=1/2)
fort=1,...,m, then as n,p — oo,

) )] ) B} 2, 1,
olay

o(am)

where fora € {ay,...,am}, EU(a)] = 32, 5yea, 0F 4, and 02(a) = var[U(a)] ~
2a1RINT Y S <) 2ia<p To1 1 O ias Which s of order O(p*n=7).

Theorem 2.5 shows that for a single U-statistic U(a) of finite order a,

(2.10) p(\% > Zl—a> —1-— <I><zl_a - m»

where z1_, is the upper a quantile of AV (0,1) and ®(-) is the cumulative
distribution function of N'(0,1). By Theorem 2.5, the asymptotic power of
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U(a) of the one-sided test depends on

EU(a) 2 (1 g2)eTn Tir o

(2.11) ~ - .
var[(a)]  {2alkinc Z1§j1¢j2§p(0j1,j10jz,jz)a}l/Q

By Theorem 2.5, (2.11) = @(|JA|p“p_1n“/2) It follows that When EZ/[( )]
is of the same order of y/var[l{(a)], i.e., E var[U(a)], the
constraint of p in Theorem 2.5 is satisfied.

In the following power analysis, we will first compare U (a)’s of finite a and
then compare them with U(c0). As we focus on studying the relationship
between the sparsity level and power, we consider an ideal case where o, ;, =
p >0 for (ji,j2) € Ja and 0;; = 1> >0 for j =1,...,p. Then

(212) (211) ~ “]A’pa/(\/mumlpnfa/2)_

We next show how the order of the “best” U-statistics changes when the
sparsity level |J4| varies. To be specific of the meaning of “best”, we com-
pare the p values needed by different U statistics to achieve the same asymp-
totic power. Particularly, we fix E[U/(a)]/\/var[(a)], i.e., (2.12) to be some
constant M /+/2 for different a’s and the asymptotlc power of each U(a) is
(2.10) =1 — ®(21_o — M/+/2). Then by (2.12), the p value such that U(a)
attains the power above is

1

(2.13) pa = Vi1 (al) 22 (Mp)|Jal)an2.

By the definition in (2.13), we compare the power of two U-statistics U(a)
and U(b) with a # b following the Criterion 1 below.

CRITERION 1.  We say U(a) is “better” than U(D) if pa < pp-

Given values of n,p, |J4| and M, (2.13) is a function of a. Therefore, to find
the “best” U(a), it suffices to find the order, denoted by ag, that gives the
smallest p, value in (2.13). We then have the following proposition discussing
the optimality among the U-statistics of finite orders in (2.3).

PROPOSITION 2.3.  Given n,p,|Ja| and any constant M € (0, +o0), we
consider p, in (2.13) as a function of integer a, then

(i) when |Ja| > Mp, the minimum of p, is achieved at ag = 1;
(ii) when |Ja| < Mp, the minimum of p, is achieved at some agy, which
increases as Mp/|Ja| increases.
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By Proposition 2.3, the order a¢ that attains the smallest value of p,
depends on the value of Mp/|J4| and does not have a closed form solu-
tion. We use numerical plots to demonstrate the relationship between ag
and the sparsity level. Particularly, let |J4| = p**=#) where g € (0,1)
denotes the sparsity level. To have a better visualization, we use g(a) =
log(panl/in_l/QV*Q) = (1/2a)loga! + a~'log(Mp*’~1) instead of p,. We
plot g(a) curves in Figure 1 for each 8 € {0.1,...,0.9} with M = 4 and
p € {100, 10000}. Other values of M and p are also taken, which give similar
patterns to Figure 1 and are not presented.

g(a) vs a; p=100 g(a) vs a; p= 10000

T O %)
o 14 ” <*~“'fhduvli"‘l-ikﬂ>\ o ‘_r‘;w5_;,‘.,‘;44“““1-4-“»‘»
0,
-2
_1,
-4
-2
_6_
0 5 10 15 20 25 30 0 5 10 15 20 25 30
a values a values
sparsity 3 0.1 0.2 03 -~ 04 ¢ 05 ¢ 06 0.7 0.8 0.9

Fig 1: g(a) versus a with different sparsity level 5 for p = 100, 10000

Figure 1 shows that the ap such that g(a) attains the smallest value
increases when the sparsity level § increases. In particular, when the sparsity
level 8 < 0.3, that is, when |J4| is “very” large and then X 4 is “very” dense,
g(a) has the smallest value at ag = 1. This is consistent with the conclusion
in Proposition 2.3 (i). When the sparsity level 8 is between 0.4 and 0.5,
we note that ap = 2 achieves the minimum of g(a). This shows that when
|J4| is “moderately” large and ¥4 is “moderately” dense, U(2) is more
powerful than ¢/(1). When the sparsity level § > 0.5, we find that ag > 2.
This implies that when |J4| becomes smaller and ¥4 becomes sparser, U-
statistics of higher orders are more powerful. Additionally, we note that ag
increases slowly as [ increases, which verifies Proposition 2.3 (ii). Moreover,
the curves converge as a increases and the differences of g(a) for large a
values (a > 6) are small. This implies that when selecting the range of
considered orders of U-statistics, it suffices to select an upper bound with
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a = 6 or 8, which gives better or similar p, values to those larger a’s.

In summary, when |Jy4| is large, i.e., ¥4 is dense, a small a tends to
obtain a smaller lower bound in terms of p. But when |J4| decreases, i.e.,
3.4 becomes sparse, a U-statistic of large finite order (or the maximum-type
U-statistic as shown next) tends to obtain a smaller lower bound in p. This
observation is consistent with the existing literature [15, 9, 12, 8].

Next, we proceed to examine the power of the maximum-type test statistic
U(c0), and compare it with the U-statistics U(a) of finite a defined in (2.3).
By [9], the rejection region for U (oco) with significance level « is

U(c0)| >t := n~12\/4log p — loglogp — log(87) — 2loglog(1 — o)~ 1.
Note t, ~ 24/logp/n and under alternative, the power for U(oco) is
(2.14) P(U()] = 1),

As discussed, we consider the alternatives satisfying Conditions 2.2* and 2.5,
Ojrgs = p > 0 for (j1,72) € Ja, and 0 = v? for j = 1,...,p. For simplicity,
we assume E(x) = p and v? are given, and focus on the simplified

-2, -1\
(215)  Uloo) =, max ’V nTtY @iy — i) (@ige — 1)
We show in the following proposition when the power of U(cc) asymptoti-
cally converges to 1 or is strictly smaller than 1 under alternative.

PRrROPOSITION 2.4.  Under the considered alternative 3 4 above, suppose
max;—1,..p Eetolzi—nil® « o for some 0 < ¢ < 2 and ty > 0, and logp =
o(n?) with B =c/(4+ ). Then for (2.15), when n,p — oo,

(i) there exists a constant c; > 2 such that if p > c11/logp/n, (2.14) — 1;
(ii) there exists another constant 0 < ca < 2 such that when p < ca+/logp/n,

2(1—cq /2)2

1_ 1
Condition 2.2° holds for k1 < 1 and |Ja| = o(1)p #1+m  (logp)2 21i+tm)
for some m > 0, we have (2.14) <log(l — a)~!.

Recall that Proposition 2.3 shows that there exists a finite integer ayg,
such that pg, is the minimum of (2.13), and p,, is a lower bound of p
value for the finite-order U-statistics to achieve the given asymptotic power.
With Propositions 2.3 and 2.4, we next compare the finite-order U-statistics
defined in (2.3) with the maximum-type test statistic U(co).

PROPOSITION 2.5.  Under the conditions of Theorem 2.5 and Proposition
2.4, for any finite integer a, there exist constants c1 and co such that when
p is sufficiently large,
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(i) For any M, when |Ja| < cl_a(a!)%/ﬁ%(logp)_%Mp, U(o0) has higher
asymptotic power than U(a).

(11) When M is big enough and |Ja| > c5%(al)
higher asymptotic power than U(co).

2 (log p)~% Mp, U(a) has

NI

From Proposition 2.3, we know when Mp/|J4| = O(1), there exists
a finite ap such that U(ap) is the “best” among all the finite-order U-
statistics; in this case, Proposition 2.5 (ii) further indicates that U(ao)
has higher asymptotic power than U(co). Specifically, if Mp/|Ja| < 1,
ap = 1, then U(1) is the “best” and its lowest detectable order of p is
O(p|J 4|~ 'n~/2). More interestingly, when 34 is moderately dense or mod-
erately sparse with Mp/|J4| > 1 and bounded, some U-statistic of finite
order ag > 1 would become the “best”. By Figure 1, the value of ag in-

creases as X 4 becomes denser. On the other hand, when X 4 is “very” sparse
ag

with |J4| < cf“o(ag!)%/-cl7 (logp)_%oMp, U(c0) is the “best” and its lowest
detectable order of p is O(y/logp/n).

REMARK 2.5. The above power comparison results are under the con-
structed family of U-statistics. We note that additional formulation may
further enhance the test power. For instance, [13? | showed that an adaptive
thresholding in certain £,-type test statistics can achieve high power under
the alternatives with sparse and faint signals. It is of interest to incorporate
the adaptive thresholding into the constructed family of U-statistics, which
1s left for future study.

REMARK 2.6. The analysis above focuses on the ideal case where the
nonzero off-diagonal entries of X 4 are the same for illustration. When these
entries of 34 are different, similar analysis still applies by Theorem 2.5
for general covariance matrices. In specific, the asymptotic power of U(a)
depends on the mean variance ratio (2.11) and p, = \/in~/?(a!)!/?* x
(M Z?Zl 05l 21<jy ja<p J?l’jz)l/a. We can then obtain conclusions simi-
lar to Propositions 2.53-2.5. One interesting case is when 34 contains both
positive and negative entries; the same analysis applies for even-order U-
statistics, since 0§, ; ’s are all non-negative for even a. On the other hand,
the odd-order U-statistics would have low power, since 213]‘17&]‘23; ol
could be small due to the cancellation of positive and negative o5, s We
have conducted simulations when the nonzero oj, j,’s are different in Section

3.1, and the results exhibit consistent patterns as expected.

2.3. Application to Adaptive Testing & Computation.
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Adaptive Testing. Power analysis in Section 2.2 shows that when the spar-
sity level of the alternative changes, the test statistic that achieves the high-
est power could vary. However, since the truth is often unknown in practice,
it is unclear which test statistic should be chosen. Therefore, we develop an
adaptive testing procedure by combining the information from U-statistics of
different orders, which would yield high power against various alternatives.

In particular, we propose to combine the U-statistics through their p-
values, which is widely used in literature [58, 61, 80]. One popular method
is the minimum combination, whose idea is to take the minimum p-value
to approximate the maximum power [61, 80, 76]. Specifically, let T be a
candidate set of the orders of U-statistics, which contains both finite values
and oo. We compute p-values p,’s of the U-statistics U(a)’s satisfying a € T'.
The minimum combination takes the statistic Thapumin = min{p, : a € I'}
and has the asymptotic p-value puqpumin = 1 — (1 — Tademin)|F|, where
IT'| denotes the size of the candidate set I'. We reject Hy if padpumin <
Under Hy, p,’s are asymptotically independent and uniformly distributed
by the theoretical results in Section 2.1. The type I error is asymptotically
controlled as P(pademin < a) = P(minaera < pZ) — «, where p;, =
1 — (1 — ). Since P(mingerpa < pt) > P(pa < p.), the power of the
adaptive test goes to 1 if there exists a € I" such that the power of U(a)
goes to 1. We note that the power of the adaptive test is not necessarily
higher than that of all the U-statistics. This is because the power of U(a)
is P(p, < @), and is different from P(p, < p) since p < o when |I'| > 1.
Based on our extensive simulations, we find that the adaptive test is usually
close to or even higher than the maximum power of the U-statistics.

REMARK 2.7.  Fisher’s method [58] is another popular method for com-

bining independent p-values. It has the test statistic Thqpur = —2 Z'k;F:|1 log pg,
which converges to X% r under Hy. By our simulations, the minimum combi-
nation and Fisher’s method are generally comparable, while Fisher’s method
has higher power under several cases. Moreover, we can also use other meth-
ods to combine the p-values, such as higher criticism [18, 19]. We leave the
study of how to efficiently combine the p-values for future research.

We select the candidate set I' by the power analysis in Section 2.2. We
would recommend including {1,2,...,6,00}, which can be powerful against
a wide spectrum of alternatives. In particular, by Propositions 2.3 and 2.5,
we include a = 1,2 that are powerful against dense signals; a = oo that
is powerful against sparse signals; and also a = {3,...,6} for the moder-
ately dense and moderately sparse signals. By Figure 1, it generally suffices
to choose finite a up to 6-8, which often give similar/better performance
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to/than larger a values. The simulations in Section 3.1 confirm the good
performance of this choice of I'; and the proposed adaptive test appears
to well approximate the “best” performance even when I' may not always
contain the unknown “optimal” U-statistics.

We would like to mention that the adaptive procedure can be generalized
to other testing problems, as long as similar theoretical properties are given,
such as the examples in Section 4.

Computation. Next we discuss the computation in the adaptive testing. A
direct calculation following the form of U(a) in (2.3) and V(a ) in (2.9) would
be computationally expensive for large a with a cost of O(p?n?®). To address
this issue, we introduce a method that can reduce the cost.

We first consider a simplified setting when E(x; ;) = 0 to illustrate the
idea. As discussed in Remark 2.2, we examine U (a) defined in (2.5). Let
L = {{1,72) : 1 < j1 # jo < p} denote the set of index tuples, and
for each index tuple | = (j1,j2) € L, define s;; = ;i j,. Note that
Ula) = (P >iecUi(a), where Uy(a) = Z1§i1¢~~¢ia§n [T5=1 5iy.0- Cal-
culating U;(a) directly is of order O(n®). We then focus on reducing the
computational cost of Uj(a). For | € £ and finite integers t1, ..., tx, define

k

pa0) e TS U ]

r=1  i=1 1<iy ... Fip<nr=1

We can see that Uj(a) = Ulla with 1, being an a-dimensional vector of all

(a)

ones, and U, = Vl(a) for any finite integer a. To reduce the computational

cost of Uj(a), the main idea is to obtain Ull" from Vl(tl""’t’“), whose compu-
tational cost is O(n). In particular, ;(a) can be attained iteratively from

Vl(tl’""tk) based on the following equation
(217) Ul(k:71r_k) — ‘/‘i(k') % Ul]-r—k’ _ (T _ k) % Ul(k"f‘l,lr_k_l),

which follows from the definitions. Algorithm 1 below summarizes the steps.
We illustrate the idea of the algorithm by some examples. By definition,
Ul(l) = Vl(l), which can be computed with cost O(n). Next consider in (2.17),

if r=2and k=1, then U™V = VW x M — 2 1) x P = vV 1) —
1/2(2), which yields U}'2 with cost O(n). For U, we first take r = 3 and
k =2 1in (2.17), then with cost O(n), we have U(Q’l) VZ(Q) U(l) Ul(g) =
Vl(Q) X Vl(l) —Vl(?’), as Vl(k) = Ul( ) by the definition. Given Ul12 and Ul(2 1),

obtain Ul(l’lz) = Vl(l) X U112 —2x Ul(2 10 Thus Ul 3 is also computed with cost
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Data: s;; (1<:<n,leL”L).
Result: U(a).
for [ € £ do
Compute and store Vl(k) = Ul(k) =37 s¥, (k=1, - ,a) during the
algorithm;

Ulll _ ‘/l(l) , Ul12 _ Ul11 ‘/l(l) _ Ul(2);
while 3 <r <a do

zﬂl — Ul(r)

for k< r—1to1ldo

T =V® xU'"* - (r—k) x T

end

Ull,,. _7
end

end
Ua) = (P) ' X Ul
Algorithm 1: Iterative Computation Implementation

O(n). Iteratively, for any finite integer a, we can obtain Ull‘l from Vl(tl""’t’“)

whose computational cost is O(n). More closed form formulae representing
Ull“ by Vl(tl"“’tk) are given in Section C.1.1 of Supplementary Material.

Algorithm 1 reduces the computational cost of U(a) from O(p*n®) to
O(p*n). Tts idea is general and can be extended to compute other dif-
ferent U-statistics by changing the input s;;. In particular, the variance
estimator V(a) can be computed with cost O(p?n) by specifying s;; =
(i) —T5,) (@i jo — Tj,)?, for each I € L = {(j1,j2) : 1 < j1 # j2 < p}. Then
V(a) = 2a(PM) 2 Y, do1<ir . #ia<n Lg=1 Sir, and the Algorithm 1 can
be applied. Moreover, when E(z; ;) is unknown, ¢(a) can still be computed
with cost O(p?n) using the iterative method similar to Algorithm 1. The
details are provided in Section C.1.2 of Supplementary Material.

3. Simulations and Real Data Analysis.

3.1. Simulations. We conduct simulation studies to evaluate the per-
formance of the proposed adaptive testing procedures, and investigate the
relationship between the power and sparsity levels. For one-sample covari-
ance testing discussed in Section 2, we generate n i.i.d. p-dimensional x; for
i=1,...,n, and consider the following five simulation settings.

Setting 1: x; has p i.i.d. entries of N'(0, 1) and Gamma(2, 0.5) respectively.
Under each case, we take n = 100 and p € {50, 100, 200, 400, 600, 800, 1000}
to verify the theoretical results under Hy and the validity of the adaptive
test across different n and p combinations.
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For the following settings 2-5, we generate x; from multivariate Gaussian
distributions with mean zero and different covariance matrices X 4’s.

Setting 2: X4 = (1 — p)Ip + ply i, 1;7,%, where 1,1, is a p-dimensional
vector with the first ko elements one and the rest zero. We take (n,p) €
{(100, 300), (100, 600), (100, 1000) }, and study the power with respect to dif-
ferent signal sizes p and sparsity levels kg.

Setting 3: The diagonal elements of 34 are all one and |J4| number
of off-diagonal elements are p with random positions. We take (n,p) €
{(100,600), (100,1000)} and let the signal size p and sparsity level |.J4| vary
to examine how the power changes accordingly.

Setting 4: The diagonal elements of 34 are all one and |J4| number
of off-diagonal elements are uniformly generated from (0,2p) with random
positions. We take (n,p) = (100, 1000) and similarly let the signal size p and
sparsity level |J4| vary to examine how the power changes accordingly.

Setting 5: We consider the multivariate models in [15]. Specifically, for
each ¢ =1,...,n, x; = Zz; + u, where = is a matrix of dimension p x m,
and z;’s are i.i.d. Gaussian or Gamma random vectors. Under null hypoth-
esis, m = p, & = I, p = 21,; under alternative hypothesis, m =p+1, E =
(VI —=pI,,\/2p1,), p = 2(/T = p++1/2p)1,. We also take the n and p combi-
nation in [15] with (n, p) € {(40, 159), (40, 331), (80, 159), (80, 331), (80, 642)}.

We compare several methods in the literature, including both maximum-
type and sum-of-squares-type tests. In particular, the maximum-type test
statistic in Jiang [43] is taken as U(oco) in this framework. Since the con-
vergence in [43] is known to be slow, we use permutation to approximate
the distribution in the simulations. In addition, we consider some sum-of-
squares-type methods. Specifically, we examine the identity and sphericity
tests in Chen et al. [15], which are denoted as “Equal” and “Spher”, respec-
tively. We also compare the methods in Ledoit and Wolf [51] and Schott
[66], which are referred to as “LW” and “Schott”, respectively.

To illustrate, Figure 2 summarizes the numerical results for the setting 3
when n = 100 and p = 1000. All the results are based on 1000 simulations at
the 5% nominal significance level. In Figure 2, we present the power of single
U-statistics with orders in {1,...,6,00}. “adpUmin” and “adpUf” represent
the results of the adaptive testing procedure using the minimum combina-
tion and Fisher’s method in Section 2.2 respectively. The simulation results
show that the type I error rates of the U-statistics and adaptive test are well
controlled under Hy. In addition, Figure 2 exhibits several patterns that are
consistent with the power analysis in Section 2.2. First, it shows that among
the U-statistics, when |J4| is very small, U(co) performs best; and when
|J4| increases, the performances of some U-statistics of finite orders catch
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up. For instance, when |J4| = 100, U (6) and U (c0) are similar and are better
than the other U-statistics; when |J4| = 400, U(4) and U (5) are similar and
better than the other U-statistics. When X4 is relatively dense, U(2) and
U(1) become more powerful. Particularly, when |J4| = 1600, ¢(2) is pow-
erful; when |J4| becomes larger, such as when |J4| = 3200, U(1) is overall
the most powerful. Second, Figure 2 shows that “LW”, “Schott”, “Equal”,
“Spher” and U(2) perform similarly under various cases. In particular, these
methods are not powerful when the alternative is sparse but becomes more
powerful when the alternative gets denser. This is because they are all sum-
of-squares-type statistics that target at dense alternatives. Third and im-
portantly, the two adaptive tests “adpUmin” and “adpUf” maintain high
power across different settings. Specifically, they perform better than most
single U-statistics: their powers are usually close to or even higher than the
best single U-statistic. Moreover, “adpUmin” and “adpUf’ generally have
higher power than the compared existing methods. We also note that “ad-
pUf” overall performs better than “adpUmin” in this simulation setting.
In summary, Figure 2 demonstrates the relationship between the sparsity
levels of alternatives and the power of the tests, confirming the theoretical
conclusions in Section 2.2. Notably, the proposed adaptive testing procedure
is powerful against a wide range of alternatives, and thus advantageous in
practice when the true alternative is unknown.

Due to the space limitation, we provide other extensive numerical studies
in Supplementary Material Section C.2. The conclusions are similar to those
of Figure 2, and consistent with the theoretical results in Section 2.2. In
particular, the results show that the empirical sizes of the tests are close
to the nominal level, suggesting the good finite-sample performance of the
asymptotic approximations. Moreover, under highly dense alternatives with
only non-negative entries in the covariance matrix, (1) is the most powerful
one among the U (a)’s and the other tests in [51, 66, 15], in agreement with
the results in Propositions 2.3 and 2.5. Furthermore, the proposed adaptive
testing procedures often have higher power than most single U-statistics.

3.2. Real Data Analysis. Alzheimer’s disease (AD) is the most prevalent
neurodegenerative disease [65] and is ranked as the sixth leading cause of
death in the US [77]. Every 65 seconds, someone in the US develops AD [1].
To advance our understanding of AD, the Alzheimer’s Disease Neuroimaging
Initiative (ADNI) was started in 2004, collecting extensive genetic data for
both healthy individuals and AD patients. To gain insight into the genetic
mechanisms of AD, one can test a single SNP a time. However, due to a rela-
tively small sample size of the ADNI data, scanning across all SNPs failed to
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Fig 2: Power comparison.

identify any genome-wide significant SNP (with p-value < 5 x 1078)[48]. To
date, the largest meta-analysis of more than 600,000 individuals identified 29
significant risk loci [42] and can only explain a small proportion of AD vari-
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ance. On the other hand, a group of functionally related genes as annotated
in a biological pathway are often involved in the same disease susceptibility
and progression [33]. Thus, pathway-based analyses, which jointly analyze
a group of SNPs in a biological pathway, have become increasingly popular.
We retrieve a total of 214 pathways from the KEGG database [47] for the
subsequent analysis.

Although pathway-based analyses with KEGG pathways are common in
real studies, formally testing the correlations of the genes in a KEGG path-
way has been largely untouched. Here, we apply our method and other com-
peting methods in [15] to test if all the genes in a pathway have correlated
gene expression levels. Perhaps as expected, all methods reject the null hy-
pothesis for all pathways with highly significant p-values, since the KEGG
pathways are constructed to include only the genes with similar function into
the same pathway [47], while similar function often implies co-expression
(and vice versa). To compare the performance of the different tests, for each
pathway we randomly select 50 subjects and restrict our analysis to path-
ways of at least 50 genes, leading to 103 pathways for the following analysis.
Then we perturb the data by shuffling the gene expression levels of randomly
selected 100(1 — )% genes in a pathway before applying each test. Figure
3 shows the performance of the tests with two significance cutoffs, where
“U(2)” represents the single U(2) statistic, “adpU” represents our proposed
adaptive testing procedure using the minimum combination with candidate
U-statistics of orders in {1,...,6,00}, and “Equal” and “Spher” represent
the identity and sphericity tests in [15] respectively. Because all pathways
are highly significant with all samples, we can treat all pathways as the
true positives. Due to the adaptiveness of our proposed testing procedure,
“adpU” identifies more significant pathways than the competing methods
across all the levels of data perturbation (mimicking the varying sparsity
levels of the alternatives).

4. Other High-Dimensional Examples. In this section, we apply
the proposed U-statistics framework to other high-dimensional testing prob-
lems. Similar theoretical results to Section 2 are developed, with detailed
proofs and related simulation studies provided in Supplementary Material.

4.1. Mean Testing. Testing mean vectors is widely used in many statisti-
cal analysis and applications [2, 59]. Under high-dimensional scenarios, e.g.,
in genome-wide studies, dimension of the data is often much larger than the
sample size, so traditional multivariate tests such as Hotelling’s T?-test ei-
ther cannot be directly applied or have low power [20]. To address this issue,
several new procedures for testing high-dimensional mean vectors have been
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Fig 3: Power comparison of different methods with ADNI data.

proposed [4, 18, 27, 69, 14, 32, 11, 13, 28, 19, 71, 76]. However, many of the
statistics only target at either sparse or dense alternatives, and suffer from
loss of power for other types of alternatives. We next apply the U-statistics
framework to one-sample and two-sample mean testing problems.

One-sample mean testing. We first discuss the one-sample mean vector
testing. Assume that xi,...,x, are n i.i.d. copies of a p-dimensional real-
valued random vector x = (z1,...,2p)T with mean vector g = (p1, ..., p)7,
covariance matrix ¥ = {0y, j, : 1 < j1,72 < p}. We want to conduct the
global test on Hy : p = py where pg = (f1,0, .-, f1p,0)7 is given.

Similar to previous discussion, the parameter set that we are interested
inis &= {1 — 1,0, p — po}. For each j =1,...,p, E(x;;) = p , so
K;(x;) = x4,j—pj,0 is a kernel function, which is a simple unbiased estimator
of the target. Following our construction, the U-statistic for finite a is

(4.1) Ua) = % S T @is = 1io)s

G=1" % 1<iy#£#ig<n k=1

which targets at [|€]|5 = >=7_ (1 — 15,0)®, and the U-statistic corresponding
to [|€]|oo is U(00) = maxi<j<p O';} (Zj — po;)? with 2; = S0 a;/n.
Given the statistics, we have the theoretical results similar to Theorems
2.1-2.3. The following Theorems 4.1-4.2 are established under similar con-
ditions to that of Theorems 2.1-2.3. Due to the limited space, we provide
the conditions and corresponding discussions in Supplementary Material.

THEOREM 4.1. Under Hy: p = pg, assume Condition A.2 in Supple-
mentary Material. Then for any finite integers {ai,...,an}, as n,p — oo,
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U(ar)/o(ar), ..., U(am)/o(am)]T 2, N(0,1,,), where o%(a) = var[U(a)] =
b Z§:1 alo?; /Py with the order of ©(alpn™?).

THEOREM 4.2. Under Hy: p = pg, assume Condition A.3 in Supple-
mentary Material. ThenYu € R, P(nld(c0)—T, < u) — exp{—m"2exp(—u/2)},
asn,p — oo, where 7, = 2log p—loglogp. In addition, for any finite integer
a, {U(a)/o(a)} and {nld(c0) — 7} are asymptotically independent.

By Theorems 4.1 and 4.2, we obtain the asymptotic independence among
the U-statistics and the corresponding limiting distributions of the U-statistics
under Hy. Under the alternative hypothesis, since the power analysis of the
one-sample mean testing is similar to that of the two-sample case, we delay
the power analysis after presenting the asymptotic independence property
of the proposed U-statistics in the two-sample mean testing problem.

Two-sample mean testing. Next we discuss the two-sample mean testing
problem. Suppose we have two groups of p-dimensional observations {x;};"*;
and {yi}?il, which are i.i.d. copies of two independent random vectors
x = (x1,...,2p)T and y = (y1,...,yp)T respectively. Suppose E(x) = p =
(1, spp)T, E(y) =v = (v1,...,1)7, cov(x) = X, and cov(y) = X,. We
write n = ng, + n, and assume n, = O(n,). For easy illustration, we first
consider ¥, =3, =3 = {0, j, : 1 < j1,7j2 < p}. We will then discuss the
case when ¥, # 3, where similar analysis applies.

The two-sample mean testing examines Hy : o = v versus Hy : p # v,
then & = (1 —vi, .. pp —1p)T. For 1 < j <p, 1 <k <ng 1 <s<ny,
K;(Xk,ys) = Tk; — ¥s,j is a simple unbiased estimator of p; — v;, and thus

we construct U(a) = ?ZI(PC?Z‘P(:W) Zl<k1§ AbaZne Il @y — Yse)s
<s sq<ny

which is also equivalent to

42 zz( oD S | ) |

a—C 1<ky£Ake<ng t=1
1<s17# - #Sa—c<ny

We can check that (4.2) satisfies E{U(a)} = ? 1y —vi)®, so U(a) is an
unbiased estimator of ||£]|¢ = Zf 1 (1t —v4)®. On the other hand, for ||€||o,

following the maximum-type test statistic in Cai et al. [11], we have
-1 — 12
(43) Z/{(OO) - 11251‘2(270-‘7,‘7 ( ] - y]) ’

where Z; = Y"1 @ /1, Jj = >.:Y, Yij/ny. We then obtain results similar
to Theorems 2.1, 2.3 and 2.5. As the conditions are similar to those in
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Section 2, we only keep the key conclusions, and the details of conditions
and discussions are given in Supplementary Material Section A.8.

THEOREM 4.3. Under Condition A.J in Supplementary Material, 3, =
3y and Hy : p = v, for any finite integers (a1,...,am), as n,p — o0,

U(ar)/o(ar), ..., U(am)/o(am)]T 2, N(0, I,,), where 02(a) ~ a! Z?l’jzzl(nz+
ny)*of, i,/ (nany)® is of the order ©(alpn™?).

THEOREM 4.4. Under Condition A.4 in Supplementary Material, 3, =
YyandHy: p=v,Vu € R, P(angyU(oo)—Tp < u) — exp{—m" Y2 exp(—u/2)},

as n,p — 0o, where 7, = 2logp — loglogp. Moreover, {U(a)/o(a)} of finite
integer a and {nyn,U(00)/(ny + ny) — 7} are asymptotically independent.

Theorems 4.3 and 4.4 provide the asymptotic properties of finite-order U-
statistics and U (oo) under Hy. To analyze the power of U(a)’s, we derive the
asymptotic results of U(a)’s under the alternative hypotheses. We focus on
the two-sample mean testing problem, while one-sample mean testing can be
obtained similarly. Specifically, we consider the alternative £4 = {p; —v; =
p>0forj=1,... ko;pu; —vj =0for j =ko+1,---,p}. We then obtain
similar conclusions to Theorem 2.5.

THEOREM 4.5.  Assume Condition A.4 in Supplementary Material and
ko = o(p). For any finite integers {a1,...,am}, if p in €4 satisfies p =
O(kal/atpl/(%t)n_l/g) fort=1,....,m, then [U(a1) —E{U(a1)}]/o(ar),. ..,
U(am) — E{U(am)}]/o(am)]T 2, N(0,I,), as n,p — oo. Here ElU(a)] =
|E4]12 = kop® and o%(a) = var{U(a)} ~ Va, with V, = a! Z?l,j2=k0+1(nx +
ny)*of i,/ (neny)® of the order ©(alpn™).

Next we compare the power of different U-statistics under alternatives
with different sparsity levels. Theorem 4.5 shows that under the local alterna-
tives, the asymptotic power of U (a) mainly depends on E{U(a)}/+/var{Ud(a)}.
Therefore by Theorem 4.5, given constant M > 0, for each U(a), if p =
Ml/ak:al/a al/(Za), then E{U(a)}//var{ld(a)} ~ M; that is, different U (a)’s
have the same power asymptotically. For easy illustration, we consider o, ;, =
1 when j; = jo € {ko+1,...,p}, and 0, j, = 0 when j; # jo» € {ko +
1,...,p}, then Ml/“k()_l/aval/(2a) ~ p, with
(4.4) pa 1= a2 (M y/p/ko)+{(ns +ny)/(namy)} 2.

Therefore, similarly to the analysis in Section 2.2, to find the “best” U(a),

it suffices to find the order, denoted by ag, that gives the minimum p, in
(4.4). We have the following result similar to Proposition 2.3.
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PROPOSITION 4.1.  Given any constant M € (0,400) and n,p, ko, we
consider p, in (4.4) as a function of positive integers a, then

(i) when ko > M,/p, the minimum of p, is achieved at ag = 1;
(ii) when ko < M./p, the minimum of pq is achieved at some ag, which
increases as M./p/|Jp| increases.

Proposition 4.1 shows that when the sparsity level kg is large, i.e., & is
dense, a small a tends to obtain a smaller lower bound in p, and vice versa.
As (4.4) and (2.13) are similar, we have similar patterns to that in Figure
1 when examining the corresponding numerical plots of p,. In addition, [11]
shows that when p = po := C14/log p/n for a large Cy, the power of U (c0)
converges to 1, and y/log p/n is minimax rate optimal for sparse alternatives;
see also [19]. Thus, if peo < pag, 1-€., ko < MCT™/pag!/1og®/? p, U(c0) is
the “best” and its lowest detectable order of p is ©(y/logp/n). On the other
hand, Proposition 4.1 shows that when €4 is dense with ko > /Mp, U(1) is
the “best” and its lowest detectable order of p is ©(,/pky 12=1/2). Moreover,
for some large M and C5, when £4 is “moderately dense” or “moderately
sparse” with Cyv/pao!/log®/? p < ko < /Mp, U(ag) is the “best” and its
lowest detectable order of p is ©{(y/p/ ko)%nfl/ 21, which is of a smaller
order than the optimal detection boundary of the sparse case ©(y/logp/n).

More generally, when 3, # 3, similar results to Theorems 4.3 and 4.5
can be obtained. In particular, we have the following corollary.

COROLLARY 4.1. When X, # X,, under Condition A.J in Supplemen-
tary Materjal, Theorem 4.3 holds witﬁ o%(a) ~ a!p2§17j2:1(0m7j1,j2/nx +
Ty.jrja/My)® and Theorem 4.5 holds with V, = a! Zjl,j2:k0+1(%,j17jz/nx +

Oy,j1,42 /ny)a'

Corollary 4.1 shows that the asymptotic power of finite-order U-statistics
depends on E{U(a)}/+/var{U(a)}. By the construction of finite-order U-
statistics and the proof, we obtain that E{U(a)} = kop® and var{l(a)} =
©(alpn~®). We then know that for finite-order U-statistics, similar results
to Proposition 4.1 still hold by examining E{U(a)}/+/var{U(a)}.

The above power analysis shows that the optimal U-statistic varies when
the alternative hypothesis changes. To achieve high power across various
alternatives, we can develop an adaptive test similar to that in Section 2.3.
Specifically, we calculate the p-values of the U-statistics (4.1) and (4.2) fol-
lowing the theoretical results above and the algorithm in Section 2.3. By
combining the p-values as discussed in Section 2.3, the asymptotic power of
the adaptive test goes to 1 if there exists one U(a) whose power goes to 1.
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REMARK 4.1.  Xu et al. [76] has also discussed the adaptive testing of
two-sample mean that is powerful against various £,-norm-like sums of p—v.
But [76] is under the framework of a family of von Mises V-statistics where
V(a) = 34_1(Z; — g;)*. We note that V(a) is equivalent to

[

a a a—c
a—c c,. a—c\—1
XORS 3 Wil o) ST RS DI | 0 )
7j=1c¢=0 1<k, ke<ng t=1 m=1
1§517"'75a7¢:§ny

which allows the indexes k’s and s’s to be the same and thus is different
from the U-statistics in (4.2). [76] shows that the constructed V-statistics
are biased estimators of ||p — v||%, and V(a) and V(b) are asymptotically
independent if a+ b is odd, but are asymptotically correlated if a+ b is even.
The constructed U-statistics in this work extend the properties of those V-
statistics such that U(a) in (4.2) is an unbiased estimator of |u — v||%,
and all U(a)’s are asymptotically independent with each other. Given these
nice statistical properties, it becomes easier to obtain the joint asymptotic
distribution of the U-statistics, and then apply the adaptive test.

4.2. Two-Sample Covariance Testing. The U-statistics framework can
be applied similarly to testing the equality of two covariance matrices. Sup-
pose {x;}1%, and {y;}.%, are i.i.d. copies of two independent random vectors
x = (x1,...,2p)T and y = (y1,...,Yp)T respectively. Denote E(x) = p =
(i, o), E(y) = v = (v1,...,15p)T; cov(x) = By = {025,511 <
J1,J2 < p} and cov(y) = Xy = {0y ;4 : 1 < j1,j2 < p}. Consider Hy :
3, =3y =3 = (0j,jo)pxp- Given 1 < j1,jo < p, 1 < ki # ko < ng, and
1 <51 # 82 < Ty, Kj17j2(xk17xk27y517y82) - (xkl,jlxkl,jz - xkl,jlxkz,jz) -
(Ys1,j1 Ys1,jo — Ys1,j1Ysarjo) 18 @ simple unbiased estimator of o4 j, j, — Ty j; jo-
Therefore, for a finite positive integer a, we have the U-statistic

(4.5) Uay = ﬁ 3 )

1<j1,jo<p” 20 7 20 1<k 1#k1 2. 1<s1,17£81,2F...
Fka17ka,2<ne  #5q,178a,2<ny

a
H Kj\ 4 (th,l » Xky o Yse1o y.St,Q)‘
t=1
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As in Remark 2.1, another formulation of U (a) equivalent to (4.5) is

a C a—c
(46) U@ =3 > > (" S S >
=0 b;=0b2=0 1<j1,72<p 1<i1#...#  1Swi#..#
i207b1§nz w2(a7c)7b2§ny
by C 2¢c—by
Chanyacbiby X H(xikvjlxikdé) H Lis,j1 H Lit,ja
k=1 s=b1+1 t=c+1
bo a—c 2(a—c)—ba
X H(ywm,jlywm,h) H Ywi,j1 H Ywq,j2-
m=1 I=ba+1 g=a—c+1
N TL -1
where an,ny,c,bl,bg = (P2c—b1P2(zfc)—b2) a!/{bll(c — bl)!bgl(a — C — bg)!},

and (4.6) shall be used in the theoretical developments.

We next present the asymptotic results of the constructed U-statistics
under the null hypothesis. Here we assume the regularity Condition A.5 or
A.6, whose details and discussions are provided in Section A.13.1 of Supple-
mentary Material due to the space limitation. We mention that Condition
A.5 is a mixing-type dependence assumption similar to Condition 2.2, and
Condition A.6 is a moment-type dependence assumption similar to Condi-
tion 2.2*. Particularly, Condition A.6 extends the moment assumption for
second-order U-statistics in Li and Chen [54] to U-statistics of general orders;
please see the detailed discussions in Section A.13.1.

THEOREM 4.6. Under Hy and Condition A.5 or A.6 in Supplementary
Material, for finite integers {a1,...,am}, [U(ar)/o(a1), ..., U(am)/o(am)]T EEN
N(0, I,,), where for a € {a1,...,am},

o?(a) = var{U(a)}

1 1 a
- a.{n (05, s s — OingaOisga) + " (Hj1,j2,j3,j4 Jhma]sm)}
L. €T Y
1<91,52,93:J4<p

. 4 4
thh H;‘jl,jg,jg,jz; - E{Ht=1<x17]t_lu]t>} a'nd H?]_,jg,jg,j‘l - E{thl(yl)]t_yjt>}

Theorem 4.6 provides the asymptotic independence and joint normality
of the finite-order U-statistics, which are similar to Theorems 2.1, 4.1 and
4.3. To further study the power of these finite-order U-statistics, we next
consider the alternative hypotheses where X, # 3. Let Jp be the largest
subset of {1,...,p} such that o, ;, j, = 0y ji.j» = 0j 4, for any ji,ja € Jo.
We then obtain the following theorem under the regularity conditions given
in Section A.14 of Supplementary Material.
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THEOREM 4.7. Under Conditions A.7 and A.8 in the Supplementary
Material, for finite integers {ai,...,am}, [U(a1) — E{U(a1)}]/o(a1),...,

[U(am) — E{U(am)}]/o(am)]T EEN N(0,I,,), where

o?(a) =var{l(a)} ~ alCra Y. 0% 0% i,

J1,32,33,Ja€Jo

and Cr g = {(ke — 1) /1 + (ky — 1) /0y }* 4+ 2(ka /Mg + Ky /1y)* with Kk, and
ky given in Condition A.7.

Given the asymptotic results under the alternatives, we next analyze the
power of the finite-order U-statistics. By Theorem 4.7, the asymptotic power
of U(a) depends on E{U(a)}//var{U(a)}. Let Jp = {(j1,J2) : O jrjo #
Oyjigas 1 < J1,J2 < p}, then E{U(a)} = Z(jl,jQ)eJD(Uw,jth — Oyj1g2)"-
Similarly to Section 2.2, to study the relationship between the sparsity level
of ¥, -3, and the power of U-statistics, we consider the case where the non-
zero differences between X, and 3, are the same. Specifically, let o j, j, —
Oyjrj. = p for (ji,j2) € Jp, and then E{U(a)} = |Jp|p®. Following the
analysis in Section 2.2, we compare the p values needed by different U (a)’s
to achieve E{U(a)}/+/var{U(a)} ~ M for a given constant M. In particular,
for given integer a, suppose E{U(a)}/\/var{ld(a)} ~ M is achieved when
p = pq. For any a # b, we compare U(a) and U(b) following Criterion 1.

We use the following example as an illustration, where 3, and X, sat-
isfy the conditions of Theorem 4.7. Specifically, we assume that 3, =
(0241, )pxp has the diagonal elements o, j ; = v%; and the off-diagonal ele-
ments 0y j, j, = hij,—j,| € (0,02) with hyj, ;| = O(v?) when |j1 — jo| < s,
while o, j, j, = 0 when |j; — ja| > s. This covers the moving average covari-
ance structure of order s, and X, is a banded matrix with bandwidth s. In
addition, we assume the bandwidth s = o(p) and p — |Jo| = o(p). By the
definition of Jy, the assumption p — |Jo| = o(p) implies that a large square
sub-matrix of ¥, and X, are the same. For simplicity, we let n, = n, with
n = ng +ny, and a similar analysis can be applied when n, # n,. By Theo-
rem 4.7, var{id (a)} ~ (n/2)"%al{2k§ + kG H{pr?* +2 35| hi(p—1t)}?, where
K1 = Kg+ky and kg = Kz + Ky — 2. Therefore we know for given finite integer

a, E{U(a)}/+/var{U(a)} ~ M holds when p = p, defined as

TR e (S G0

We next compare the p,’s and obtain the following proposition.
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PROPOSITION 4.2.  There exists Dy that only depends on the given k., ky, V2, s,
and hy,t = 1,...,s, and satisfies Dy = O(1/s?) such that

(i) When |Jp| > Mp/~+/Dg, the minimum of p, is achieved at ag = 1.
(ii)) When |Jp| < Mp/+/Dy, the minimum of p, is achieved at some ay,
which increases as Mp/|Jp| increases.

Proposition 4.2 is similar to Propositions 2.3 and 4.1. Following the anal-
ysis in Section 2.2, Proposition 4.2 shows that when the difference ¥, — 3,
is “very” dense with |Jp| > Mp/+/Dyg, U(1) is the most powerful U-statistic;
when 3, — 3, becomes sparser as Mp/|Jp| decreases, a higher order U-
statistic is more powerful; when the ¥, -3, is “moderately” dense or sparse,
a U-statistic of finite order ag > 1 would be the most powerful one.

The power analysis above shows that the power of the U-statistics varies
when the alternative changes. To maintain high power across different al-
ternatives, we can develop an adaptive testing procedure similar to that in
Section 2.3. Given the asymptotic independence in Theorem 4.6, an adap-
tive testing procedure using the constructed U(a)’s is valid with the type I
error asymptotically controlled. Also, the adaptive test achieves high power
by combining the U-statistics as discussed in Section 2.3.

We provide simulation studies on two-sample covariance testing in Sup-
plementary Material Section C.3. By the simulations, we first find that the
type I errors of the U statistics and the adaptive test are well controlled
under Hg. This verifies the theoretical results in Theorem 4.7. Second, sim-
ilarly to the one-sample covariance testing, we find that generally when the
difference ¥, — 3, is sparser, a U-statistic of higher order is more powerful,
and vice versa. Moreover, under moderately sparse/dense alternatives, U(ao)
with ag > 1 could achieve the highest power. The results are consistent with
Proposition 4.2. Third, we compare the proposed adaptive test with existing
methods in literature including [66, 70, 54, 10], and find that the proposed
adaptive testing procedure maintains high power across various alternatives.

REMARK 4.2.  Similarly to Section 2, we can let U(oco) be the mazimum-
type test statistic in [10], and expect that the result similar to Theorem 2.3
holds under certain reqularity conditions. However, as the dependence struc-
ture of two-sample covariance matrices is more complicated than the one-
sample case, it is more challenging to establish the asymptotic joint distribu-
tion of U(o0) and finite-order U-statistics. We leave this interesting problem
for future study, while find in simulations that the performance of U(o0) is
similar to high-order U-statistics U(a)’s.
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4.3. Generalized Linear Model. In this section, we consider the Example
3 of generalized linear models (on Page 4) to show that the proposed frame-
work can be extended to other testing problems. Similarly to the results in
Section 4.1, we show that the constructed U-statistics are asymptotically
independent and normally distributed, and also establish the power analysis
results of the U-statistics. We provide the details in Section A.16 of Sup-
plementary Material. Recently, Wu et al. [74] also discussed the adaptive
testing of generalized linear model. But similarly to [76], [74] is under the
framework of a family of von Mises V-statistics, and thus is different from
the current paper as discussed in Remark 4.1. Moreover, the current work
provides the theoretical power analysis while [74] did not.

5. Discussion. This paper introduces a general U-statistics framework
for applications to high-dimensional adaptive testing. Particularly, we focus
on the examples including testing of means, covariances and regression co-
efficients in generalized linear models. Under the null hypothesis, we prove
that the U-statistics of finite orders have asymptotic joint normality, and
establish the asymptotic mutual independence among the finite-order U-
statistics and U(oco). Moreover, under alternative hypotheses, we analyze
the power of different U-statistics and demonstrate how the most power-
ful U-statistic changes with the sparsity level of the alternative parameters.
Based on the theoretical results, we propose an adaptive testing procedure,
which is powerful against different alternatives. The superior performance of
this adaptive testing is confirmed in the simulations and real data analysis.

There are several possible extensions of the U-statistics framework in this
paper. First, by our current proof, the convergence rate in Theorem 2.3 is
bounded by O(logfl/ 2 p), which is an upper bound and not sharp. From
our extensive simulations, we find that the type I error rate of the adaptive
testing is well-controlled with a relatively small p, e.g., p = 50. We might ob-
tain a shaper bound of the convergence rate, but more refined concentration
property of the high-dimensional and high-order U-statistics is needed. Sec-
ond, the proposed framework requires that the elements in the parameter set
£ have unbiased estimates. When we can not obtain unbiased estimates eas-
ily, e.g., for the precision matrix, the proposed construction may not follow
directly. Nevertheless we may use “nearly” unbiased estimators to construct
“U-statistics” for hypothesis testing, such as the “nearly” unbiased estima-
tor of the precision matrix proposed in [75]; the main challenge is then to
control the accumulative bias over the parameters under high-dimensions.
Third, this paper discusses the examples where the elements in £ are compa-
rable. When the parameters in £ are not comparable, such as £ containing
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both means and covariances parameters, the construction of U-statistics still
follows but the theoretical derivation may require a careful case-by-case ex-
amination. Fourth, the construction of the U-statistics treats the parameters
in £ with equal weight. More generally, we could assign different weights to
different parameter estimators. For instance, standardizing the data is one
example of assigning different weights. As inappropriate weight assignments
could lead to power loss, when the truth is unknown, how to effectively as-
sign weights to maximize the test power is an interesting research question.
We shall discuss these extensions in the future as a significant amount of
additional work is still needed.

In addition to the examples in this paper, the proposed U-statistics frame-
work can be applied to other high-dimensional hypothesis testing problems.
For example, it can be applied to testing the block-diagonality of a covari-
ance matrix, whose theoretical analysis would be similar to the considered
one sample and two sample covariance testing problems. It can also be used
to test high-dimensional regression coeflicients in complex regression mod-
els other than the generalized linear models, following a similar construction
based on the score functions. A key step is then to characterize the impact of
nuisance parameters that are estimated under the null hypothesis, and chal-
lenges arise especially when the nuisance parameters are high-dimensional.
Such interesting extensions will be further explored in our follow-up studies.
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SUPPLEMENT TO "ASYMPTOTICALLY
INDEPENDENT U-STATISTICS IN HIGH
DIMENSIONAL ADAPTIVE TESTING”

We give proofs of the main results and additional simulations in this
supplementary material. For simplicity, we use C' to represent some generic
positive constant, which does not change with (n,p) and may represent
different values from place to place.

APPENDIX A: PROOFS AND SUPPLEMENTARY RESULTS

A.1. Proof of Proposition 2.1. To prove U(a) in (2.3) is location
invariant, we examine the equivalent form,

a
— (pr—1 . oy . e
Ula) = (P3,) § § H(xlquﬂlxl%qdz Tiggy—1,1Lingja)-
1<j1 242 <p 1<i1 7. Fiza<n k=1

We consider A = (Aq,...,A,)T € RP, and examine a = 1 first. For each
(j1,J2), since

(xihjl + Ajl)(xilsz + Aj2) - (xilajl + Ajl)(xiz,h + Ajz)

= (Tiy 1 iy o — Tiy 1 Tin go) T Dy (Tiy g — Tin o)

then it follows that

Z [(xil,jl + Ajl)(xih]é + Aj2) - (mi11j1 + Ajl)(xiQ,jz + Aj2)]

1<ir#ia<n
- § (xi1,j1xi1,j2 - xi1,j1xi2,j2)
1<ir#i2<n
n
= D N @iy — Tigs) + Y A (@i, — i)
1<i1#ia<n i=1
n n
= Ajl § E (xil»]é - ximjz)
11=112=1

= 0.
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That is, U(1) is location invariant. For a = 2, given (ji,j2), following a
similar analysis to U(1), we have

(A1)

> {[(fcz'l,jl + 85) (@i gy + Dgp) = @i g1 + B51) @iz o + Ajo)]
1<in #is<n

X [(Tig gy + D) (Tig gy + Djy) — (Tig gy + Agy )iy g + Ajg)]}

- E {(xilvjlxih]é - xilyjlxi27j2)

1<ir .. #ia<n
X [(Tig gy + D) (Tig jo + Djy) = (Tig gy + Ajy ) (Tig o + Ah)]}
= 0.

Similarly, we also have

(A.2) Z {(Iihjlxil,h — Tiy 1 Tin,ja)

1<iz#...#i4<n
X [(Tig gy + By (@ig jo + Djy) — (Tig gy + Agy ) (@ig g + Ajz)]}

- Z [(xilzjlxildé - xil:jlxiQ»Jé)(xii‘njl'r’i&]é - x137j1$i4,j2)]
1<i1#...£i4<n
=0.

Combining (A.1) and (A.2), we know U(2) is location invariant. Following
the argument above similarly, by induction, we obtain that U (a) is location
invariant for a general integer a > 3.

A.2. Proof of Theorem 2.1. For the covariance testing example in
Section 2, U(a) is location invariant by Proposition 2.1, and U(o0) is also lo-
cation invariant straightforwardly by its expression in (2.8). Then we assume
without loss of generality that E(x) = 0 in this section. To prove Theorem
2.1, we first derive the variances and the covariances of the U-statistics, and
then prove the asymptotic joint normality of the U-statistics.

In particular, the next Lemma A.1 derives the asymptotic form of variance
o?(a) in (2.7).

LEMMA A.1. Under the conditions of Theorem 2.1, for any finite integer
a, following the notation in (2.2),

a!
@)= Fr > W) {1 +o(D)},
¢ 1<ji1#ja<p;
1<js#ja<p
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which is of order O(p?>n~%). In addition, for ~Z:{(a) defined in (2.5) and
U*(a) == U(?)—U(a), we have Var{ulga)} = var{U(a) H{1+o(1)}, var{U/*(a)} =
o(1) x var{U(a)}, and U*(a)/o(a) — 0.

PROOF. See Section B.1.1 on Page 72. O

Moreover, the following Lemma A.2 shows that the covariances between
different U (a)’s asymptotically converge to 0.

LEMMA A.2. Under the conditions of Theorem 2.1, for finite integers
a#b, covid(a)/o(a),U(D)/o(b)} — 0, as n,p — oo.

PROOF. See Section B.1.2 on Page 86. O

Lemmas A.1 and A.2 together establish that the covariance matrix of
U(ar)/o(ar),...,U(am)/o(am)]T converges to I, asymptotically. To finish
the proof of Theorem 2.1, it remains to show that the joint limiting distri-
bution of the U-statistics is normal.

For finite integers aq,...,a;,, to obtain the joint asymptotic normal-
ity of [U(a1)/o(a1),...,U(am)/o(amn)]T, by the Cramér-Wold theorem, it
is equivalent to prove that any fixed linear combination of [(a1)/o(a1),
...,U(am)/o(am)]T converges to normal. Recall that Lemma A.1 shows that

U*(a)/o(a) L. 0 for any finite integer a. Thus by the Slutsky’s theorem,

it suffices to prove that any fixed linear combination of [U(a1)/c(a1),...,
U(am)/o(am)]T converges to normal. To be specific, we show that for con-
stants t1,. .., ¢, satisfying > 2 = 1,

m
(A.3) Zn =Y tU(a,)/o(ar) 2 N(0,1).

r=1

To prove (A.3), we apply the martingale central limit theorem in Heyde

and Brown [34] (similar arguments can date back to Bai and Saranadasa
[4]). Let Fo = {0,9Q}, Fr, = o{x1, -+ ,xx}, and E(-) denote the conditional
expectation given Fy for k = 1,--- ,n. Define D, = (Ey — Ex_1)Z,, and
7T72L’k = Ek—l(D%k)- Note that Eo(-) = E(+), and E(Z,) = 0 as E(x) = 0. It
follows that Z, = > _,_; D, . By martingale central limit theorem, to prove
(A.3), it is sufficient to show

(A4 Yowdvar(Zy) D1, Y E(DL ) vark(Z,) 0.
k=1 k=1

r=1"%r

var(Z,) by the following Lemma A.3.

Here var(Z,) — >, t2 =1 by Lemmas A.1 and A.2, and E(3_}_, W%}k) =
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LEMMA A.3. Under the conditions of Theorem 2.1, E(3 ,_, W%k) =
var(Zy,).

PRrROOF. See Section B.1.3 on Page 86. O

Therefore to prove (A.4), it suffices to show

(A.5) var (Z ﬂi}k> — 0 and ZE(Dﬁk) — 0.
k=1 k=1

Note that Dy, and 72, in (A.5) can be written as Dy, = > e trAn k.a,
and W?L’k = 21§r1,r2§m Ek—l(An,k,arl An,k,aw), where we define 4, 1, =
(Er —Ex_1){U(a)/o(a)} for each finite integer a. The following Lemma A .4
gives the explicit form of A, 1 4.

LeEMMA A4, For finite integer a, when k < a, Ay o = 0; when k > a,

a—1
a
An,k,a = U(CL)P” Z Z (xk,hxk,jz) X H(l’it,jll'it,jg)'
4 1<y A Fia_1<k—1 1<j1#£j2<p t=1
PROOF. See Section B.1.4 on Page 87. O

With the form of A, , in Lemma A.4, the forms of D, ; and ﬂivk can
be obtained, and we can prove the next two Lemmas A.5 and A.6, which
suggest that (A.5) holds.

LEMMA A.5.  Under the conditions of Theorem 2.1, var(} p_, 2 ) — 0.
In particular, under Condition 2.2, var(3}_r_, 72 ,) = O(p~tlog®p); under
Condition 2.2*, var(d_,_, W%k) =0(nt+p?).

PROOF. See Section B.1.5 on Page 89. O

LEMMA A.6. Under the conditions of Theorem 2.1, Y ;_, E(thk) =
O(1/n).

PROOF. See Section B.1.6 on Page 103. O

Finally, by Heyde and Brown [34], we have as n,p — oo,

(A.6) sup ‘P(Zn <t)— q)(t)‘
S B P SiaE (D))
= C{E var(Zy,) B 1] - var2(Z,)

— 0,
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which proves (A.3). In summary, Theorem 2.1 is proved.

A.3. Proof of Theorem 2.3. In this section, we first introduce some
notation, and then present the proof.

Notation. For U(a) in (2.3), by the symmetricity of covariance matrix, we
can replace ) ;. j1£ja<p DY 2X doi< j1<ja<p - Lhis implies that the summation
over {(j1,72) : 1 < j1 # ja2 < p} is equivalent to the summation over
{(j1,72) : 1 < j1 < j2 < p} up to a constant. Without loss of generality, we
consider j; < jo below. We rewrite the index set {(j1,72) : 1 < j1 < j2 < p}
as

(A7) Le={(lat)1<i<q= (g)}

. . . . il—1
where ]ll = arg mlnlgkgp,l{zle(p—t) > [} and jlz = l—i—jl1 — glzl (p—t).
For each (j},j?) € L, define

(A.8) Ul = Z H Lig gt Vin g7

1<ir .. i <n k=1

Then U(a) = 2(P2)~1 30, Up following the definition in (2.5). Further-
more, we define

n
~ Li g} Li52

(A'g) Gl - g;1 .1 g ;2 ‘2’
1=1 \/ VIR \/ IR
M, = max (G})?,
1<i<q
n
T; 1 X, 2 xT; ;1 xT; ;2
A 27] z’] 1’7] 27.7
=" Lo {2 x M| <)
g:1 ;1 g2 ;2 g:1 ;1 g2 .2
i=1 \/ IR \/ J150] \/ 1] \/ 1197
n
€T 1 €T. o €T. 1 . g
2y 2¥) 2¥) %]
_EIE: Lo i 1{‘ Loy i STn}],
g:1 ;1 g;2 ;2 g:1 ;1 ;2 ;2
i=1 \/ 2131 \/ J153; \/ JiJ; \/ VIR

M, = )2
n lnglla;](Gz)a

X

where we define 1 ;1 = Var(:z:l-J}), g2 2 = Val“(l’i,le), Tn, = T log(p+n) with
7 being a sufficiently large positive constant and 1{-} represents an indicator

function. In addition, we define |a|min = minj<;<p |a;| for a € RP, and

(A.10) yp = 4logp —loglogp + y.
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Proof. Similarly to Section A.2, since U(a) in (2.3) and U(c0) in (2.8) are
location invariant, we assume without loss of generality that E(x) = 0.

To prove Theorem 2.3, we first establish the asymptotic independence
between M, /n and U(a)/o(a,) for r = 1,...,m, and then we show that
nid?(c0) and U(a,) are close to M, /n and U(a,), respectively. Specifically,
the following Lemma A.7 shows that M, /n and U(a,)/o(a,)’s are asymp-
totically independent.

LEMMA A.7.  Under the conditions of Theorem 2.3, when T > 0 in (A.9)
s a sufficiently large constant,

PROOF. See Section B.2.1 on Page 110. O

To show that M, /n and nld(cc)? are close, we use M, /n defined in (A.9)
as an intermediate variable. We next prove that M, /n and M, /n have
small difference in the sense that the conclusion in Lemma A.7 still holds by
replacing M,, with M,,. This is formally stated in the following Lemma A.8.

LEMMA A.8.  Under the conditions of Theorem 2.3,

PRrROOF. See Section B.2.5 on Page 130. 0

Given Lemma A.8, we further prove that M, /n and U(a)/o(a,) are close
to nUd?(o0) and U(a, ), respectively. In particular, by the proof of Theorem

3 in Cai and Jiang [9], we know {n?U?(c0) — M, }/n L, 0. In addition,
Lemma A.1 proves that {U(a,) —U(a,)}/o(a,) L, 0. Based on these results
and Lemma A.8, the following Lemma A.9 shows that the conclusion in
Lemma A8 still holds by replacing M,, /n with niA?(co) and replacing U (a.)
with U(a,).
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LEMMA A.9. Under the conditions of Theorem 2.3,

U(ar) U(am)
2 <z,... < Zm
‘P(nu (00) > Yp, o Zlyeee, ) = z )
—P(nZ/l2 >yp)H ( ) 50
PROOF. See Section B.2.6 on Page 152. O

Lemma A.9 then proves Theorem 2.3.

A.4. Proof of Theorem 2.4. As both U(a) and V,(a) are location
invariant in the sense of Proposition 2.1, we assume E(x) = 0. To prove
Theorem 2.4, we decompose V,(a) =V, 1(a) + V, 2(a), where we define

2a! T2 2
Vyi(a) = (P2 Z Z H Liy 1P, g2o

7 1< Aje<p 1<ir#.. . Fig<nt=1

and Vy 2(a) =V, (a) =V, 1(a). The next Lemma A.10 shows that V,, 1(a) is
of a larger order than V, 2(a), and thus it is the leading term in V,(a).

LeEMMA A.10.  Under the conditions of Theorem 2.4, Vy,1(a)/E{Vy1(a)} L
1 and Vy(a)/E{V,1(a)} 2 0.

PROOF. See Section B.3 on Page 134. O

Lemma A.10 implies that Vy(a)/E{Vy1(a)} = 1. As V,(a) > 0 with
probability 1, E{V, 1(a)}/V,(a) L, 1. In addition, note that E{Vy1(a)} =
2aM(P) ™ Yo 1<), 2 <p B(2T j, 27 )} By (B.20) and (B.29) in Section B.1.1,
we have var{U(a)}/E{V, 1(a)} — 1. Therefore,

Vu(a) _ Vu(a) XE{Vul( }P 1
var{(a)}  E{Vyi(a)} = var{U(a)} '

A.5. Proof of Theorem 2.5. We first present Condition A.1 in The-
orem 2.5, which is a generalized version of Condition 2.2* under H4.

CONDITION A.1.  Following the central moment notation in (2.2), fort <
8, we assume that there exists constant &y such that 1L, j, = ReE([They 250)s
where 1 < j1,...,5: <p and (z1,...,2)T ~ N(0,24).
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Condition A.1 generalizes Condition 2.2* to the alternative setting. Similarly
to Condition 2.2*, Condition A.l is satisfied when x follows an elliptical
distribution with certain moment conditions [see 247 ]. To be consistent
with the notation in Condition 2.2*, we let k1 = k4 below.

We next introduce some notation, and then provide the proof.

Notation. For each given j; € {1,...,p}, we define

iy ={(1,J2) : 04y 4o # 0,1 < j1 # ja < p},

5 = A0, d2) 1 045, = 0,1 < ji # j2 < p}.
Then Jy = U _,Jj,, and we correspondingly define J§ = UY _, Jf,, which
is the set difference of {(ji,j2) : 1 < j1 # jo < p} and J4. Moreover, we
define F(a,c) = (—1)¢(%) /Py, and

a—c a a+tc
K(c, j1,52) = F(a,c) E H(wit,jlximh) H Liy,j1 H Lig,ja-
1<i1#. Figrc<n t=1 t=a—c+1 t=a-+1

We decompose U(a) = Ty a1,1 + Tvan,2 + Tu,a2, Where

a
(A1) Tyein= Y, K0,1,2), Tvarz= > > Klc i1 i),

(41,92)€JG (J1,g2)€Jg =1

a
Tiaz= Y, Y K(cii,ja).

(J1,42)€J4 =0

Proof. Similarly to Section A.2, we first derive the variances and the covari-
ances of the U-statistics, and then prove the asymptotic joint normality of
the U-statistics. Particularly, the next Lemma A.11 derives the asymptotic
form of var{{/(a)}, and additionally shows that among the three terms in
(A11), Ty g1, is the leading one.

LEMMA A.11.  Under the conditions of Theorem 2.5, 0*(a) = var{U(a)} ~
var(Ty,q,1,1), where

~ a, —a a a
var(Ty,q,1,1) =~ 2alkin E O 105 as
1<j1#7j2<p

which is ©(p*n~*). Moreover, var(Tya1.2) = o(p?*n=?), var(Tya2) = o(p?n~=%)

and {U(a) — Tya11}/0(a) 2 0.

PROOF. See Section B.4.1 on Page 137. O
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The following Lemma A.12 shows that the covariance between two different
U-statistics asymptotically converges to 0.

LEMMA A.12. Under the conditions of Theorem 2.5, for two integers
a #b, cov{d(a)/o(a),U(b)/c(b)} — 0.

PRrROOF. See Section B.4.2 on Page 148. O

To finish the proof, it remains to obtain the joint asymptotic normal-
ity of [U(ar)/o(ar),...,U(am)/o(am)]T. By the Cramér-Wold theorem, it
is equivalent to prove that any fixed linear combination of [U(a1)/o(a1),
.. yU(am)/o(am)]T converges to a normal distribution. By Lemma A.11,

{U(a)-Tya,1,1}/0(a) EiR 0, thus by the Slutsky’s theorem, it suffices to prove
that any fixed linear combination of [Ty e, 1.1/0(a1), ..., Tu.am1,1/0(am)]T
converges to a normal distribution. Similarly to Section A.2, we redefine Z,
as below with -7 ¢2 = 1, and prove that

r=1"r

(A.12) Zn =Y 6Ty 11/0(ar) 25 N(0,1).

r=1

We next prove (A.12) by the martingale central limit theorem, similarly to
Section A.2. In particular, we define Eg(-) in the same way as in Section A.2,
and still define D, , = (E; —Ej_1)Z, and 71'27,{ = Ek—l(D,Q%k)- It follows that

n

Dy = Z:n:l trAn,k,ar and 777217k = Zlﬁhﬂ"zﬁm trltrgEkfl(An,k,aTl An,k,aTQ)v
where we redefine A4, . = (Ex —Ex—1){Tv,a,,1,1/0(ar)}. Note that o;, ;, =
0 when (j1,72) € JG, and Ty q1,1 is a summation over (ji,j2) € J4. Thus
the proof of Lemma A.4 in Section B.1.4 applies similarly, and we obtain
the explicit form of A, ;. . Specifically, for each finite integer a, when k < a,
Ap ko = 0; when k£ > a,

a a—1
Apka= o(a)Pr § E (Th,j1 Th,jo) H(xiuﬁa?it,h)-
@ 1<iy £ Fia—1<k—1 (j1,j2)€JT4 =1

With the form of A, ;. ,, we can obtain the explicit forms of D,, ;, and 7521,1«
Then we can prove the following two Lemmas A.13 and A.14, which suggests
that (A.12) holds.

LEMMA A.13.  Under the conditions of Theorem 2.5, var(> j_, w%k) —

PROOF. See Section B.4.3 on Page 148. O
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LEMMA A.14. Under the conditions of Theorem 2.5 , % 1, E(Di}k) —

PROOF. See Section B.4.4 on Page 157. O
By Lemmas A.13 and A.14, (A.12) holds and thus Theorem 2.5 is proved.

A.6. Proof of Proposition 2.3. Consider the setting when n,p and
|J4| are given and the value of M is fixed as ©(1). We next examine p, in
(2.13) as a function of integer a in the following two cases.

(i) |Ja| > Mp. When Mp/|Ja| < 1, both (Mp/|J4|)"/* and (a!)*/) are
increasing functions of integer a. Thus p, is an increasing function of a. Since
a € Z*, p, reaches the minimum value at a = 1.

(ii) |J4| < Mp. Define M = Mp/|.J 4|, and f(a) = (a!)*/C®) (M) Note
that p, and f(a) only differs by a constant. To find the minimum of p,, it
suffices to examine the minimum of f(a).

In the following, we show that when f(a) starts to not decrease at some
value, it will strictly increase afterwards. Specifically, we prove that f(a +

2)/f(a+1)>1if f(a+1)/f(a) > 1. Note that

flat1) _ {(at )Y7em (D)
f(a) (al)2 ()
{(a + 1)1}* M1 5ot

— — T2\ 22T
- (a!)a+1M2(a+1) = {d(a) x M™7pelern,

where d(a) = (a + 1)%(a!)~L1. Tt follows that f(a+1)/f(a) > 1 and f(a +
1)/f(a) = 1 are equivalent to d(a) > M? and d(a) = M?, respectively. We
next show that d(a) is a strictly increasing function of a. In particular,

dla+1)  (a+2)*tal  ra+ 2\t )
T ey ey il ) M

Therefore we have d(a+1) > M? if d(a) > M?; and equivalently this implies
that f(a+2)/f(a+1) > 1if f(a+1)/f(a) > 1.

Suppose ag is the first integer such that d(ag) > M?2, i.e., for any integer
1 <a < ag, d(a) < M?. By the analysis above, we know f(a) is decreasing
when a < ag, and f(a) is strictly increasing when a > ag. Thus ag achieves
the minimum of f(a). Since d(a) is a strictly increasing function of a, we
know ag < oo for fixed M, and ag increases as M increases. Therefore the
second part of proposition 2.3 is proved.
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A.7. Proof of Proposition 2.4.

PRrooF. Consider the simplified test statistic given in (2.15). We assume
E(x;;) = 0 and Var(x%j) =1,Vj =1,...,p without loss of generality. It is
then equivalent to examine U (00) = maxi<j,<jo<p |2 pe1 Thjr Th,jo/1|. We
next prove (i) and (ii) of Proposition 2.4 in the following Sections A.7.1 and
A.7.2, respectively.

A.7.1. Proof of (1). Under the alternative, we consider n i.i.d. observa-
tions (zx,1, 2 2), satisfying E(xy 1252) = p, for k =1,...,n. Then by Con-
dition 2.2*, var(z12k2) = E(27 127 ,) — [E(vk1782)]* = r1(1 + 2p%) — p2.

The power of U(c0) satisfies that

(A.13) P(|U(o0) | = 1)
n
= f’(lg§ﬁgggp‘gg;kalwkgz/n’Eitp)
n
> P(‘Z ﬂfk,ﬂm/n‘ > tp)
k=1
n
> P(Z T Tp2/n > tp)
k=1
p 21 @ratez —p) o Valty—p) |
\/ﬁ\/var(xk,la:k’g) - \/var($k,1xk,2)
We apply the central limit theorem on w122, k = 1,...,n, and obtain

Ezzl(xk,lxm—,o) D N(O, 1)‘

_%
Vny/var(zg 12 2)

Suppose Z follows a standard Gaussian distribution. Aslogp — oo, logp/n =
o(1), and by Berry-Esseen Theorem, we have

(A13) > P<Z> Vilt, — p) )_ CE|zp xpo?
N —var(@piTk2) [Var(xklxm)}%\/ﬁ

Viln ! yaTogp — p} | CV/Elww PElzsol
> P(ZZ | - 2

Vel +2p%) — p? [var(zx17k2)]2 /10
> P(Z>C(2—c1)ylogp) — 55

— 14 o0o(1),
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where the second inequality uses ¢, < n~1/2,/4Tog p when p is sufficiently
large; the third inequality uses p > c¢;+/log p/n; and the last step of conver-
gence holds when ¢; > 2.

A.7.2. Proof of (ii). Recall the notation J4 and J§ in Section A.5. Under
the considered alternative, when (ji1,j2) € Ja, E(xy j, 2k j,) = p; and when
(3, ja) € JG, B2 jszk4,) = 0. We have

(A.14) P(|U(o0) | = tp)
< Z P(’Z:Bk,jll'k,jz/n‘ 2 tp)
1<51<g2<p k=1
< é > P(‘Ziﬁkmﬂfk,jz/n‘ > tp)
(J1,92)€Ja k=1

1 n
+§ Z P()Zxk,jsxk,ﬂ/n‘ th)'

(43,Ja)€TG k=1

Next we show that under the conditions of Proposition 2.4,

(A.15) Z P(‘Z$k,j193k,jg/n‘ > tp) — 0,
(41,52)€J A k=1
and
1 n
(A.16) 5 Z P(}Z kawk’ﬂ/n‘ > tp) <log(l1—a)™h
(Js.Ja)ETG k=1

Proof of (A.15). To prove (A.15), we derive an upper bound of P(|>"}_ &k, j, Tk j, /7| >
tp) for each (j1,j2) € Ja by Lemma 6.8 in Cai and Jiang [9]. In the following,

we consider a fixed index pair (j1,J2); and for easy presentation, we write

mo = \/var(zy j, T j,) and § = (2k j, x5, — p)/mo. When (j1,j2) € Ja, we

have E(&;) = 0, var(&) = 1, and by Condition 2.2*, m = x1(1 + 2p?) — p2.

It follows that

where y,, = \/n/logpmal(tp—p). We next show that y, and &, k=1,...,n
satisfy the conditions of Lemma 6.8 in [9]. First note that y, - y = (2 —
co)mgt, and y > 0 as ca < 2. We then show that E{exp(fo|¢|”)} < oo for
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some g > 0 and 0 < ¥ < 1. In particular, given ¢ and ¢y in Proposition 2.4,

we take ¥ = ¢/2 € (0,1] and o = to(2mg)?/2 > 0. By Lemma B4,
|=’13k,j1923k,j2 - /;lﬁ < ([ gingol + 1) < longizn|” + (ol
R Y R P R

It follows that

(A17) Eexp(fol¢|”)

< Eexp [

to t~0
W(Wk,ﬁ219 + |33k,j2|219) + WU’W]
0
= Elexp(2 to|zp,, %) x exp(27 om0 [*)] % exp(t02”~p]”)

< \/E[exp(tolfk,jll"”)] x Elexp(tolz,j, )] x exp(to2”~|o]”),

where the last inequality follows from the Holder’s inequality. By the condi-
tions in Proposition 2.4, we know max;, j,)e.s, E(fo|zr,j ) X E(tolwg 4 |*) <
oo and p < eay/logp/n = o(1). Therefore, (A.17) < co. In summary, y, and
&k k= 1,...,n satisfy the conditions of Lemma 6.8 in [9].

By Lemma 6.8 in [9], as logp = o(n®) and B =9/(2+9) = /(4 + ),

2 k=16 ¥/ (logp)~!/2
Al Pl==—=—== >y, | ~ .
(A-18) (\/nlogp - ) V2my

Let 29 = — log(87)—2loglog(1—a)~!, then we can write t, = n~'/2{4log p—
loglogp + 20}'/? and
1

Va‘r(ka mk,h)
1

var(xy, j, T j, )

2 n 2
= —(t — pP X
yn 1 (p )

n
— 10gp(t§ — 2pt, + p*) X

1
A
var(zj, Thy,)  Llogp
2¢cov/log py/4log p — loglogp + 2o N c3 logp}
log p logp J’

Y

(4 logp — loglogp + zo)
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where the last inequality holds when p < ¢a4/logp/n and co < 2. Then

.2
p Yo /2

= exp(—(logp)ys/2)

1 1
<expy ———— [f (4 log p — loglog p — log(8m) — 2loglog(1 — a)*l)
var(xy j, Tk j,) L2

21
_CQ\/Ing\/4lng—loglng+ZO+ c5 ;)gp}}

C2
= {p_zx/logp x v/8mlog(l — )™t x p_72

X exp <02\/logp\/4 logp — loglogp + 2o

) }1/{Var(33k,j11’k,j2)}
By Condition 2.2*, var(zy j, Tk j,) = k1 + (2k1 — 1)p%; and as p = o(1), there
exists a constant m > 0 such that var(xy j, xy j,) < k1 +m. Thus

p ¥/ (log p) ™12

C2
< (logp)~'/? {p’Q\/logp x V87 (log(1 — o) 1)p~ %
)}1/{"3?(%1%2)}

X exp (02\/10gp\/4 logp — loglogp + 2o
c2
< (logp)™/? [VSW log(1 — ) ™! y/logp x p‘z‘%“ﬂ
Recall that y = (2 — co)[var(zy, j, 7% j,)] " /2. Then by (A.18),

(A.19) % Z P(Zajmlka/nztp)

(J1,J2)€J 4 k=1

-3, 2 HGag e

1/(k1+m)

(J1.J2)€Ja

J 1 —-1/2 o2 ﬁ
< |Ja| (log p) (\/§1og(1 _a)—1\/@xp—2—§+2@> 1+
2 yV2m

(1—cy+c3/4)

— C, exp <2 log [pw{\/ml(logp)w‘l’”),

where Cq = 23”ﬁ[\/ 8mlog(1l — o)~/ (s1+m)  Thus, (A.19) — 0 when

_(1-c9/2)?

(A=cg/2)? 11
p it/ Jal(log p) Hritm) 4 — 0.
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Similarly, we have

Y ohe Thjy Thj
(A.20) > op(EEtaTe <y
n
(41.42)€JA
Z P ZZ:l(_xk,jlxk,jz"i‘p) > lp+p )

(J1,d2)€Ja ( ”\/m B Var(wk,jlxkdz)

and (A.20) — 0 following the similar arguments as above. In summary,
2(1—cq/2)2

1 1
(A.15) holds when J4 = o(1)p wom (logp)? 2¢1i+m) for some m > 0.

Proof of (A.16). Similarly to Section A.7.2, we derive an upper bound of
P> F_y Tk js Tk j, /1 > tp) for each (43, j4) € J§ by Lemma 6.8 in [9]. In the
following, we consider a fixed index pair (73, ja); and for easy presentation, we
write & = T jy Tk j, /K1, k =1,...,n. When (j3,j4) € JG, E(Tk js@k,j,) =
0 and var(zg j,z1j,) = E{(2r57k )2} = k1, then we have E(&) = 0 and
var(€;) = 1. To prove (A.16), we write

- _ 22:1 élc -
P Zxk7j3$k7j4/n >ty ) =P === >0,

pt vnlogp
where g, = /n/logp x t,/\/k1 = § = 2//k1. Similarly to Section A.7.2,
we know ¢, and &, k = 1,...,n also satisfy the conditions of Lemma 6.8 in

[9]. Thus by Lemma 6.8 in [9], for zp = —log(87) — 2loglog(1 — oz)_1 and
t, = n~1/2\/4logp — loglog p + o,

P(Z}Z:l gk > Qn)

vnlogp —
. p %/?(logp) /2
N V271y
_ 2k 1/(261)—1/28XP(—20/(261))
p~ """ (logp) Vorg
< (8%)1/(2”1) 2\/3171_][)—2/141 (logp)l/(z'{l)_l/Q{log(l _ a)—l}l/m'

Then for k1 <1 and a small o > 0,

(A.21) % > P wrgerii/n = 1)

(Jr.j2)€dy k=1

L plp—1)—|J4 1/(261) VL —1\1/k1
§p2/'*1(10gp)*1/(2“1)+1/2 (87) ﬁ{bg(l —a)
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which attains the maximum order at k1 = 1, when x; < 1 and n,p — oo.
Therefore asymptotically, (A.21) < 27 !log(1 — a)~!. By similar arguments,
we know when n,p — oo,

1 " 1 _
3 > P(Z Th,jsTh,ja /10 < —tp) < 5 log(1 —a) g
(j3.ja)Etg k=1

In summary, we have (A.16) holds.
Combining (A.15) and (A.16), we obtain (A.14) < log(1l — )~ L. O

A.8. Conditions of Theorems 4.1-4.5. The conditions of Theorem
4.1 are listed in the following Condition A.2.

CONDITION A.2.

(1) limp_mo maxi<j;<p E(:cj—uj)4 < ooy limp_,oo minlgjgp E(a;j—uj)2 > 0.
(2) x is a-mizing with ag(s) < M§°, where § € (0,1) and M > 0 are
0 p _
some constants. In addition, > % . ;0% ;. = ©(p).

Condition A.2 is similar to Conditions 2.1 and 2.2 of Theorem 2.1. As the
mean is a lower order moment function than the covariance, Condition A.2
(1) is weaker than Condition 2.1 in that only the fourth moments are needed
to be uniformly bounded instead of the eighth moments. Condition A.2 (2)
is a regularization condition of the structure of the covariance matrix.

The conditions of Theorem 4.2 are list in the following Condition A.3.

CONDITION A.3.

(1) There erxists constant B such that B~ < A\pin(8) < Anax(2) < B,
where Amin(X) and Apax(X) denote the minimum and mazimum eigen-
values of the covariance matriz 3; and all correlations are bounded
away from —1 and 1, i.e., maxi<j,£j,<p |01 ja|/ (Tir j2Tinjn) /2 < 1=
for some n > 0.

(2) logp = o(n'/*); max, <<, Elexp(h(x;j—p;)?)] < oo, for h € [~My, My],
where M7 > 0 is some constant.

(3) {(zij,i=1,...,n) : 1 < j <p}is a-mizing with ay(s) < C6*, where
5 €(0,1) and C > 0 is some constant, and Z§1,j2=1 o i, = O(p)-

In Condition A.3, (1) and (2) are assumed to establish the extreme value

distribution of U(c0), as in Cai et al. [11] and Xu et al. [76]. Furthermore, the
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mixing condition in Condition (3) is used to establish the joint independence
of finite order U-statistics and U(c0), following the argument in Hsing [39].

The conditions of Theorems 4.3-4.5 are listed in the Condition A.4 below.

CONDITION A 4.

(1) There exists constant B such that B~ < Apin(Z2) < Anax(Z2) < B,
where Amin(Xz) and Apax(Xy) denote the minimum and mazimum
etgenvalues of X.; and all correlations are bounded away from —1
and 1, i.e., maxi<j, 4j,<p |‘7567j1,j2‘/(Ux,j17j2‘7$7j27j2)1/2 < 1—n for some
n > 0. In addition, we assume the same assumptions hold for 3.

(2) n,p — oo, logp = o(1)n** and ny/n — v € (0,1). In addition,
maxi <j<p Elexp(h(z;—p7)?)] < 0o and maxi<j<p Elexp(h(y;—v5)?)] <
00, for h € [=M, M|, where M is a positive constant.

(3) {(ziji=1,...,n): 1 <35 <p}and{(yij,i =1,...,n): 1 < j <p}
are a-mizing with ag(s) < CO05 and oy(s) < Cé,, where 0,0y €
(0,1) and C is some constant. We also assume Z?l,p:l{ax,jhjz/fy +
Oyrgz/ (1 =)} = O(p).

Condition A.4 is similar to Condition A.3. They are assumed to establish
both the limiting distributions and asymptotic independence properties of
U(a) and U(o0) for testing two-sample mean.

A.9. Proof of Theorems 4.1 and 4.2.

PrOOF. Under Hy, for U(a) in (4.1), we assume without loss of generality
that pg = 0, and then write U(a) = ?Zl(P(f)*l Do1<is o tin<n L Lb=1 Tig,j-

We start with the proof of Theorem 4.1. Similarly to Section A.2, we
first derive the variances and the covariances of the U-statistics; and then
prove the asymptotic joint normality of the U-statistics. In particular, for
var{U(a)} in Theorem 4.1, as E{U(a)} = 0 under Hy,

a
var(@} = Bl@y =P 2 Y Y B([Lwwati,):
1<1<p, 1<ii#—#ia<n, k=1
1<j2<p 1<ii#-#ia<n

Note that E([[j_; %y, 7;, ;,) = 0 when {i1,... 0} # {i1,...,ia}; and

E([Tyo1 Tipn7;, 4,) = 05, j, When {i1, ... iq} = {i1,...,14}. Then

(A.22) var{t(a)} = (P > alof, .

1<j1,52<p
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By Condition A.2, 371 <, 05 ;, = ©O(p). Thus var{t/(a)} = ©(pn*).
Second, we show that cov{U(a),U(b)} = 0. Note that cov{U(a),U(b)} =
E{U(a)U(b)} under Hyp, and

BU@ue)} = (Fre) Y3 (H%Jlnuﬁjz)_

1<j1<p, 1<ii##ia<n, t=1
1<72<p 1<iz##ia<n

Since a # b, {i1,...,ia} # {i1,...,0}. Suppose there exists an index i €
{i1,...,iq} and i & {i1,...,%}. Then under Hy,

( H Tiy g1 H $“7j2> = E(x;,;)E(all the remaining terms) = 0.

Therefore, E{U(a)U(b)} = 0.

In summary, the covariance matrix of [U(a1)/o(a1),...,U(am)/o(am)]T
asymptotically converges to I,,. To finish the proof of Theorem 4.1, it re-
mains to show that the joint limiting distribution of the U-statistics is nor-
mal. By the Cramér-Wold theorem, it is sufficient to prove that any fixed
linear combination of these U-statistics converges to a normal distribution.
Similarly to Section A.2, we use the martingale central limit theorem [6,
p.476]. Specifically, we redefine Z,, as below with Y /", t2 = 1, and prove
that

m
(A.23) Zn =Y tU(a,)/o(ar) 2 N(0,1).

r=1
With the redefined Z,,, we define Eg(-) in the same way as in Section A.2,
and still define D, = (Ex — Ex_1)Z, and 72 nk = B 1( i) Similarly
to Section A.2, we have D, = (E; — Ej_ 1)Zn = >t An,k,ar» where
we redefine A, 1, = (BEx — Ex—1){U(a,)/o(a,)}. In addition, similarly to
Lemma A.4, we obtain that when k < a,, Ay k4, = 0; and when k& > a,,

ar—1

Amk,ar = Z E Th,j X H Lig,j5-
t=1

aT] 1 1<iy#Hig, —1<k—1

Given the form of A, 1., we can obtain the forms of D, ; and 71’7% w 1o
prove (A.12), by the martingale central limit theorem, it suffices to prove
the following Lemma A.15.

LEMMA A.15. Under the conditions of Theorem 4.1, var(> j_, Wik) —
0 and Y p_ E(Dy, ;) — 0.
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PROOF. See Section B.5 on Page 158. O

With Lemma A.15, the asymptotic joint normality in Theorem 4.1 is ob-
tained by the martingale central limit theorem. For Theorem 4.2, the limiting
distribution of U(c0) follows from Cai et al. [11]. In addition, the asymptotic
independence between U (a)/o(a) and nid(co) — 7, can be obtained similarly
as the proof of Theorem 4.4. We defer the details to Section A.11.

A.10. Proof of Theorem 4.3. By the following Proposition A.1, we
assume that under Hy, p = v = 0, without loss of generality.

PROPOSITION A.1. U(a) constructed in (4.2) and (4.3) are location in-
variant; that is, for any vector A € RP, the U-statistic constructed based on
the transformed data {x; + A:i=1,...,n,} and {y; + A:i=1,...,ny}
is still U(a).

Proposition A.1 can be obtained straightforwardly from the definitions U(a) =
V(P Py )T X Y sk £ banes [1m) (ke i — sy ) 10 (4.2), and U(oo) =

1<s1#...#sa<ny

maxi<;<p a;j.l x (Z; — 9;)? in (4.3). The proof is thus skipped.

The following proof proceeds by deriving the variances, covariances and
asymptotic joint normality of the U-statistics. Particularly, the next Lemma
A.16 derives the asymptotic form of 02(a) in Theorem 4.3.

LEMMA A.16. Under the conditions of Theorem 4.3,

var{U(a)} ~ Z a!<0-x7j1,j2 + Oy,j1.52 )a — 0.

1<jri<p O ® "
When 04415, = Oyjija = Ojija, We have varfld(a)] =~ Zh o= 1al(ng +
ny) 31,]2/(?%5”?!) ’
PROOF. See Section B.6.1 on Page 163. O

In addition, the following Lemma A.17 shows that different ¢ (a)’s of finite
a are uncorrelated.

LEMMA A.17. Under the conditions of Theorem 4.3, for finite integers
a#b, cov{id(a),U(b)} = 0.

PROOF. See Section B.6.2 on Page 16/. O
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We then know cov{U(ai)/o(a1),...,U(am)/o(am)} = I, by Lemmas A.16
and A.17. The next Lemma A.18 further proves the asymptotic joint nor-
mality of the U-statistics.

LEMMA A.18. Under the conditions of Theorem 4.3, for finite integers
a1, am, {U@)/o(ar),. .., Ulam) o(am)} 25 N0, I,).

PROOF. See Section B.6.3 on Page 165. O
Combining Lemmas A.16—A.18, we finish the proof of Theorem 4.3.

A.11. Proof of Theorem 4.4. For (o) in (4.3), the limiting distri-
bution of U (c0) is established in Cai et al. [11] and [76]. We next prove the
asymptotic independence between U (oo) and U(a) by a similar argument to
that in Hsing [39], see also [76]. In this proof, we reserve the notation P for
the probability measure on which x; ; and y; ; are defined, and the expecta-
tion with respect to P is denoted as E. Define U.(a)/o(a) on the conditional
probability measure P, given the event ngn,U(c0)/(ng +ny) — 7, < u such
that

P{z)c(a) Jo(a) < u}
- P{U(a) Jo(a) < o'

Mgy }
—=U < .
- (00) <1p+u

The expectation with respect to P is denoted by E. To show the asymptotic
independence, it is sufficient to prove the following Lemma A.19.

LEMMA A.19.  Under the conditions of Theorem .4, U.(a)/o(a) L,
N(0,1) on the conditional measure P.

PROOF. See Section B.7 on Page 169. 0

A.12. Proof of Theorem 4.5. By Proposition A.1, we assume E(y) =
v = 0, without loss of generality. Then under the considered alternative €4,
Ex)=p={pj=p:5=1,...;kospj =0:j5 =ky+1,...,p}. Define
Pjrge = Tjuga T Mjrbjp- We have E(zijixij,) = ¢jj,, and under v = 0,
E(yi,ﬁyi,jz) = Oj1,j2-

Similarly to the proof of Theorem 2.5 in Section A.5, we decompose
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U(a) =Tu1 + Ty 2, where

ko a c a—c
(A.24) Tox=> Y > Gla,c) [ [2re ] vsmas
t=1 m=1

J=1¢=0 1<k1##kc<ng,
15517 Asacesny

P a C a—c
Ta,2 = E E E G(a7 C) H Ly .j H Ysm.js
j=ko+1 c=0 1<k;#--#kc<ng, t=1 m=1

1§517é"'7é5a—c§ny

with G(a, c) = (—1)*¢(%) (P2 P,) 1. Then E(Ty1) = YKy — 7)* =
kopa and E(Ta’g) = Z?:k(ﬂrl(uj - l/j)a = 0.

To prove Theorem 4.5, we derive the variances, covariances, and asymp-
totic joint normality of the U-statistics. Particularly, the next Lemma A.20
gives the asymptotic form of 02(a) = var{i/(a)}, and shows that T, o is the
leading component.

LEMMA A.20. Under the conditions of Theorem 4.5,

Oz i1 Oy.i1.ip \ @
A.25 U ~ 1 Zzadrg yoig2 \ ¢
b s F o)
ko+1<j1,j2<p
var(Ta,Q) = O(pn~*) and Var(Tayl) = 0(1)V&1"(Ta72). It follows that {T%l _
E(To1)}/o(a) 2 0.

PROOF. See Section B.8.1 on Page 171. O

In addition, the following Lemma A.21 shows that the covariance between
two U-statistics asymptotically converges to 0.

LEMMA A.21. Under the conditions of Theorem 4.5, for two finite inte-
gers a # b, {o(a)o(b)} tcov{U(a),U(b)} — 0.

PROOF. See Section B.8.2 on Page 17). O

By the analysis above, we know that the covariance matrix of [{U(a1) —
EU(ar)]}/o(ar),...,{U(am)—EU(am)]}/o(am)]T asymptotically converges
to I,,. To prove Theorem 4.5, it remains to show that the joint limit-
ing distribution of the U-statistics is normal. By the Cramér-Wold theo-
rem, it is equivalent to prove that any fixed linear combination of these
U-statistics converges to a normal distribution. By Lemma A.20 and the
Slutsky’s theorem, it suffices to show that any fixed linear combination of
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[To,2//var(Ty, 2), ..., T, 2/+/var(1y,, 2)]7 converges to a normal distribu-

tion for any finite m. Since p; = v; for j € {ko +1,...,p}, and each Tg, 2
is a summation over j € {ko+ 1,...,p}, we know the analysis under Hy in
Section A.10 can be applied to Ty, 2 similarly. Given ko = o(p), we know

[To,2//var(Ty, 2), ..., T, 2//var(1y,, 2)]7 has the joint asymptotic nor-

mality. In summary, Theorem 4.5 is proved.

A.13. Proof of Theorem 4.6. We first provide the details of the con-
ditions of Theorem 4.6 in Section A.13.1 and then prove Theorem 4.6 in
Section A.13.2.

A.13.1. Conditions of Theorem 4.6. Theorem 4.6 can be proved by the
following Condition A.5 or Condition A.6. Note that Conditions A.5 and
A.6 are assumed under Hy, where ¥, =3, =3 = (0, jo)pxp-

CONDITION A.5.

(1) n,p — o0, and ny/n — v € (0,1).

(2) limp—yo0 maxi<j<p B(z; — 115)° < 00; limp oo miny<j<p B(z; — p15)* >
0, limp_mo maxi<;<p E(yy — Vj)8 < 00; and limp_>oo minlgjgp E(y] —

)2
vj)® > 0.

(3) {(zij,i=1,...,n):1 <7 <p}and {(yi;,i=1,...,n): 1 <j <p}
are a-mizing with az(s) < C65 and ay(s) < Cdy, where 05,6, € (0,1)
and C' is some constant.

(4) For any finite integer a, 3 1< i, o i <p( 01 3o )" = o(p?).

Condition A.5 (2) is similar to Condition 2.1. Condition A.5 (3) assumes
a-mixing on the two samples, which is similar to Condition 2.2. Condition
A5 (4) is a regularity condition on the covariance structure, and it is natu-
rally satisfied for even a, given Condition A.5 (3).

Alternatively, we introduce another set of conditions similar to Condi-
tion 2.2*. We define some notation. Suppose (z1,...,2,)T ~ N (0, X). Given
indexes 1 < j1,...,7: < p, define H%,...,jt = E(HL:1 2j,.). Moreover, we
define 112, = B{TT,_, (vj, — )} and I, = B{IToe, (v — v3)}-
In addition, for given integers a and b, let G,; be a collection of tuples
G = (91,92, > Ga(a+b)—1> Ga(asb)) € {1,...,8}4e+b)  which satisfies that
g2t—1 # gor for t = 1,...,2(a + b), and the number of g’s equal to m

is a for m € {1,2,3,4} and is b for m € {5,6,7,8}. For any G € Ggp,

we define Vopg = > 1< i<y ;“Sj”) Ojone_1rdon,» a0d let Sg denote the

number of distinct sets among the 2(a + b) number of sets, {gai—1, 92},
for t = 1,...,2(a + b), induced by G. Note that generally Sg > 4 and
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when Sg = 4, by the symmetricity of j indexes, V,,6 = Vg0 where
o a a b
Vab0 7= 21<,o s <p 211 is<p T2 5,147 Garie O s

CONDITION A.6.

(1) n,p — oo, and ny/n — v € (0,1).

(2) limy o0 maxy<j<p B(w; — 41)° < 007 limy o0 minyjcp Bz — p15)?
0; limy, o0 maxi<j<p E(y; — I/j)S < 00; and limy o min<j<p E(y; —

2

vj)? > 0.

(3) Fort=13,4,6,8, there exist constants kg ¢, Ky > 1 such that I, =

0 y _ 0

Koglly g, and 105 5 =y elly G-

(4) For a,b e {ai,...,am}, and any G € G, define above, if Sg > 4, we
assume Vo pg = 0(1)Vg 0.

V

We note that Condition A.6 (3) and (4) are alternative dependence as-
sumptions to Condition A.5 (3) and (4). Condition A.6 (3) is an extension
from Condition 2.2*%, and is also satisfied when the distributions of x and
y follow elliptical distributions [46]. Condition A.6 (4) implies some weak
dependence structure in covariance matrix 3. To better illustrate the con-
dition, we consider the case when ¢ = b = 2 as an example. We note that

2 2\ 4
Vapo = > (0452055uCssTirgs)” = {tr(E?)},
1<j1,js <p

and Vg 0=V, when G =(1,2,3,4,5,6,7,8,1,2,3,4,5,6,7,8) with Sg =
4. Moreover, if G = (1,3,2,4,1,2,3,4,5,6,7,8,5,6,7,8) with Sg = 6,

Va,b,g = Z (O-jl,jSO-jQ,.M)(0-]'1,]'20-]'3,]'4)(O-j57j6o-j77j8)2 = tr(24){tr(22)}2;
1<1,..,8<p
if G =(1,3,2,4,1,2,3,4,5,7,6,8,5,6,7,8) with Sg = 8,
4
Vasg = O (0525505.50) (051520555 ) (s s Tis.is ) (s o Tir ) = {tr(SH)};
1<41,....58<p

if G =(1,6,2,5,3,7,4,8,1,3,2,4,5,7,6,8) with Sg = 8,

Vasg = D (05056Ts) (i 520500 ) (O s o) (T T ) = t1(Z°).
1<g1,.,98<p

In this case, Condition A.6 (4) is equivalent to tr(X*) = o[{tr(¥?)}?] and
tr(2%) = o[{tr(X2?)}*], which are similarly assumed in [54]. In addition, we
consider another example where the p X p covariance matrix X is of banded
structure with bandwidth s and has the nonzero entries being positive con-
stants. It follows that V, ;0 = O(p*s?) and V, g = O(p®s®) when Sg > 4.
Therefore, in this example, Condition A.6 (4) is satisfied when s = o(p).
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A.13.2. Proof of Theorem 4.6. Since U(a) is location invariant, we as-
sume E(x) = 0 and E(y) = 0, without loss of generality, in this section. We
decompose U(a) = U(a) +U*(a), where we redefine

- 1 a
Ula) = Z Pre piv Z H(xihjl‘ritaj? — Ywrjr Ywe gz )

1<j1,j2a<p = ¢ 7% 1<iy#..Aig<ng; t=1
1<wi#.. . Fwa<ny

and U*(a) = U(a) — U(a). To prove Theorem 4.6, we derive the variances,
covariances, and asymptotic joint normality of the U-statistics. Particularly,
the following Lemma A.22 derives the asymptotic form of var{i/(a)}, and
shows that U/(a) is the leading term.

LEMMA A.22.  Under the conditions of Theorem 4.6, var{t*(a)} = o(1)var{U(a)},
P
U*(a)/o(a) — 0, and

var{U(a)}

1 1 a
~ Yy a!{n*(ﬂﬁ,ja,jm = O %gga) F (U gy oy — Ujl,j2ffj3,j4)} :
1<j1,52,43,J4<p N Y
In particular, under Condition A.5, var{t(a)} = O(p*n=?); under Condi-
tion A.6, var{U(a)} = ©O(n™%) Zlgjl,jg,j37j4§p(o-j1:j30j2:j4)a'

PROOF. See Section B.9.1 on Page 174. O

Given Lemma A.22, the next Lemma A.23 shows that the covariance be-
tween two U-statistics asymptotically converges to 0.

LEMMA A.23.  Under the conditions of Theorem 4.6, for finite integers
a#b, covid(a)/o(a),U(D)/o(b)} — 0 as n,p — co.

PROOF. See Section B.9.2 on Page 180. O

To finish the proof, it remains to obtain the joint asymptotic normality
of U(ar)/o(ar),...,U(am)/c(anm)]T for different finite integers ai, ..., an.
By Cramér-Wold theorem, it is equivalent to prove that any of their fixed
linear combination converges to normal. In addition, by Lemma A.22 and the
Slutsky’s theorem, it suffices to prove that any fixed linear combination of

[U(ar)/o(ar),...,U(am)/o(am)]T converges to normal. Specifically, similarly
to Section A.2, we redefine Z,, as below with > /", t2 = 1, and prove that
(A.26) Zn =Y tU(a,)/o(ar) 2 N(0,1).

r=1
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We next prove (A.26) following the proof of Theorem 2.1 in Section A.2 and
apply the martingale central limit theorem [6, p.476].

To construct a martingale difference, we write x; = (2;1,...,ip)T and
Yi = (¥i1,---,¥ip)T; and define a new random vector

Ri=x; fori=1,2,... ny; Ry, +j=y; forj=12,...,n,.

We then define Fy = {0, 2} and F, = o{Ry,..., R} for k=1,2,...,n, +
ny; and let Eg(-) denote the conditional expectation given Fj for k =
1,--,ng + ny. Define D,y = (Ex — Ex_1)Z, and 72, = Ex_1(D?,). It
follows that Z, = Y7, D as Eo(Z,) = E(Z,) = 0. To prove (A.26), by
the martingale central limit theorem, it suffices to prove

(A.27) S a2 var(Za) 1 and Y E(DL,)/var¥(Z,) — 0.
k=1 k=1

To prove (A.27), we derive the explicit forms of D,, ;, and 7r1217,C in Section
B.9.3. Similarly to Section A.2, the following Lemma A.24 and Lemma A.25
suggest that (A.27) holds.

LEMMA A.24.  Under the conditions of Theorem 4.6, var( Z?l_ny ) =

PRrOOF. See Section B.9.4 on Page 183. 0

LEMMA A.25. Under the conditions of Theorem 4.6, ZZ;TW E(D},) —

PROOF. See Section B.9.5 on Page 190. O
In summary, Theorem 4.6 is proved.

A.14. Proof of Theorem 4.7. In this section, we first provide the
conditions of Theorem 4.7 in Section A.14.1 and then prove Theorem 4.7 in
Section A.14.2.

A.14.1. Conditions. Theorem 4.7 is established under the following Con-
ditions A.7 and A.8, where Condition A.7 is the same as Condition A.6

(1)-(3).
CONDITION A.7.

(1) n,p — o0, and ny/n — v € (0,1).
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(2) limyyo0 maxy<j<p B(zj — 41)° < 007 limy 00 mini<j<p B — p15)* >
0; limy_ 0o maxi<j<p B(y; — v4)® < 00; and limy_yo ming<j<p E(y; —

I/j)2 > 0.
(3) Fort :y 3,4,6,8, thege exist kg t, Kyt > 1 such that H}”h“”jt = ’i%tHg‘)l,...,jt
and I g = fyally -

To provide Condition A.8, we first define some notation. The difference
between X, and X, is defined as D, = 3, — 3, = (D}, j,)pxp- Let Jo C
{1,...,p} be the largest set such that for any ji,j2 € Jo, 0z j1.jo = Oy.j1.jo-
Define Jop = {(j1,72) : j1 or jo & Jo}. Given Jy and a,b € {ai,...,an},
we define Va,b,O,O = Z‘jl,.‘.,jgé,ﬂo (Uﬂwi,jzUﬂv,j37j4)a(ax,j&je;o'm»j?,js)bv which also
equals to Zjh._"jsejo(Jy,jl7j20y7j3,j4)“(Jy,jmﬁay,j?,jg)b by the definition of Jp.
In addition, for any tuple G = (91,92, - - - ; 9a(a+b)—1, Ya(a+b)) € Gap specified

. s b

in Condition A.6, we define Vg0 = >, ey ?iafr )O'jg%il,jg%. Note
that V500 and Vg g o are defined similarly to V, 5 o and Vg in Condition
A.6 by changing the range of j indexes from {1,...,p} to Jo. Moreover, let
H = {(h1, h2), (hs, hs)} € H, where H includes {(1,2),(3,4)}, {(1,3),(2,4)}

and {(1,4),(2,3)}. For any a € {ai,...,an} and given H € H, define

J— - . . . a
(A'28) Va,’H,x,l - Z |O-m7.]h1 9.7h2 O“’Ev.]hg 7]h4‘
(41,52),(43,44)€Jo, D
—_ B . . . a
VG,H,$,2 - : |D]h1 »Jho O-x7]h37]h4‘ ?
(41,32):(53,4)€Jo, D
— . . . . a
Vauns = E 1Dy, ing Dinging |-

(41,52),(43,J4)€Jo, D

Similarly, we also define V,;,1 and V, 4,2 by replacing o,’s with o,’s.
We next present Condition A.8 of Theorem 4.7.

ConbDITION A.8. For any a,b € {a1,...,am}, G € Gqp, and H € H,
we assume (A1) V60 =01)Vap00; (A2) Va,p3z = O(n_“)VCIL’/iO’O; and
(A8) Voot = 0(1)V(117/57070, fort=1,2.

Equivalently we can also replace (A3) in Condition A.8 by (A3)* Vi, 314 =
0(1)V(1l7/3070, for t = 1,2. This is because by Dj, j, = 04j, jo — Oy,j1,j» and the
Hélder’s inequality, we know (A2) and (A3) induce (A3)*; and (A2) and
(A3)* also induce (A3). Thus it is equivalent to assume (A3) or (A3)" in
Condition A.8.

We next discuss Condition A.8. Let X¢ = {04, : j1,d2 € Jo} =
{oyji.js * J1,J2 € Jo}, which is the common submatrix of 3, and X,
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by the definition of Jy. In Condition A.8, (A1) implies some weak de-
pendence structure of ¥ similar to Condition A.6 (4). We consider an
example where 3, has the banded structure with the bandwidth s and
the entries being positive constants. Then (A1) holds if s = o(p). More-
over, under the considered example, Vif’op = (224, jacTo ol 5,)° = Cllol!
and Vy 3.1 < ClJopl? = Ca(p — |Jo|)*. Then (A3) for t = 1 holds when
p — |Jo| = o(p), which implies that the number of entries that are different
in ¥, and £, is o(p?). In addition, (42) and (A3) for t = 2 are regularity
conditions on the difference matrix D, ,. For illustration, we consider an
example where Dj, ;, = p > 0 for any (ji,52) € Jo,p, and X, = I,. Then
thz,/aQ,O,O = |Jol?, Va2 < |Joplpp, and Va3 p3 < |Jo.p|?p**. Under this
example, (A2) and (A8) of t = 2 hold if |Jy p|p® = O(n~%?p) and |Jo| =~ p,
which are similar to the assumption in Theorem 2.5.

A.14.2. Proof. In this section, we prove Theorem 4.7 under Conditions
A.7 and A.8. Recall that we decompose U(a) = U(a) + U*(a) in Section
A.13. We further decompose U(a) = Tpa1 + Ip a2, Where

1 a
Tpa1 = E : pre piy Z H(l'it»]ixit,h ~ Ywrjr Yuwe gz )

J1,J2€00 T @ T 1<inA Fig<ng; t=1
1<wi#...Fwa<ny

1 a
Tpaz2 = 2 : pre ply § : H(xityjlxitva ~ Ywe,j1 Ywr o )-
t=1

(G1g2)€dop = ¢ T 1<ii# . Fia<ng; t=
1<wi #.. . Fwa <ny

It follows that U(a) = Tpa1 + Tpaz2 + Z/Nl*(a). To prove Theorem 4.7, we
derive the variances, covariances and asymptotic joint normality of the U-
statistics. In particular, the next Lemma A.26 derives the asymptotic form
of var{t{(a)}, and shows that Tp 41 is the leading component.

LEMMA A.26. Under the conditions of Theorem 4.7,
var{U(a)} ~ Z alcﬁ,ao‘?hho-?s,ju
1<j1,42,58,J4€J0

where Cy o = {(kz — 1) /na+ (ky — 1) /0y }* +2(kg /10 + Ky /0y) . In addition,
var(Tpq2) = o(l)var(Tp 1) and var{{*(a)} = o(1)var{U(a)}. It follows

that {Tp.a2 — B(Tp.a2)}/o(a) 2> 0 and [ (a) — B{U*(a)}]/o(a) > 0.

PRrROOF. See Section B.10.1 on Page 192. 0
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Lemma A.26 gives that {Tpas — B(Tpa2)}/o(a) > 0 and [*(a) —

E{U*(a)}]/o(a) L, 0. Thus by the Slutsky’s theorem, to prove Theorem
4.7, it suffices to prove

(A.29) Dy N (0, I,y).

{ Tpaj,1 TD,a 1

\/var(TD,al’l)7 \/var (Tp,am 1

Note that Tp 41 is a summation over j indexes in Jo, and by the definition of
Jo, 021,52 = Oy,j1,j» fOr any ji, jo € Jo. Therefore the analysis under Hy can
be similarly applied to Tp 4,1. Given Condition A.7 and Condition A.8 (A1),
we can obtain (A.29) similarly as in Section A.13.2. In summary, Theorem
4.7 is proved.

A.15. Proof of Proposition 4.2. In this section, we prove Propo-
sition 4.2. Under the considered example, as p — |[Jo| = o(p), we have

D it aiania€lo TaniaTinania = APV2* + 23501 hi(p — )}?. Then by Lemma
A.26, when n, =n, =n/2,

(A30)  var{td(a)} =~ (n/2)"al(2w§ + s {p* +23 bl —1)} |
t=1

where k1 = kg + Ky and kg = kg + Ky — 2.
Recall that p, is defined to be the value such that when p = p, under the
alternative, E{U(a)}/+/var{ld(a)} ~ M for given M. By (A.30), p, satisfies

5 2
[Tpl2o2 = M2(n/2) a2k + s§){pv* + 23 i — 1)}
t=1

We next obtain

=S ) G hee R G 0=

Let M = Mp/|Jpl|, hy = hy/v?, U = \/r1v, and &, = ka/k1. It follows that

pa = p(al)3 (n)2) " Y2(M)7 (2 + RY)3 {1+2Zh“<1—7>}

Similarly to Section A.6, we study p, as a function of integer a and show
that if p, starts to not decrease at some value, it will increase afterwards.



66 HE ET AL.

Specifically, we show that when p,11/pa > 1, pa+2/pa+1 > 1. Note that

Pa+1
Pa

1

1 ~o, 2 - 1 ~ 2(14
@y oy {1 e (1 1)}

— {D(a) )70,

~ ~ 2
(a + )IM2(2 + gg+1){1 +2y ot (1 _ ;))} ] T
)

where D(a) = Dy(a) x Da(a) x D3(a) with Dy(a) = (a + 1)%/al, Dy(a) =
(2+REHH*/(2+ /7)™ and

Dy(a) = {1 +2§:ﬁg+1(1 - ;>}2a/{1 +2ZS:B?(1 - ;)}2(
t=1 t=1

It follows that pay1/pe > 1 and pay1/pe = 1 are equivalent to D(a) > M?
and D(a) = M?, respectively.

We next show that D(a) is a strictly increasing functions of a as D;(a +
1)/Di(a) > 1, Dy(a+ 1)/De(a) > 1 and D3(a + 1)/D3(a) > 1. Particularly,

a+1)

Di(a+1)  (a+2)*"t  al ( 1 )a+1 o1

Di(a) @+ (@+De T ax1

Dy(a+1) _ (2+AFH) (2+FD { (2+ A2+ &D) }aﬂ

= X
(2 4 R?—FI)Q

= = >1
Ds(a) 2+ RET)et2 T (24 gEth)a

- )

where we use 2&2T! < 92 4 2 by the inequality of arithmetic and geo-
metric means; and

{rosima-pi{re2yt, m-p}rw
{1425 bt - %)}2

where we use 35, A 2(1—t/p)+ 5, he(1—t/p) > 25750, K+ (1—t/p)
by the inequality of arithmetic and geometric means and {)_;_, ho2(1 —
/) h¢(1—t/p)} > {305, R (1—1t/p)}? by the Holder’s inequality.
In summary, D(a + 1)/D(a) > 1, and thus D(a) is a strictly increasing
function of a.

Given the monotonicity of D(a), we know that if D(a) > M2, D(a+ 1) >
M?; equivalently this implies that if Pat+l = Pas Pat2 > Patl- SUppose ag
is the first integer such that D(ag) > M2, ie., for any integer 1 < a < ag,
D(a) < M?. By the analysis above, we know p, is decreasing when a < ay,

D3(a+1)
D3(a)

>1

e I
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and p, is strictly increasing when a > ag. Thus a¢ achieves the minimum of
pa- Since D(a) is strictly increasing in a, we know ag < oo given M, and ay

increases as M increases.
Moreover, as s = o(p), there exists some constant C' such that

Dy = 2R 2T - tp))
(2+R)% {14+ 2300 (1 —t/p)}

0,

where
2+ A} « {1+257, h7)?
2+R)2 T {1+23 bt
and we have Dy = ©(1/s?). Therefore, when Dy > M?, i.e., |Jp| > Mp//D,

we know D(1) > M? and the minimum of D(a) is achieved at ag = 1. This
indicates that the minimum of p, is achieved at ag = 1.

DOICX

A.16. Results on the Generalized Linear Model in Section 4.3.

A.16.1. Limiting results and power analysis. We have shown that the U-
statistics framework can be used to test means and covariance matrices. Here
we give an example of generalized linear models to show that the framework
can be extended to other testing problems.

Consider a response variable y and covariates x = (z1,--- ,z,)7 following
a generalized linear model
(A.31) E(ylx) = g~ (x78),

where ¢ is the canonical link function and 3 is the regression coefficients
of interest. We are interested in testing: Hy : B3 = B versus Ha : B # (.
We define the score vector S = (S1,...,5,)T for B in (A.31), where S; =
(y — po)xj, 1 < j < p with pg = g1 (x73;). Given that E(S;) = 0 under
Hy, the target parameters can be considered as £ = {E(S;):j =1,...,p}.

Suppose that (x;,y;), i = 1,...,n, are n i.i.d. observations. Many existing
tests for generalized linear models [see, e.g., 29, 74] are based on the score
vectors S; = (Sj1,...,9p)7, where S; ; = (y; — po,i)x;,j. Note that S;’s are
i.i.d. copies of S with mean (E(S1),...,E(Sp))T and the covariance matrix
denoted by ¥ = {0}, j, : 1 < ji,j2 < p}. Therefore, K;(x;,v:i) = Si; =
(yi — to,i)xi; provides a simple kernel function. Following (1.1), U(a) =
Z?ZI(PQ)*l D 1<int. Fia<n [15—q Siy,j» which is an unbiased estimator of
€8 = §:1{E(Sj)}a for finite integers a. Moreover, we define U(c0) =
mMaxi<;<p aj_’jl(zzlzl S;.j/n)?, which corresponds to the €| s-

Asymptotic results of the U-statistics are stated below, where we assume
the conditions similar to that of Theorem 4.1.
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CONDITION A.9.

(1) There exists constant B such that B~ < A\pin(8) < Anax(2) < B,
where Amin(X) and Apax(X) denote the minimum and mazximum eigen-
values of the covariance matriz 3; and all correlations are bounded
away from —1 and 1, i.e., maxi<j,£j,<p |01 ja|/ (Tir j2Tinjn) /> < 1=
for some n > 0.

(2) logp = o(1)n'/* and max; <;<, Elexp{h(S; — E(S;))?}] < oo, for h €
[—M, M], where M is a positive constant.

(3) Similarly to Condition 2.2, {(S;j,i = 1...,n) : 1 < j < p} is a-
mixing with ag(s) < C§*, where § € (0,1) and C is some constant. In
addition, for finite integer a, Z§1,j2=1 o i, = O(p).

1,J2

THEOREM A.27. Under Condition A.9 and Hy: B = By, for any finite

integers (a1,...,am), as n,p — oo, [U(ar)/o(ar),...,.U(am)/o(am)]T L,
N(0,1,,), where o2(a) = Y P, Z§:1 o i/ Py, which is of order ©(pn~?).
Besides, P(nU(o0) — 1, < u) — exp{—n"Y2exp(—u/2)}, Vu € R, where
7, = 2logp — loglogp. In addition, for any finite integer a, {U(a)/o(a)}
and {nU(oco) — 1,} are asymptotically independent.

Next we compare the power of U(a)’s under alternatives with different
sparsity levels. Similarly to the mean testing problems, we consider the
alternative £4 = {E(S;) = p > 0forj = 1,...,kop; E(S;) = Ofor j =
ko+1,---,p}, where ko denotes the number of nonzero entries.

THEOREM A.28. Assume Condition A.9 and ko = o(p). For any finite
integers {a1,...,am}, if p in E4 satisfies p = O(ko_l/atpl/@at)n_l/z) fort =
1,....m, then U(ar)—E{U(a1)})/o(ar), .., U (am)—E{U(am)})/o(am)]T 2>
N(0,1,), as n,p — co. In addition, EU(a)] = ||Ea||% = kop® and

p

p
02(a): Z Z a!a?hh/Pg,

Ji=ko+1 jo=ko+1
which is ©(alpn™®).

Theorem A.28 shows that under the considered local alternatives, the
asymptotic power of U (a) mainly depends on E{U(a)}/+/var{U(a)}. There-
fore, for a given constant M > 0, if p = p, defined as p, = Ml/“ko_l/aall/(za) X
( §1=k0+1 Z%:koﬂ o, 7j2)1/(2a)n—1/2’ we know that different U(a)’s asymp-
totically have the same power. For illustration, we further assume that o; ; =
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1 when j € {ko +1,...,p}, and 0j, j, = 0 when j; # jo € {ko +1,...,p},
then

(A.32) pa =~ (M\/p/ko)=alzan"2.

Therefore, following the analysis in Section 4.1, to find the “best” U(a), it
suffices to find the order, denoted by ag, that gives the smallest p, value
in (A.32). Since (A.32) is only different from (4.4) by a constant that does
not depend on the order a, Proposition 4.1 still holds. Consider ag > 1 as
specified in Proposition 4.1; then, similar to results in the two-sample mean
testing, we know when kg > /Mp, ag = 1 and U(1) is “better” than U(oc0);
when ko < Cl\/f)/log“o/zp for some C1, U(co) is the “best”; and when
C’Q\/ﬁ/logao/zp < ko < /Mp for some Cy, U(ag) is the “best”. In addition,
given the similar results obtained in Theorem A.27 and power analysis, we
can also develop adaptive testing procedure similar to that in Section 2.3.

REMARK A.1. More generally, if the generalized linear model also has
covariates z that we want to adjust for, the corresponding generalized linear
model becomes E(y|x) = ¢~ 1(xT8 + zTax), where a denote the regression
coefficients for z. To test Hy : B = By v.s. Ha : B # By, we can replace
poj by foj = g 1 (x] By +z] &) where & is an estimator of a. For instance,
when z is low dimensional, we can take & as the maximum likelihood esti-
mator under Hy. Then similar conclusion to Theorem A.27 can be derived
under certain regularity conditions. We present simulation studies on gener-
alized linear model in Supplementary Material Section C.3.1 to illustrate the
good performance of the U-statistics and we leave the details of theoretical
developments with nuisance parameters for future study.

A.16.2. Proof of Theorems A.27 and A.28 (on Page 68). Theorem A.27
is proved following the proof of Theorem 4.1 in Section A.9. Specifically,
the arguments in Section A.9 can be applied to proving Theorem A.27 by
replacing x; ;s with S; ;’s, and therefore the details are skipped.

The proof of Theorem A.28 is similar to the proof of Theorem 4.5 in

Section A.12. In particular, we decompose U(a) = T41 + T4 2, where we
redefine
ko 1 a p 1 a
T=) 5 2. 1S T2= > & > 1S
j=1"% 1<iy##ig<n k=1 j=ko+1 = & 1<iy#-Fig<n k=1

Note that T}, » is a summation over j € {ko+ 1,...,p} and E(S;) = 0 for
j € {ko+1,...,p}. Thus the conclusions similar to that in Theorem A.27
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hold for T 2. Specifically, we have var(Ty2) = O{(p — ko)n™*} and

(A33) |: ai, 2/ var( ai, 2) Tam,Q/ V&I‘(Tan“g)} 2)./\/'(0,[7”)

When var(T, 1) = o(1)var(T,,2), which will be proved later, we have 02(a) ~
var(T,2) and {T,1 — E(T,1)}/o(a) Zoo. By the Slutsky’s theorem and
(A.33), Theorem A.28 is proved.

To finish the proof of Theorem A.28, it remains to prove var(Tg ;) =
o(1)var(75 2). The analysis above gives that var(T,2) = O{(p—ko)n~*}. As
ko = o(p), to prove var(T, ) = 0(1)Var(T 9), it suffices to show var(T, 1) =
o(pn~"). Note that var(T,,1) = E(T},) — {E( w1) 2y E(Th1) = kop®, and

1 a
2
E(Ta,l) = (Pn)2 Z Z E{ H(Sik"jlszk,h)}'
1<j1,d2<ko 1<i1 #+#ia <n; k=1
1<i1##ia<n

For 0 < b < a, define an event Bgy = {{i1,...,iq} N{i1,...,ia} is of size b}
and correspondingly

a

GS,a,2,b = (Pg)72 Z Z E{ H(Sik,jlsfk,p) X ]‘BS,b}'

1<j1,j2<ko 1<i1#F#ia<n; P
1<iy##ia<n

Then E(T7 ) = >3y Gs,a,2- To prove B(T2 ) — {E(T4,1)}* = o(pn™), we
show Gga20 — {E(T,1)}? = o(pn™?) and szl Gsa2p = o(pn~®), respec-
tively.

When b = 0, {i1,...,ia} N {i1,...,ia} = 0, and it follows that Ggg00 =
(PM)~2k3PY, 2“ .By E(Ta 1) = kop® and k2p?* = O(pn=2), we have |Gg 420~
{E(T, 1)}2| = 0(/@2 p*%) = o(pn=?). When b > 1,

GS,a,27b - C(P;l)—2 Z PZZ—b(U]’l,jQ + ,02)b;02(a_b).
1<71,J2<ko

The maximum order of G542 is bounded by the following two quantities:

P2 b b b

(A.34) Z (P?L)Q Tj1.52P 2eh),
1<j1,52<ko *~ @
Pn

2a—b 2a

(A.35) >

n)2
1<51,52<ko ( a)
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For (A.34), as b > 1, by Condition A.9 (3) and Lemma B.1, (A.34) =
O{kon=p?(@=9Y As kg = o(p) and p = O(ko_l/apl/@“)n*lﬂ), we know
(A.34) = o(pn~®). For (A.35), when b > 1, (A.35) = O(kin="p?*) =
o(kZp**) = o(pn=?). In summary, we have |var(T, 1)| < {E(T,1)}?—Gsa20/+
> o11Gsa,2] = o(pn~®). Therefore, Theorem A.28 is proved.

APPENDIX B: ASSISTED LEMMAS

In the following Sections B.1-B.10, we provide the proofs of all the as-
sisted lemmas used in Section A. The proofs of Remark 2.4 and Corollary
4.1 are provided in Sections B.11 and B.12, respectively. To facilitate the
presentation of the proofs, we first introduce some notation and then provide
four technical Lemmas B.1-B.4.

Notation. We define some notation to simplify the representation of sum-
mations in the following proofs. For a < n, P(n,a) denotes the collection of
a-tuples i = (i1,...,1,) satisfying 1 < iy # ... # ig, < n. Given i € P(n,a),
we define {i} as the corresponding set containing the elements of i without
order, that is, {i} = {i1,...,i,}. We apply usual set operations on the corre-
sponding set of {i}. For example, |{i}| denotes the size of the set {i,...,i4},
which is a in this case. In addition, for any two integers a,b < n, and two
tuples i € P(n,a) and m € P(n,b), the operations {i} U{m} and {i} N {m}
give the sets that equal to the union {i1,...,i,}U{m1,...,mp} and intersec-
tion {i1,...,iq} N{mi, ..., mp} respectively. Moreover, we write {i} = {m}
and {i} # {m} to indicate that the two sets {i1,...,i.} and {mq,...,mp}
contain the same elements or not respectively.

In addition, let C(n,a) denote the collection of a-tuples i = (i1,...,1i4)
satisfying 1 <i1,...,1, < n without constraining the elements to be differ-
ent. Similarly, we define {i} as the set containing the elements of i without
order, and the set operations also apply similarly as above. Note that |{i}|
may be smaller than a under this case.

We next list four technical lemmas which shall be used in the proofs later.

LEmMA B.1. [30, Eq. (3.5)] Under the mizing assumption in Condition
2.2, suppose Z1 and Zy are Zi-measurable and ZX n-measurable random
variables respectively. When E(|Z1]21€) < oo and E(|Z2|*7¢) < oo, for some
constants C' and € > 0,

[cov(Z1, Zo)| < C{a(m)} o {B( 2y 7 {B( 2o )y 2.

The lemma above can also be obtained from Lemma 2.4 in [49] by taking
p=qg=2+e
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LEMMA B.2. [? | Lemma 3.4.3] When |a;| < A and |b;| < A, then

q

[ 1T

=1 i=1

q
< |ai—bi|Aq_1.
=1

LEMMA B.3. [10, Eq. (24)] for two series of numbers A; and B; for
j=1...,p.

max A? — max B?

< . -y _ B2
i<j<p 7 1<i<p Y _2112?%\3”112?%@4] BJH@%‘A] Bil

LEMMA B.4. When u,v >0 and 0 <9 <1, (u+v)” <u? 407,

PrROOF. When v > 0 and 0 < ¢ < 1, f(u) = u’ is concave function
with f(0) = 0. By the subadditivity property of concave function, we have

flutv) < f(u) + f(v). =

B.1. Lemmas for the proof of Theorem 2.1. In this section, we
prove the lemmas for the proof of Theorem 2.1 in Section A.2. We still
assume without loss of generality that E(x) = 0 as in Section A.2.

B.1.1. Proof of Lemma A.1 (on Page 39, Section A.2). To illustrate the
main idea of the proof of Lemma A.1, we first consider a setting where z; ;’s
are all independent, and under this independence case we prove Lemma A.1
in Section B.1.1. Next in Section B.1.1, we prove Lemma A.l under the
dependence case with Condition 2.2. Last in Section B.1.1, we present the
proof under Condition 2.2*

Proof illustration. In this section, we present the proof of Lemma A.1 by
only replacing Condition 2.2 with the assumption that z; ;’s are independent.
Recall U(a) defined in (2.5) and U*(a) = U(a) — U(a). Then var{l(a)} <
var{lU(a)} + 2\/V&I‘{Z/?((I)}V&I‘{Z/~l* (a)} 4+ var{Ud*(a)}. To prove Lemma A.1,
we derive Var{l;l(a)j and show var{U/*(a)} = o(1)var{U(a)}.

We derive var{U(a)} first. Under Ho, E(z;j 2ij,) = 0 when ji # ja. It
follows that E{U(a)} = 0 and var{U(a)} = E[{t(a)}?], and then

a

~ 1
Var{u(a)}:(Pn)2 > > E{H($ik7j1xikaj2)(‘T%k,jzﬂx%kvj‘l)}’
@7 1< #g2<p i,ieP(n,a) k=1
15534 <p

where following the notation defined at the beginning of Section B, i and i
represent some tuples i = (i, ...,14,) satisfying 1 < i3 # ... # i, < n; and
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i= (i1,...,0q) satisfying 1 <1 # ... # i < n. When the corresponding
two sets {i} # {i}, for example, when index i; € {i} but iy ¢ {i},

(B.1) E{ H(mimjlximjz)(xzmjsxzk»ﬂ)}

k=1
=E(zi, j, 24, j,) x E(all the remaining terms) = 0.

Therefore, (B.1) # 0 only when {i} = {i}, ie., {it,---ria} = {i1,.- ., 9a}. In
particular, when {i} = {i},

a

E{ H(ximhxik,jz)(‘Tik,jg,x%k,jél)} = {E($17j1$17j2$1,j3-771,j4)}a'

k=1
It follows that

Var{Z/{( Z Z {E(z1,, 71 j,21,j3%1,54) }*
167’(n a) 1<31 #j2<p
1<js#ja<p
a!
= P > {E@121571571,50) "

@ 1<1#j2<p; 1<3#ja<p

When z; ;’s are independent, as ji # j2 and js # ja, E(z15, 21,5, %1,j5T1,5,) 7#
0 only when {ji1, j2} = {js, ja}, which gives E(z1 j, 71 j,71,,71,j,) = E(z? 31)X
E(x? j»)- Therefore, var{U(a)} = 2a!(P})~! D 1< i1 tia<p E(azijl)E(:vl p)- By
Condition 2.1, we have var{i/(a)} = O(p*n=%).

We next show var{t*(a)} = o(1)var{U(a)}. As E{U*(a)} = 0, var{U*(a)} =
E[{U4*(a)}?]. Recall the definition of U*(a), then we have

) (=D (5) () :
Var{U*(a)} = Z Z Z pn PT(Z: 62 Q(i)jlaj27i)j3aj4))
1<ji#ja<pl<er,ca<aieP(nate)  oTe ate
1<j3#ja<p ieP(n,a+c2)

where we correspondingly define

a—c1 a a-+cy

Qi j1, jo, 7]3;]4 szkjlxzkv.]Q H Lig,j1 H Lig,jo

k=a—ci1+1 k=a+1

a—cg a a-+cg

X H x%;;7j3$5,;,j4 H x%,;,j:% H x%gyjél )
k=1

E:a—cz—‘rl l;:a—l—l

To evaluate var{U/*(a)}, we examine the value of Q(i, 1, jo, 1, j3, ja). We
first note that if Q(i, j1, j2, 1, j3, j4) # 0, the following two claims hold:



74 HE ET AL.

Claim 1: {j1, 72} = {j3,ja}; Claim 2: {i} = {i} and ¢; = ¢3.

To prove Clazm 17 we show that if {jlu.jQ} 7& {j37j4}7 Q(i7j17j27i7j37j4) = 0.
We consider j1 & {j3,74} as an example. When j; & {j3,ja}, as j1 # j2, we
further know ji1 & {j2,j3,J4} and we can write

a
Q(i,jl,jg,i, J3,j4) = E( H xik,jl) x E(other terms with subscripts ja2, j3, ja)
k=1
where we use E(T[5_; @i, ;1) = {E(z1;,)}* = 0 as E(z1;,) = 0. In addi-
tion, to prove Claim 2, we show that if {i} # {i}, Q(i,jl,jg,i Js,ja) = 0.
If {i} # {i}, similarly to (B.1), suppose an index i € {i} but i ¢ {i}.
Then we can write Q(i, j1,j2,1, 71, j2) = E(zij,) x E(other terms) = 0 or
Q(i, 1, jo, 1, j1, j2) = E(xijy i 4,) x E(other terms) = 0. As {i} and {i} are
of sizes a + ¢; and a + ¢y respectively, {i} = {i} induces ¢; = co.
Given Claim 1 and Claim 2, we write ¢; = ¢o = ¢ and decompose {i} and
{i} into three disjoint subsets respectively as follows:

{i}(l) = {ila e 7/L-a—c}7 {i}(2) = {ia—c—i-la LR 7;CL}) {i}(3) = {ia+17 s 7ia+c}7
{i}(l) - {517 LI 7%(1—6}7 {i}(Q) - {%a—c—i-la LI 7za}7 {i}(3) - {za-‘rlv L) 7%a+c}7

which satisfies that {i} = U}_,{i}) and {i} = U?:l{i}(l). We next prove the
following Claim 3: if Q(i, j1, j2,1, j3, ja) # 0, one of the following two cases
hold:

L. g1 =Js, j2 = ja, {itq) = {i}(l)a {ite) = {i}(z)a {it@) = {i}(g)?

2. j1=Ja, J2 = Js, {itq) = {itq), {ite) = {i}), {}e) = {i})
To prove Claim 8, we note that Claim 1 suggests that if Q(i, j1, j2, 1, j3, ja) #
0, either {j1 = 73,72 = ja} or {j1 = ja,J2 = j3} holds. We consider j; = js
and j» = js4 as an example. Suppose that there exists an index i € {i}().
Since z; ;’s are independent with mean 0, if i € {i}), Q(i, j1,j2,1,j1,72) =
E(mijlejQ) x E(other terms) = 0; or if i € {i}(3), Q(i, j1, jo, 1, j1, j2) =
E(z; j,2i j,) x E(other terms) = 0. Symmetrically, if Q(i, j1, jo, 1, j1, j2) # 0,
we know {i} ) = {i}(l) for | = 1,2, 3 under this case. The similar analysis also
applies to the second case in Claim 3. Moreover, under the two cases in Claim

3, we have Q(i’jlvj%i’ j37j4) = {E(l‘%,jlx%,jg)}a_c{E(xijl)}C{E(‘T%,jg)}c'
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In summary,

a

var{U{*(a)} = Z Z Z M{E(x%ﬁ)E(fU%p)}a

(Pn+ )2
1<1#j2<p c=1 ieP(n,a+c) atc

C Y D o THE] B ;)

1<j1#£j2<p c=1

IN

which is of order 0(13271*(““)). Since we have obtained that var{U(a)} =
O(p*n~—?), then var{t*(a)} = o(1)var{lU(a)} is proved.

Proof under Condition 2.2. Section B.1.1 considers the case where z; ;’s are
independent. In this section, we further prove Lemma A.1 under Condition
2.2. We first explain the proof idea intuitively. Under Condition 2.2, z; ;’s
may be no longer independent, but the dependence between z; ;, and x; j,
degenerates exponentially with their distance |j; — j2|. We expect that when
|j1 — jo| is large enough, z;j, and z;j, are “asymptotically independent”.
Specifically, we will introduce a threshold Ky to be defined in (B.9) below.
Then we will show that the majority of (x;;,,x; ,) pairs satisfy [j1 — jo| >
Ky, and when |j; — jo| > Ko, ;; and z;;, are weakly dependent with
similar properties to those under the independence case.

We next present the detailed proof under Condition 2.2. Under Hy, sim-
ilarly to Section B.1.1, we have E{U(a)} = 0 and var{t/(a)} = E{U?*(a)}.
Then

(B2) E{UQ(G’)} = Z Z F(Cl,CQ,(]) X Q(i7j17j27ia j37j4)7
1<j1#52<p; 0<ci,c2<a;
1<j3#ja<p i€P(n,a+c1);
iEP(n,a+c2)

where we define F(cy,co,a) = (—1)1+¢ (:1) (é)(PngClP;@CQ)*l, and recall
(BS) Q(i7j17j27i)j37j4)
a—cy a a+cy
= E{ H Tig 1 Ly, ja H Tiy, jr H Ty, jo
k=1 k=a—c1+1 k=a+1
a—c2 a a-+c2

X <. <. <. ~ . .
II L s Tiz ga I I Lir s II Lir ja
k=1

k=a—co+1 k=a+1

Similarly to Section B.1.1, to evaluate var{l(a)}, we next examine the value
of Q(i, j1, j2, 1, j3, j4) under different cases.
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When {i} # {i}, we show (B.3) = 0, that is, Claim 2 in Section B.1.1
also holds here. To see this, we assume without loss of generality that an
index ¢ € {i} and ¢ ¢ {i}. Then (B.3) takes one of the two following forms:

(B.3) = E(z;,) x E(all the remaining terms) (j1 =1,...,p),
(B.3) = E(z;5,2:,j,) x< E(all the remaining terms) (1 < ji # j2 < p).

Since E(w;j,) = 0 and E(z; j,2;5,) = 0 under Hp, we know (B.3) = 0 when
{i} # {i}. It follows that

(B4) Z Z F(Cl7627G)Q(iajlva')i7j37j4)1{{i}7é{i}} = 07
1<j1#j2<p; 0<ci,c2<a;
1<j3#ja<p i€P(n,a+c1);
ieP(n,a+ca)

where 1 represents an indicator function.

When {i} = {i}, we know ¢; = ¢z and we write ¢; = ¢ = ¢. If ¢ = 0,

a

QUi v 23, 3 Ja) L3y 3y, cm0y = 1B i jo i gy 7i.32) 1

Then we have

(B.5) Z Z F(c,c, G)Q(i,j1,j2,i,j3,j4)1{{i}:{§}7czo}
1<j1#j2<p;  0<c<q;
1<j3#ja<p i,iEP(n,a—&-c)
1
= (pn)Q Z al Z {E(“Ti»jlmi,jzxi,j?,xi,jz;)}a
@7 ieP(n,a)  1<j1#£52<p;
1<js#ja<p

—1
= al(P;)) > AB@i gy iy Ti i) -
1<j1#j2<p;
1<js£a<p

If ¢ > 1, for given i,i € P(n,a + ¢), we decompose the sets {i} and {i} into
three disjoint sets respectively, defined as:
{i}(l) = {ila DRI iafc}a {i}(2) = {Z.afc+1a DRI ia}7 {i}(3) — {ia+17 cee 7ia+c}a
{i}(l) - {gla e 750,70}, {i}(Q) — {:Zafc+11 e 7ga}7 {i}(g) — {ga+17 e 7ga+c}7
which satisfy that {i} = Uj_,{i}() and {i} = U?:l{i}(l). The definitions

are similarly used in Section B.1.1. We next examine the value of (B.3) by
further discussing different cases.
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Case 1. We consider the cases where {i} = {i}, 1 < ¢ <a—1 and {itgy =
{i}(1)- Then we have {i} @) U{i}@) = {i}(2) U {i}(3). Note that here {i}) =
{i}(1) is assumed, and {i} (), {i}(), {i}(2) and {i}(3) are all nonempty as
¢ > 1. Similarly to Claim & in Section B.1.1, we next prove that if (B.3) # 0,
one of the following two cases holds:

(B.6) {its) = {i}a) lib) = {20 1 = ds o = s
{ita) = {ito), {i}2) = {i}kz): 1 = Ja, J2 = Js.
We prove (B.6) by contradiction.
If {i}2) N{i}(2) # 0 and {i} ) N {i}() # 0, it means that {i} ) intersects
with both {i}(g) and {i}(3) Suppose i1 € {1}(2)ﬂ{1}(2) and io € {1}(2)ﬂ{i}(3)
It follows that

(B.3) = E(w4, 5, iy js) X E(2iy,j,%iy j,) % E(all the remaining terms).

As j3 # ja, E(llil,jlxilyjii) XE (24,5, iy js) = 0 under Hy. Therefore (B.3) =0.
Similarly if {i}3)N{i}(2) # 0 and {i})N{i}s) # 0, we know (B.3) = 0. The
analysis shows that when (B.3) # 0, {i} () only intersects with one of {i} )
and {i}3). Symmetrically, {i}) only intersects with another one of {i} )
and {i}(g). Since Hi}@)’ =i}l = \{il(g)] = \{i}(;;)], it remains to consider
two cases {{i}(2) = {i}(2) and {i}3) = {i}(5)} or {{i}(2) = {i}(3) and {i}@) =
{i}(2)}- To obtain (B.6), we next examine the two cases respectively.

If {i}(g) = {I}(z) and {l}(3) = {i}(g), suppose 11 € {1}(2) and i € {1}(3)
Then as {l}(g) N {1}(3) = (),

(B.3) = E(24, 5, iy js) X E(Ziy, jo iy j,) X E(all the remaining terms),

which is nonzero only when j; = j3 and j2 = js. Similarly, if {i}y) =

{i}(?,) and {i}@3) = {i}(g), (B.3) # 0 only when j; = j4 and jo = j3. In
summary, if (B.3) # 0, (B.6) is obtained, and

Q(i7j17j27i7j37j4) X 1{{i}:{i},{i}(1):{i}(l),lgcga—l}
= Q(i7j17j27i7.j37j4>1{{i}<1):{i}(1>,1§c§a71}

X <1 {{i}@):{i}@,jl:j&} +1 {{i}@):{i}(g),jl:ﬂ,}) :

{i}3)={i}(3), Ja=da {i}3)={i}(2), j2=is
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In addition, under the two cases in (B.6), we have Q(i, 1, j2,1,j3,j4) =
{E(x?’jlwim)}a*C{E(x%jl)E(xip)}c. Therefore,

(B7) Z Z F(Cv ) a)Q(i7j17j27§7j37j4)1 {i}:{i}7

1<ji#j2<p;  0<c<g; {{i}(l):{i}u),}
1<js#ja<p iieP(n,a+c) 1<c<a—1

N 29(q — ¢)lele!
=y e e e, G2,

c
pn
1<c<a—1; ( a+c)
ieP(n,a+c);
1<j1 #J2<p

— ZO 2 —a—l—c

where the last equation uses Condition 2.1.

Case 2. We consider the cases when {i} = {i}, 1 < ¢ < a—1, {ita) # {i}(l)
and {i} )N {i}1) # 0. Suppose that there exists an index i1 € {i}1)N{i}n)
Since {i}(1) # {i}) and [{i}(1)] = {i}()l|, there exists another index iy €
{itq) and iy & {i}(l). As {i} = {i}, we know iy € {}}(2) U {i}(g). Without
loss of generality, we assume iy € {i}(g), then

(B'8) (B.3) = E(xil,j1$i17j2xi17j3xi1,j4)E(xiz,jl$i2,j2$i27j3)E(0ther terms).

As j1 # j2 and j3 # j4 in summation, it suffices to discuss four sub-cases
{j1 = js and jo = ja}, {j1 = ja and jo = js}, {1 # js and j1 # js} and
{j2 # js and ja # ja} under Case 2.

Case 2.1 If j1 = j3 and jo = ju, (B.8) gives

(B.3) = E(x? ) x E(22, j1Tiz.g2) X E(all the remaining terms).

Zl J1 11 J2

When z; ;’s are independent as in Section B.1.1, we know E(xi’jl:ci%h) =
E(mfml)E(mimQ) = 0 and thus (B.3) = 0. Alternatively, under Condition

2, (B.3) may no longer be 0 due to the dependence of z; ;’s. But as dis-
cussed at the beginning of Section B.1.1, we expect that x; ;, and z; ;, are
“asymptotically independent” as |j; — j2| increases, and thus we expect that
(B.3) is close to 0 when [j; — jo| is large. To quantitatively evaluate (B.3)
based on |j; — jo|, we introduce a threshold Ky below, and discuss the value
of (B.3) when |j; — j2| > Ko and |j1 — ja| < K, respectively.

Specifically, given ¢ in Condition 2.2 and positive constants p and e, we
define

(B.9) Ko=—(2+¢€)(4 + p)(logp)/(elogd).
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When |71 — jo| > Ko, by Conditions 2.1 and 2.2, we have
2 2
|(B.3)] < C x ‘E(miz,jlxiz,h” =C X ‘COV(mig,jpxiz,ij
Kpe
< Cozre = O(1)p~UHH),
Kqe
where |cov(:v%27 i1 Tig,ja)| < €2 holds by the a-mixing inequality in Lemma

B.1. When [j; — j2| < Kj, by the uniform boundedness of moments from
Condition 2.1, we have (B.3) = O(1). To summarize, we define an event

Spem = {{i} = {i, 1 < c<a—1,{i}q) # {ita), {itq) N {ita) # 0} Then

Q(i7 jla j27 i7 j3a .74) X 1{Snem,j1=j3:j2:j4}

= Q(i7jlaj27 i7j37j4)>< (1{Snem,j1=j3,j2=j4,} + 1{Snem,j1:j37j2:j4y}) .
[71—32]>Ko l71—j2|<Ko
The analysis above gives Q(i,jl,jg,i,jg,j4)1{5n6m7j1:j37j2:j47|j1_j2‘>KO} =
O(]‘)p_(4+,u) a’nd Q(i7j17j2’i7j37j4)1{Snem7j1:j37j2:j47|j1_jZ‘SKO} — 0(1)7 re-
spectively. Moreover, the total number of (ji, j2) pairs satisfying |j; — ja| <
Ko and |1 — ja| > Ko are O(p?) and O(pKy), respectively. Therefore,

(BlO) Z Z F(Ca c, a)Q(ivjijv:iv j3>j4)1{STL67,L,j1:j3,j2:j4}
1<j1#j2<p;  0<c<g;
1<j37#ja<p iieP(n,a+c)
< D > ‘F (c;c,a) ’ X LS nem,jr=js.ja=ja}

1<ji#je<p; _0<c<g;
1<js#ja<p iieP(n,a+c)
O Loy € X L pmisae) |
a—1
= S w0 4 0K} = olpn~?).
c=1

Case 2.2 If j1 = j4 and jo = j3, similarly to Case 2.1, we have

(Bll) Z Z F(Cv c, G)Q(ivjl)j?aivj3>j4)1{5nem,j1:j4,j2:j3}
1<ji#j2<p; _0<c<g;
1<j3#Ja<p i,ieP(n,a+c)
= o(p’n?).

Case 2.3 We discuss the cases where ji # j3 and j1 # ja. If ;s
are independent as in Section B.1.1, we know E(z;, j, i, jo @iy jsTiy js) =
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E(x;, j,)E(other terms) = 0; thus by (B.8), (B.3) = 0 under this setting.
Similarly to Case 2.1, under Condition 2.2, (B.3) may be no longer 0, and
we will discuss the value of (B.3) using the threshold Ky in (B.9).

To evaluate (B.3), by (B.8), we examine E(z;, j, @i, j,%i; js iy js)- Let
(j1,J2, 73, 74) be the ordered version of (ji, jo,j3,74) satisfying j; < jo <
j3 < j4, then E(xil7j1$i1,j21‘i1’j31'i17j4) = E(xi1,31xil,izxil,jgxh,ﬂ)' Under
the considered cases where j; # j3 and j; # js4, at least one of the two

equations, E(z; =z, =) = 0 and E(z; >, =) = 0, holds. It follows that

E(xhjl$i1,32xi1,33xz’1,34 = Cov(xiljlmi1752 ’ xil,33x11754)' We thus can write
(B.12) \E(Tiy 1 Tiy o Tiy j3 Tin ja)| = ’E(:Eilyjlxi1732xi1a33xi1734)‘

= |cov(z;, 5,2 5, 5 Ty 5% 5, )]

= ’COV(xilyjl ’ xi1,32$i1733xi1’34)‘

= ’COV(JBiljlxil,jQxiljg ) xi1754)"

We next discuss the value of (B.12) based on the the maximum distance
between the indexes in (j1, j2, j3, j4), which is defined as

(B.13) K = max{|j2 — j1|, |73 — J2|, |72 — 73|}

We evaluate (B.12) when k,, > Ky and k,, < Kj, respectively. First, if
km > Ky, by E(x) = 0, Conditions 2.1, 2.2, and Lemma B.1, we have

Kpe
(B.12) < €32+ = O(p~ ). If 5y, < Ko, by Condition 2.1, (B.12) = O(1).
It follows that Q(i7j17j27 iaj37j4)l{Snem,jlijg,j1¢j4,f€m>Ko} = O(p_(4+ﬂ)), and

Q(ivjlaj%i?j?nj4)1{5'nem7j17£j37j17éj47,4m§[(0} = O(1), where the event Sy,
is defined in Case 2.1. Note that the total number of (ji, j2,j3,j4) tuples
satisfying k,, > Ko and k., < Ko are O(p*) and O(pK3), respectively. Thus

(B14) ’ Z Z F(Cv c, G)Q(i,jl,jQ,i, j37j4)1{57L€77L7j1:/£j37j1¢j4}
1<j1#j2<p; 0<c<g;
1<j3#ja<p i,ieP(n,a+c)

> Y |F(ee,a)l X s, jiis i)

1<ji#j2<p; _0<c<q;
1<33#44<p i,ieP(n,a+c)

IN

X {O(p*(4+“))1{nm>Ko} + C x 1{Nm§KO}:|

a—1
= ) PO ) + O(1)pKF} = o(p®n ).
c=1
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Case 2.4 If jo # j3 and jo # j4, similarly to Case 2.3, we have

(B15) ‘ Z Z F(Ca c, a)Q(iajlaj%ia j37j4)1{Snenhj27éj37j27éj4}

1<ji#j2<p; _0<c<q;
1<73#744<p i,ieP(n,a+c)

= o(p’n™").

By (B.10), (B.11), (B.14), (B.15), and the definition of Spepm, we obtain
<B16> Z Z F(C7 ¢, a)Q(i7j17j27iaj37j4)
1<ji#ja<p; _0<c<q;

1<js#ja<p i,ieP(n,a+c)
+ - - _ 2 —a
L= i1 <e<a 1,05} ) £ o 41 ) T 20y — 0P
Case 3. We consider {i} = {i}, 1 <c¢<a—1, and {ifyn {i}(l) = (). Here
{i}(1) and {i}(l) are not empty as ¢ < a — 1. Suppose there exist i1 € {i}(
and iy € {I}(l) with 41 # 9. Since {i} = {I} and {i}(l) N {I}(l) = (), we know

ih € {i}@) U {i}(g) and iy € {i}) U {i}(3). Without loss of generality, we
assume i1 € {i}@) and ig € {i}(2), then

(B.3) = E(xil,jlxihjzxiujs) X E(xiz,j3xi27j4xi27j1) X E(other terms)'

To evaluate (B.3), we examine E(z;, j, @i, j» iy js ) E(Tig js Tio. ja Tin jy ). As E(x) =
0, we can write

E($i17jlxi1»j2xi17j3) = Cov(xi17j1 ) xiLjQxil:jB) = COV(SUith ’ $i1,j1$i1,j3)
= Cov(xi1,j3 > xil,jlxihjz)’
and similarly,
E(xiz,j3$i2,j4xi2,j1) = Cov(xi27j3 ) $i27j4xi2,j1) = COV(:L‘iz,Jz ) l‘iz,jz’,miz,h)
= Cov(ximjl > xi2,j3mi27j4)‘

Recall Ky, in (B.13) and Ky in (B.9). If x,, > Ko, by Conditions 2.1 and
2.2, and Lemma B.1, we have

Koe _
(B.17) E(xi17j1xil7j2xi17j3)E(xi27j3xi2,j4xi2,j1) <Céze =0(1)p (+n),

If £, < Ko, by Condition 2.1, E(x4, j, T, joTiy js ) E(Zis js Tin,jaTin jr ) = O(1).
Note that the total number of (j1, jo,J3,ja) tuples satisfying k., > K¢ and
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km < Ko are O(p*) and O(pK3), respectively. Therefore,

(B18) Z Z F(C, &) G)Q(i,jl,jg,i,jg,j4)1 {i}={i}; ‘
1<jiZj2<p; _0<c<a; { 1<e<a-1; }
1<j3#j4<p i,ieP(n,a+c) {i}yn{it)=0

< > > ‘F (e, “)‘ X 1{{i}{i};1nga—1;}

1< #j2<p; 0<c<q;
1<73#7a<p i ieP(n,a+c)

X [Cp7(4+u)1{,{m>[(o} + Cl{ﬂmgKo}]

{ityn{i}1)=0

a—1

= 3 a @Ot 1+ O(1)pK3) = o(pPn 7).
c=1

Case 4. When {i} =

{i}(2) U{i}@) ={i} U

{IN} and ¢ = a, we know {i}) = {i}(l) = () and
{i}(3)- Then similarly Case 1, we have
(Blg) ‘ Z F(Ca C, a)Q(iajlvaaij37j4)1{{i}:{§}’c:a}

1<51#725p; i,ieP(n,a+c)
1<j3#ja<p

)
In summary, by (B.2), (B.4)-(B.7), (B.16), (B.18), and (B.19),

!
(B.20)  var{U(a)} = % Y AE@igmigwigewig) )+ opPnT?).
@ 1<i1#72<p
1<j37#ja<p
Note that we assume E(x) = 0. For the general case with E(x) = u, by
Proposition 2.1, it is equivalent to replace z; ; by x; ; — p; in (B.20).

We next show that var{i{(a)} = (B.5) and var[l/*(a)] = o(p*n~?). First
note that E{/(a)} = E{U*(a)} = 0 under Hy as E(x) = 0. Then it suffices
to show E{{U(a)}?} = (B.5) and E{{U*(a)}?} = o(p*n~). By the definition
of U(a) in (2.5), we know

(B.21) E{U*(a)}
- Z Z F(Clyc?aa)Q(i7j17j27i7j37j4) X 1{0126220}'

1<s1#j2<p 0<ci1,c2<a;
1<j3#ja<pi€P(n,a+c1);
ieP(n,a+c2)
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Therefore, E{U?(a)} = (B.5) from previous discussion. Moreover, as *(a) =
U(a) —U(a), we know

(B-22) U@)=) 1=y D (_I)C(Z>P3L 2.
c=0

a+c

1<j1#j2<p i€P(n,a+c)
- a a+c
H (Tig,j1 T j2) H Ly, H Lig,ja-
k=1 k=a—c+1 k=a+1

It follows that

(B.23) E[{U*(a)}?]
= Z Z F(Cl,CQ,Q)Q(i,jl,jQ,i,j37j4) X 1{0121,0221}‘

1<j1#j2<p 0<ci,c2<a;
1<j3#ja<pi€P(n,a+c1);
icP(n,a+c2)
Also by previous discussion, we know E[{/*(a)}?] = o(p*n~).
To finish the proof of Lemma A.1, it remains to show var{l/(a)} = (B.5) =
O(p?n~?), and it suffices to prove

(B.24) > {B(@igmigrigsmig) = 0(%).
1<j1#52<p;
1<js#ja<p

To prove (B.24), we examine E(z; j, z; j, i j; i j,). Similarly to Case 2 above,
as j1 # j2 and j3 # ja in summation, it suffices to discuss four cases {j; =
js and jo = ja}, {j1 = js and jo = j3}, {j1 # jz and j1 # ja}, and {jo #
js and ja # ja}.

If j1 = js, j2 = ja, and |j1 — j2| > Ko, then by Conditions 2.1, 2.2, and
Lemma B.1, we have

B (@i, @i jo iy i gy )| =E(a7,275,) = cov(a?;,, 27 ;,) + E(z m)E(ﬂ«"?,jQ)
>0(1) — |cov(xy;,, 27 5,)] > O(1) — Corie = o(1).

Ifj1 = jg, j2 = j4, and |j1—j2‘ < KQ, by Condition 2.1, E(:Ei7j1xi,j2$i7j3xi,j4) =
O(1). Note that (j1, j2) pairs satisfying |71 — j2| > Ko and |j; — jo| < Ky are
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O(p?) and O(pKy), respectively. Thus,

(B-25) § [E(xi,jl"Ei7j2xi,j3$i7j4)}al{j1:j37j2:j4}
1<j1#52<p;
1<js#ja<p

4 a

= g [E( | | l'i,jt)} 1 j;:jsy}[l{\jl_j2|>}(0} + 1{|j1—j2\§Ko}]
1<j1#j2<p; t=1 Jj2=Ja
1<js#ja<p

= 0(p*) + O(pKo) = O(p°).

If j1 = j4 and jo = js3, similarly to (B.25), we have

2
(B.26) Y By T gy gsTi )Ly —ja o} = O07).
1<j1#52<p
1<j3#ja<p

If j1 # j3 and j1 # ja, we know (B.12) holds. Recall Ky in (B.9) and &, in
(B.13). Similarly to the analysis of (B.14), we have

(B.27) > BT g i s Ti ) Ly e i}
1<j1#52<p
1<j3#ja<p

4 a
- Z [E<Hxlﬂt>] L i tis.dn#ia) [1{mm>Ko} + 1{mm§K0}]
1<j1#52<p; t=1
1<js#ja<p

= o(p?).
If jo # j3 and ja # ja, similarly to (B.27), we have
(B.28) > B@i g gs i) s isgartis) = 00°).
1<j1#j2<p

1<js#ja<p

In summary, combining (B.25)—(B.28), we have

4
a
(B.29) > [E(TTwa)] =2 > (BGd,ed)
1<j17#72<p; t=1 1<j1#j2<p
1<js#ja<p

Combining (B.20), (B.21) and (B.29), Lemma A.1 is proved.
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Proof under Condition 2.2*. In this section, we prove Lemma A.1 by substi-
tuting Condition 2.2 with Condition 2.2*. Following the notation in Section
B.1.1, we have

Var{L{(a)} = Z Z F(017627a) X Q(iaj1>j2aiaj3aj4)‘
1<j1#j2<p; 0<c1,c2<aq;
1<js#ja<p i€P(n,a+c1);
ieP(n,a+c2)

When {i} # {i}, under Hy, we know (B.3) = 0 and (B.4) holds similarly.
As {i} and {i} are of sizes a+c; and a + ¢ respectively, in the following we
consider {i} = {i}, which induces ¢; = ¢ and we write ¢; = ¢z = c.

When {i} = {i} and ¢ = 0, we know (B.5) also holds similarly, and
var{U(a)} = (B.5) by (B.21). By Condition 2.2*,

(B.30) B(2i5 i g3 g5 T ga)
= K1 {E(%m ijo ) (@i 4y i 1) + B2 g Ti gy JE (23 j2354)

+ E(:ci,jlJri,j4)E($z’,y’2$i,jg)}-

Since j1 # j2 and js # j4, we know under Hp, (B.30) # 0 only when
{J1 = Js,ja = ja} or {j1 = ja, j2 = ja}; and then (B.30) = s1E(x7; )E(z7 ).
Thus

B5) = 2P Y {mE2, B ,)) = 0,
1<j1#52<p

where the second equation follows from Condition 2.1.

When {i} = {i} and ¢ > 1, [{i}g)| = Hi})| = {i}p| = {i}g| > 0.
Without loss of generality, we first consider an index i € {i}(g), and discuss

four cases. .
Case 1.1 If i & {i}, since E(x) = 0, we know

(B.3) = E(z;,) x E(all the remaining terms) = 0.
Case 1.2 1f i € {i}(g),
(B.3) = E(z; j,24,4,) x E(all the remaining terms),

which is nonzero when j; = js.
Case 1.3 If i € {i}(3),

(B.3) = E(z; 5, i j,) x E(all the remaining terms) = 0,
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which is nonzero when j1 = js.
Case 1.4 If i € {i}(y), this suggests {i}) # 0 and thus ¢ < a — 1. By
Condition 2.2*,

(B.31) (B.3) = E(z j,xi js2i j,) x E[all the remaining terms] = 0.
When {i} = {i} and ¢ < a — 1, we have {i}(1) # 0. We assume without

loss of generality that an index i € {i};), and then discuss two cases.

Case 2.1 If i € {i}@) U {i}(3), symmetrically, (B.3) takes a form similarly
to that in (B.31), which is 0 under Hy by Condition 2.2*.
Case 2.2 1f i & {i}, by j1 # j2, we know under Hy,

(B.3) = E(z; 4, xi j,) x E(all the remaining terms) = 0.
In summary, (B.3) # 0 only when one of the following two cases holds:
L. j1 =3, jo = ja, {i}) = {i}u), {ite) = {i}@)’ {it@) = {i}(:%);
2. j1=ja, Jj2 = j3, {it) = {it), {it) = {ite), {ite) = {i}le)-
Under these two cases, (BLB) = {mlE(x%jlx%jQ)}“_C{E(az?’jl)}C{E(x?7j2)}c. It
follows that when {i} = {i} and ¢ > 1,
(B32) Z Z F(Ca ¢, a)Q(iajthviaj37j4)1{{i}:{f}7021}

1<ji#j2<p; _0<c<q;
1<j37#7ja<p i,ieP(n,a+c)

= 2 (a)2 (B (e, )} B, 1B )
I P(17L+c 2,J177%,72 2,91 i,j2

1<c<a;
1<j1#j2<p

= 0wk @) = o(pn™),

c=1

where the last two equations use Condition 2.1. Similarly to Section B.1.1, by

(B.4) and (B.23), we know var{U/*(a)} = (B.32) = o(pn~%) = o(1)var{U(a)}.

REMARK B.1. k7 is assumed to be a constant in Condition 2.2*. But the
similar arguments apply in the proof if k1 changes with n,p but converges to
a constant.

B.1.2. Proof of Lemma A.2 (on Page 40, Section A.2). Note that for
two integers a # b, cov{ld(a)/o(a),U(b)/a(b)} = E[U(a)U(b)/{o(a)o(b)}],
and by Lemma A.1, var{l{*(a)} = o(1)var{U(a)}. Recall 02(a) = var{U(a)}
from definition. Then by Cauchy-Schwarz inequality, we have

cov{U(a)/o(a), U(b)/o(b)} = E{U(a)UU(b)}/{o(a)o(b)} + o(1).
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In addition,

b

E{Z;{(a)d(b)}: Z Z E{H(xik,jlxikw H L3 s zk,J4 }

1<j37ja<P {eP(n,b)

Since a # b, we know the two sets {iy,...,4,} and {i1,...,%,} can not be the
same. Following similar analysis to that of (B.1), as E(z; j,2; ,) = 0 under
Hy, we have E{t(a)(b)} = 0, and thus cov{l(a)/o(a),U(b)/o(b)} = o(1).

In particular, we note that given Lemma A.l, the argument does not
depend on whether Condition 2.2 or 2.2* is specified.

B.1.3. Proof of Lemma A.3 (on Page 41, Section A.2). We first show for
1 < ki # ko <n, E(Dpk, Dy k,) = 0. Without loss of generality, we consider
k1 < k9. Then EklZn S ./_"].32, and

E(Dn,lﬂDn,kz)
=E [(Ek1ZTL - Ek1—IZn)(EkQZn - Ek2—1Zn)]
—=E[Ej, Zn X Bty Zn — By 1% X Bty Zn — B, Zn X Eiy_1Zn
+ Epy1Zn X Bpy_17Z2)
:E[(Ekl Zn)Zn] B E[(EkrlZn)Zn] - E[(Ek1Zn)Zn] + E[(EkrlZn)Zn]
=0.

It follows that

() Bt Son) e
k=1

where the last equation uses the fact that E(D,, ;) =0and Z, = > ;_; Dy
from construction.

In particular, we note that the argument does not depend on whether
Condition 2.2 or 2.2* is specified.

B.1.4. Proof of Lemma A.j (on Page 41, Section A.2). For given finite
integer a, we derive the expression of (Ey — Ex_1)[U(a)/o(a)]. The form of
Ap ka, for a general finite integer a, in Lemma A.4 follows similarly.

By the definition in (2.5), we know

(B:33) (By—Ee)d(@) = (PN~ > (B —Ben)| [T zuinwin)-

1<j1#j2<p; t=1
ieP(n,a)
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To derive (B.33), we next examine the value of

a
(B.34) (Ex — Eg—1) [H xit,jlximh] :
t=1

We claim (B.34) # 0 only when k € {i1,...,iq}. f k & {i1,... i}, we
assume without loss of generality that i1,...,4,, < k and i41,...,1q > k.
Then

a
(Ek; - Ek—l) [H xityjlxit7j2i|

t=1
- (t
=0.

3

a a
xitvjlxit7j2> [Ek< H xit,jlxitm) - Ekfl( H ximﬁxit,]é)}
1

t=m+1 t=m+1

Thus if (B.34) # 0, we know k € {i1,...,%,}. In addition, we next show
(B.34) # 0 only when iy, . ..,i, < k. Suppose that if there exist some indexes

in {i1,...,1,} that are greater than k, we assume without loss of generality
that ¢, = k, 11,...,9m—1 < k, and %y41,...,% > k. Then
a m a
Ex ( H xitvjlxitva) = ( H Lig,j1 xitdz) Ex ( H Lig,j1 xitdz)
t=1 t=1 t=m+1
m a
= <H xim]’lxit,jz)E( H xit,ﬁximz) =0,
t=1 t=m+1
and
a m—1 a
Ekfl(HxitmmitJé) = ( H xit,jlx’itij)Ek*l <xk,j1xk7j2 H xinhxiuh)
t=1 t=1 t=m+1
m—1 a
= ( l’it,jl%,jz)E(xk,jlxk,jz) II E@i i) =0.
t=1 t=m-+1

Therefore, we know (B.34) # 0 when k € {i1,...,i,} and i1,...,i, < k.

When k < a, there exist some indexes in {71, ...,i,} > k. Thus (B.34) =0,
and (B.33) = 0. When k > a, assume without loss of generality that i, = k
and i1, ,i4_1 < k—1, then

a—1

a—1
Er—1 [( 11 ﬂfit,jlfﬂit,jz)ﬂ?k,jlfﬂk,jg} = ( 11 %t,jlwit,jz)E(ﬂ?k,jlﬂﬂk,jg) =0,
t=1 t=1
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and
a—1 a—1
Eg [( H xit7j1$it7j2>xk,j1xk7j2] = ( H xit,jlxit7j2)$k7j1xk,j2'
t=1 t=1

In summary, for k > a,

(a)

o(a)

R

(Er — Ep—1)

a—1

s, 2 () e () s

@ 1<ir e Fia—1 <h—1; t=1

1<j1#j2<p
a a—1
= o(a)Pr E E (xkdlxk,h) X H(‘ritﬂ'lximb)'
@ 1<ig#eFiq 1 <k—11<j1#jo<p t=1

In particular, we note that the argument does not depend on whether Con-
dition 2.2 or 2.2* is specified.

B.1.5. Proof of Lemma A.5 (on Page 41, Section A.2). By Lemma A 4,
we know the explicit form of Dy = > " t,Ap kq,, and it follows that
7T721’k = Zlgrl ra<m tritrs Er-1(Ankar, Ankar, ). Note that by Cauchy-Schwarz

inequality, for some constant C,

n
2 2
var E iy ) < Cn max var(T
(lc 1 h 1<k<n; 1<r1,ro<m ( k’a”’arz)’

where we define c(n, a,) = [ar x {o(ay) P}~ 1% and

Traryar, = Er-1(Ankar, Ankar,)

= Z Z {c(n, arl)c(n7a7’2)}1/2

ieP(k—1,ar, —1),1<51#52<p,
P (k—Liary—1) 1<j3#ja<p

4 aTlfl ar271
XE(HQ:’“W) X < H xit’jlxit’h) X ( H xzujsxgt,h)'
t=1 t=1 t=1

Therefore to prove Lemma A.5, it suffices to prove var(Tq,, a,,) = o(n=2)
forevery 1 <k <mand1l<ryro <m.

Without loss of generality, we prove var(T q,.4,) = 0(n2) for any fixed
constants a1 and ao and 1 < k < n. Similarly to Section B.1.1, for illus-
tration, we first consider a simple setting where x; ;’s are independent in
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Section B.1.5. Next in Section B.1.5, we prove that under Condition 2.2,
var(Tg gy 0,) = O(n~2p~'log® p) = o(n™2). Last in Section B.1.5, we prove
that under Condition 2.2*, var(T 4, .4,) = O(n " 2p 2 +n73) = o(n"2). Then
Lemma A.5 is proved.

Proof illustration. In this section, we assume z;;’s are independent and
prove Tk g0 = o(n=?).

When z; ;’s are independent, since j; # js and j3 # js4, we know that
E(xk j, Tk jy Tk js Tk j,) 7 0 only when {ji, 72} = {j3,ja}; and it follows that
E(1 1 Tk o Th gy T jy) = B(aF 5 )E(2 ;). Thus T a6 = 2¢(1,a) X Th 0y a0
where we define

2 a1—1 az2—1
T, = E(z2.) Tiy i1 Tiy i . T3
k,a1,a2 = 1,5t 1,91 0,92 1,917 1,52 )
ieP(k—1,a1—-1), 1<j1#j2<pt=1 t=1 t=1

ieP(k—1,a2—1)

We note that c(n, a) is of order ©(p~?n~%) by Lemma A.1. To prove var(Ty.4.,) =
o(n=2), it suffices to show that var(Ty.q, 4,) = 0o(n® T2 2p*) If a1 = ag = 1,
Tk 01,0, is not random and thus var(7} 4,.4,) = 0. It remains to con81der
ai > 1 or ag > 1 below. To examine var(T} q, 4,), we will first consider
E(Tk,ay,a,) and E(T, ), then var(Ty oy 05) = B(TZ 4, 0,) = {BE(Tkoar.a0) -
For E(Tk,al,(m)? note that E{(Hglllxlh]lxlt,n)( ?i;l wit,jlxit,]g)} 7é 0
only when {i} = {i} for given i € P(k — 1,a; — 1) and i € P(k — 1,az — 1).
Therefore, if a1 # az, E(Th,q,,4,) = 0. If a1 = a2 = a for some a, we have

(B.35) E(Tk,al,az) = Z 1{{1}:{1}} Z {E(fflgl) ($1g2)} )
ieP(k—1,a-1), 1<ji#j2<p
ieP(k—1,a—1)

where 1{{} (iy} represents an indicator such that the two sets {i} = {i};
and we write

4

{E(Tha1,02)}° = Z Z Lity=(3), {m)={m}} H{E(x%jt)}a
i, meP(k—1,a—1), 1<j1#£j2<p, t=1
LmeP(k—1,a-1) 1SJ374=p

where 1r gy iy Tepresents an indicator such that {i} = {i} and
{m} = {m} hold at the same time.
For E(T? ), we have

k,ai,a2

(B.36) E(T} 41,05) = > > QG.im,m,j),
i,meP(k—1,a1—1), 1<j1#£52<p,
i, meP(k—1,a0—1) 1SJ37Ja<p
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where for the simplicity of notation, we define

a—1 4
(i1 i) = e - . e g 2
Q(17 1,1m, m?J) - E< H x1t7J1x1z7]2$it,j1 xit,jgxmt7]3xmt7.74$mtv.73xmt7]4> H E(ijt).
t=1 t=1

We decompose E(T,ialm) = E(T? )y + E(T,iah@)(g), where

k7a17a2

E(Tk?,al,ag)(l) = Z Z 1{ {1}:{;} }Q(L i? m, ﬁlvj)a
i,meP(k—1,a1-1), 1<j1#j2<p, {
i, meP(k—1,a5—1) 1=J3774=<p

; Soe .
E(Tk7a17a2)(2) = Z Z 1{{1}7&{;} or }Q(l, 1,m, m"])’
i, meP(k—1,as—1) 1SJ37Ja<p

where the two indic~ators L=}, {m}={m}} and L1440} or {m}£{m}} TeP-
resent that {i} = {i} and {m} = {m} hold at the same time or not, re-
spectively. To prove var(Ty.a,.a,) = 0(n® 227 2ph) since |[var(Th.a,.0,)| <
E(TF 4, 02) 1) = {E(Tha1,00) Y] + [E(Thoay.05)(2)], We show [B(TZ,, ..)) —
{E(Tkar.00) 1| = 0o(n?*Dp*) and E(Thaya0)(2) = 0(n® 2 p?), respec-
tively below.

Part I: [B(T , 0,)(1) = {E(Tha1.05)}?| = 0o(n®7927%p1). By the analysis
above, E(T} q,.4,) = 0 if a1 # ag. Also we know E(Tg,al,@)(l) =0if a; #
ag, since {i} = {i} and {m} = {m} will not happen. Thus it remains to
consider a; = ay = a for some a below. By the forms of E(T£7a17a2)(1) and
{E(Th.ay.0) }?, we consider {i} = {i} and {m} = {r}. If {i} N {m} =0,

4
(B.37) QG i,m,m,j) = [[{E@=1,)}"
t=1

where we use the independence between z;;’s and j1 # jo and j3 # j4.
If {j1,72} N {Js,ja} = 0, (B.37) also holds similarly by the independence
between ; ;’s. In summary, when {i} = {i} and {m} = {m}, we know that
[B{QG, i, m, i, j)} — [T {E(«? )} = 0, if {i} 0 {m} = 0 or {j1,j} N
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{js,ja} = 0. Tt follows that
(B'SS) |E(T’€2,a1,a2)(1) - {E(Tk7a17a2)}2|

< ~

< Z Z 1{{i}{i}, {m}:{ﬁl},{i}ﬁ{m}¢@7}
i,mGP(kfl,alfl), 1§g‘17£j‘2§p, {jl,j2}m{j3,j4}7§@
i, meP(k—1,a5—1) 1=J3774=<p

4
X ‘Q(iv iv m, l’h,j) - H{E("L‘iﬁ)}a
t=1
< Cna1+a2—3p4—l — 0(na1+a2_2p4),
where we use the boundedness of moments in Condition 2.1 and the facts:

A ai+a2—3
Z 1{{i}={i},{m}z{rh},{i}m{m}7,g@} < Cn*ra2—e,

i, meP(k—1,a1—1);1, meP(k—1,a2—1)

4—1
> Li{j1 o} {jsat0y < O
1<j17#72<p; 1<43#ja<p

Part I1: E(Tk,ay,05)(2) = o(n®t92=2p1) - We claim that Q(i,i,m, 1, j) = 0
when [{i} U {i} U {m} U {m}| > a; + az — 2, i.e., one of the index only
appears once in the four index sets. To see this, we assume, without loss of
generality, i; € {i} but i; ¢ {i} U{m} U {1}, then

(B.39)  Q(i,i,m,m,j) = E(24, j1%4,,j») X E(the remaining terms) = 0.
Thus when Q(i,i7 m,m, j) # 0, the union of the four sets satisfies
(B.40) {id U {i}U{m} U {m}| < a; +as—2.

In addition, note that we need to consider {i} # {i} or {m} # {m} when
analyzing E(T,? ar. ay)(2)- Assume, without loss of generality, that there exists
an index i1 € {i} but 4, ¢ {i}. Similarly to (B.39), we have Q(i, i, m,m, j) #
0 only when i1 € {m} U {m}. If i; € {m} and i; € {m},

Q(i, i, m, m,j) = E(z1 j, 21 j,21,5,) x E(all the remaining terms) = 0,
as j3 # ja and x;;’s are independent; if i1 is only in one of {m} and {m},

for example, i1 € {m} but i; ¢ {m}, then

Q(i,i,m,m,j) = E(xy j,z1,,) x E(all the remaining terms),
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which is nonzero only when j; = j3. By analyzing the indexes in {I} sym-

metrically, we further know Q(i, i, m,m, j) # 0 only when {j1, jo} = {Js, ja}
Therefore,

(B41) |{]17]27]37]4}’ =2

Combining (B.40) and (B.41), and by the boundedness of moments in Con-
dition 2.1, we have

(B.42) E(TR 0y 0,)(2)| = O(n™F0272p7).
and (B.42), we have

In summary, combining (B.38)
[var (Th,ay a)| = [B(T% 0y 05) — {E(Thiar.00)}|

2)(1)

3

< E(TR a1 00) (1) = {EThar,02) P+ [E(TR 4, 00) )]
— O( ai1t+az— )+O( ai1+az— 2p2>.

which is o(n®+a2=2pt),

Proof under Condition 2.2.

Proof idea. Section B.1.5 assumes that z; ;’s are independent. In this sec-
tion, we further prove Lemma A.5 under Condition 2.2. Similarly to Section
B.1.1, we know that under Condition 2.2, z; ;’s may be no longer indepen-
dent, but the dependence between z; ;, and z; ;, degenerates exponentially
with their distance |j; — j2|. To quantitatively examine [j; — jo|, we will
introduce a threshold of distance Dy to be defined in (B.46) below, which
is similar to K¢ in (B.9). Intuitively, when |j; — j2| > Do, x;;, and z;j,
are “asymptotically independent” with similar properties to those under
the independence case in Section B.1.5. The following proof will provide
comprehensive discussions based on Dy.

Recall that as argued at the beginning of Section B.1.5, to prove Lemma
A.5, it suffices to show var(T} q, 4y) = O(n™2p~tlog®p) = o(n=2) for any
fixed integers a; and as. To facilitate the discussion, we define some notation
to be used in the proof.

Notation. For given tuples i) = (iy,...,iq_1) € P(k —1,a; — 1) with [ =
1,2, we define (i, i®) = i1, ... i) i 6®) ) and let S0, 1)
)

be a collection of tuples (iM),i®)) where i) € P(k —1,a; — 1) for [ = 1,2.
Moreover, we define J = {(j1,J2) : 1 < j1 # j2 < p). Then

T/ﬂ,al,aQ = Z {Hc(n,al)}l/Z X X(kai(l)anl—ijl = 132)’

SEM @), =1
(91,32),(d3,J4) €T
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where we recall that c(n,a) = [a x {o(a)P?}71]? and we define

2 a;—1

;i
X(k, 1%, jor—1,j2 1 1 =1,2) (Hfﬁkgt)ﬂ I1¢ T g T )

=1 t=1

In addition, for easy representation, we define a3 = a1 and a4 = ao. Then
for given tuples i) e Pk —1,a; — 1) with [ = 1,2, 3,4, we define the tuple

(AW, 1@ 10y = a0 P B ),

and let S(i(M,i® i® i®) be a collection of (iV,i?i®) i®) where i) €
P(k—1,a; — 1) with [ = 1,2,3,4. Then we can write
2

T%,al,ag - Z HC(TL,Q[)X(]{?, i(l)7j2l717j21 = 1727374)7
S(i(1>,i(2),i<3),i(4>); =1
(91,32),(33,34),(35,76), (47,98 ) €T

where we define

X(k,iY, goy1, gor 1 1=1,2,3, 4)

4
= E(Exk,jt> <H$k7]t>H H ) jai—1 Zt Vg

Recall the definitions at the beginning of Section B. {iV} = {i®} rep-
resents that the two tuples have the same elements without order. We next
decompose S(i(l),i(2)) into two parts: the collection S(i(l),i(2), 1) contains
the tuples (i1, i?) satisfying {i"} # {i®}, and the collection S(i(V),i(?),2)
contains the tuples (i1),i®) satisfying {i)} = {i(®}. Then we can write
Tk,al,ag = 212]:1 Tk,al,ag,va Where

2 1/2
Thavaw = 9 { [Letman} " xXki®, jarr,jor: 1= 1,2).
S3EMW 12 ); =1
(41,92),(J3,J4) €T

In addition, for v = 1,2, we let the collection S(i (1),1(2),i(3),i(4),v,v) con-
tain the tuples (il ),i(z),i(?’),i( )Y such that (iM,i®) e S(GHM,i® v) and
(i(3), i(4)) € S(i(3), i(4),v). It follows that for v = 1,2, we can write

2
2
(B43) Tk,m,ag,v = Z H C(n’ al)
S(i(l),i<2> i®) i@ 0,0); =1
(91,42),(43,J4),(55,36), (57,98 ) €T

XX(lﬁi(l),le,l,le = 1727374)‘
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We next define some notation on the j indexes. Given a tuple (jz,, jt,, Jts, Jts )
we write its corresponding ordered version as

(B44) (3t173t273t373t4) SatiSfying jtl S 5152 S jtg S 3154'

Given the ordered indexes, we define the maximum distance between indexes

in the given tuple as DM(jtujtmjts:jtcl) = max{jtz = Jt1>Jts = Jta> Jta — jts}'

For the simplicity of presentation later, for tuples (j1, j2), (43, 74), (Js, J6), (47, J8) €
J, we further define

(B45) K1 = DM(jlan’j3aj4)7 R = ]D)M(j57j67j77j8)7
k3 = Dpr(J1, J2, Js, J6)  ka = D, Jo, Jr, Js)-

In the following discussion, to quantitatively evaluate the distances in (B.45),
we introduce a threshold Dy below. In particular, given small positive con-
stants 1 and €, and § in Condition 2.2, we define

 —(2+€)(8+p)logp
(B.46) Do = lons ,

which will be used as discussed at the beginning of this section on Page 92.

Proof. We present the proof of var(Tk.q, 4,) = O(n 2p~! log® p) based on
the notation above. Note that we can write Ty 4, 4, = 212):1 Tk,a1,a2,0- By
the Cauchy-Schwarz inequality, we know it suffices to show var(Ty 4, a0.0) =
O(n~2p~'log?®p) for v = 1,2 respectively.

Step I var(Tr q, 001) = O(n~2p~'log®p). By the definition of Th.a1,a0,15
we have {i)} # {i®} for (i1,i®) e S(iM,i®1). Suppose, without loss
of generality, that index i € {i'} but i ¢ {i®}. Then under Hy,

(B47> E{X(kai(l)ajﬂ—laj% = 1525354)}
= E(ij i) < E(other terms) = 0.
Therefore E(Tj g, a,,1) = 0 and var(Ty 4, 4,1) = E(']I%aha?’l).
By (B.43), we have
2
Tz,al,az,l = Z H C(?’L, al)
SEM i@ 11); =1

(91,32),(33,74),(35,6),(37,38) ET
< X(k, iV, i1, o 1 1=1,2,3,4).
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To prove var(Tk.qy.a51) = O(n " 2p~! log® p), we will next show that for given
(j17j2)7 (j37j4)7 (j57j6>7 (j77j8) S \77

(B.48) E{ > XA a1, gu 1= 1,2,3,4) f = O(n o),
SEM i) 1,1)

and for given (i1),i® i®) i®) e 5 i® 1, 1),

B49) E{ > Xk ju, g 1=1,2,3,4)} = 0’ log p).

(41,42),(53,44),
(45.d6), (47,08 ) €T

Given (B.48) and (B.49), since c¢(n, a;) = ©(p~2n~%), we can obtain E(Timm’l) =
O(n~2p~'log®p). Thus to finish the proof, it remains to prove (B.48) and
(B.49).

To prove (B.48), we claim that E{X(k,iV), jo_1,jo : 1 = 1,2,3,4)} = 0
when | UL, {i®}] > a1 + az — 2, i.e., there exists one index only appears
once in the four index sets {i(l>}, I =1,...,4. Too see this, suppose an
index i € {iV} but i ¢ {i®}, i ¢ {i®} and i ¢ {i®}, then (B.47) holds.
Therefore, E{X(k,iV), jo_1,jo : 1 = 1,2,3,4)} # 0 only when

(B50) ‘ U;L:l {i(l)}‘ <aj+ag—2.

By the boundedness of moments from Condition 2.1, we know (B.48) holds.

We next prove (B.49). For given (iV,i® i®) i) e §(iM,i® 1,1), we
know {iV} # {i®} and {i®} # {i¥}. Suppose, without loss of generality,
there exists an index i € {i®} and i ¢ {i®}. If i ¢ {iD} and i ¢ {i¥},
similarly, (B.47) holds. Then we consider i € {i)} or i € {i®®} in the
following three cases.

Case 1: When i € {i(V} and i ¢ {i®}, we know

(B.51)  B{X(kA0, jar1 g 1=1,2,3,4)}

4 8
= E(H'Ik,jt) X E(H‘Tk,jt) X E( H :L‘iyjt> x E(other terms).
t=1 t=5

t=1,2,5,6

If z; ;’s are independent as in Section B.1.5, we know (B.51) # 0 only when
{j17j2} = {j37j4} = {j5>j6} = {j7aj8}7 which induces |{j17 s 7j8}| =2 and
Z(jl,j2),(js,j4):(j5,j6)7(j77j8)€~7 E{X(*, i(l)’jm*l’jm Hl=1,2,3,4)) = 0(p?),
i.e., (B.49) is obtained. Under Condition 2.2, x;;’s may be no longer in-
dependent, but as discussed at the beginning of Section B.1.5, we can still
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prove (B.49) similarly to the independence case. In particular, based on Dy
in (B.46), we evaluate (B.51) by discussing the following three sub-cases

(a)-(c).

(a)

When both (j1, jo, js, j4) and (Js, je, j7,js) contain only two distinct

indexes within each tuple, i.e., [{j1,72,73,Ja}| = H{Js,J6, 77,78} = 2,
we consider without loss of generality that j1 = js, jo = j4, j5 = j7,
and jﬁ = jg. Then

(B.51) = E(az%vjlxiﬂé)E(xi7j5:ci7j6)E(azk’jlxk7j2xk,j5:ck’j6)E(other terms).

(a.1) If (41, Jo, Js, jo) contains two distinct indexes, i.e., |{j1, j2, J5, J6 }| =
2, we assume without loss of generality that j; = js and jo = jg. Then
I{j1,..-,J8}] = 2 and in this case, the total number of distinct j in-
dexes is O(p?).

(a.2) If (41,72, J5,J6) contains at least three distinct indexes, that is,
{41, J2, 5, Je }| = 3, we have [{j1,j2, Js,J6}| = 3, where (j1, j2,j5, Jo)
denotes the ordered version of (ji, j2, j5,js) following the notation in
(B.44). Then we have E(z) 5 z; = JE(2) 5 %, 5) = 0. Together with
E(x) = 0, we can write
(B.52) \E(m17j1x1,j2x1,j5x1,j6)] = ‘COV(l’k’jlkaQ s kaBxk’jﬁ)]

= leov(yj, 5 T4y Tr 5ol

= leov(®y 5, 245, Tr g » o)
Recall that k3 in (B.45) represents the maximum distance between

(J1, 72, 35, J6). If k3 > Dy, by Conditions 2.1 and 2.2, and the a-mixing
inequality in Lemma B.1, we know

(B.51)] < C x (B.52) < C§7t — O(p~®+m),

If k3 < Dy, the total number of distinct j indexes is O(pD}).
When both (j1, jo, js, ja) and (Js, Js, j7, js) have at least 3 distinct el-
ements, i‘e'a ’{jlaj27j37j4}| >3 and |{j57j6aj7aj8}‘ > 37 fOHOWing the
notation in (B.44), similarly to (B.52), we can write
(B.53) 1B (@h,j1 Th s Th,js Th,ja )| = [cov(@y s @y = @5 2y 2 )

- ’COV(mkjl ’ xk»32$k733xk,34)‘

= leov (@ 5,7 5,005, » Trj,)ls
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and

(B.54) |E(xk,j5$k,j6xk,j7xk,js)| = ’COV(ﬂkasxk,jG ’ xk’%xk’jgﬂ
= ’COV(«T]{JE) ) xk,jgxk,j7xk538)|
= |cov(z) 5,015,085, » Tl -

When max{x1,k2} > Dy in this case, by Conditions 2.1 and 2.2, and
the a-mixing inequality,

(B.55)  |(B.51)| < C x (B.53) x (B.54) < Co7ee = O(p~ ),

When max{r1, ko} < Dg, by the definitions in (B.45), we know under
this case, the indexes in (ji, j2, j3,j4) are close to each other within
the distance Dy, and the indexes in (Js, js, j7,Js) are also close to
each other within the distance Dy. Then the total number of distinct
indexes is O(pD3 x pD§) = O(p* D).

If only one of (j1,j2,73,74) and (Jjs, je, j7, js) contains at least 3 dis-
tinct indexes, without loss of generality, we assume |{j1, jo, j3,ja}| > 3
and |{Jjs, je, 47,48 }| = 2. When k; < Dy, the indexes in (j1,j2,j3,J4)
are close within distance Dy. As (Js, je, j7,Js) only contains 2 dis-
tinct indexes, the total number of distinct j indexes is O(p3Dg). When
k1 > Do, by Conditions 2.1 and 2.2, and the a-mixing inequality, we
know

(B.56) (B51)| < € x (B.53) < CoTe = O(p~ G+,

Case 2: When i ¢ {i)} and i € {i®®}, we know similar conclusion holds
by symmetricity.
Case 3: When i € {i)} and i € {i®}, we have

(B.57)  B{X(h,i0, ju 1o 1 1=1,2,3,4)}

4 8 6
= E(Hﬂc,ﬁ) X E(ka7jt> X E(ka?,jt) x E(other terms)
t=1 t=5 t=1

Similarly to Case 1 above, to evaluate (B.57), we next discuss two sub-cases
with Dg in (B.46).

(a)

When both (j1, jo, j3, ja) and (Js, je, j7, js) only contain 2 distinct in-
dexes within each tuplev i°e" ’{jlaj27j37j4}| = |{j57j67j77j8}| = 2) we
assume ji1 = js, jo = j4, j5 = j7 and jg = jg without loss of generality.
Then

(B.57) = E(:C%J-lxz’jz)E(xz’j5mz’j6)E(m?7jlx?’jza:ivjsa:iij)E(other terms).
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Following the notation in (B.44), when l;; := min{js — J1, j5 — j2, J6 —
js} < Do, the total number of distinct j indexes is O(p*Dg). When
k3 > Dg, by Conditions 2.1, 2.2, and the a-mixing inequality,
2 2
‘E(x1,31x1,52x1755x1736)‘

2 2 2 2
= [eov(ays @) 5 @ 5 5) + Bla] 5 Jeov(ay s, @y 52, 5)

+ (B} )Peov(z, 5, )]
< Csae = O(p~B+m),

(b) If at least one of (j1,J2,73,74) and (Jjs,J6,J7,Js) has at least 3 dis-
tinct indexes within the tuple, it means that [{j1,j2,73,74}] > 3 or
{75, 76, 77, 78 }| > 3. Similarly to (B.55) and (B.56), we know that when
max{k1, ka} > Do, |(B.57)| = O(p~®+#); when max{k1,k2} < Dy,
the total number of distinct j indexes is O(p> D).

Combining Cases 1-3 discussed above, we obtain

Bl > X juongu=1,2,3,4)]
(41,92),(ds,74),

(J5,76),(J7,8) €T

= 0(p*D}) + > O(p~ 1)
(41,32),(33,34),(J5,46),(J7,98) ET

= O(p*log® p) + p*O(p~ ™)) = O(p*log® p),

where we use p > 0 and Dy = O(logp) by (B.46). Thus (B.49) is proved.

Step II: var(Tkq, 40,2) = O(n_Qp_llog?’p). Recall that Ty 4, 4,2 is con-
structed from (i1,i®) € S(iM,i®),2), where {iV} = {i@}. As {iV} =
{i(2)} happens only when a; = a9, so it remains to consider a; = a2 = a
for some integer a below. It follows that E{X(k,i), jo;_1,jo : 1 = 1,2)} =
{E(T= 71,5,)}" then

4

1/2 a
E(Tk?,ahaz,?) = Z {Hc(n, al)} X {E(Hxl,jt)} )
S(i(l),i(2>,2); =1 t=1
(d1,52),(J3,Ja) €T
and
4 8 o
{E(Tk,al,a2,2)}2 = Z HC(n7al){E(Hxl,jt)E(Hijt)} :
S(i(l),i(2>,i(3),i(4),2,2); =1 t=1 t=5

(91,92)5(J3,J4), (35,36 ), (47,98 ) ET



100 HE ET AL.

Moreover, by (B.43), we know T%,a1,az,2 is a summation over (iV,i(?) i3 %) ¢
SGEMW i 1B i 2 2) where {i)} = {i®} and {i®} = {i¥} by the con-
struction. We further define S(i"),i®,i®) i® 2 2, ¢) to be the collection of
tuples (iV,i®,i0) i) such that [{iV} N {i®}| = ¢, where 0 < g < a —1.

o 2 _ ya—lm2
Then we write T ,, ., 0= >0 T a1,a2,2,(g): Where we define

2

Ti,al,ag,Z,(q) = Z H c(n, ;)

S(i(l)»i(Q)zi(B)’i(Ll)7272)(1); =1
(91,32),(33,74),(J5,96),(47,38) ET
XX(kv i(l)vaZ—l)jQZ = 17 27 37 4)

In particular, when \{i(l)} a {i(3)}| =q,

4 8 8
. . . a—q q
E{X<k7 l(l)a]2l717j2l = 17 27 37 4)} = {E<Hx1:]t)E<H ijt) } { Hxlyjt} .
t=1 t=5 t=1
Therefore, for a1 = as = a,

var(Trara02) = BE(TRayan2) — {B(Thara0,2)}

a—1
2
= E(Tk7a17a2,27(11)) - {E(Tkaalva2»2)}2
q=0
a—1 2
- > [ ¢ a) x Di a2,
7=1 5(i(1) i i® (4 22 q) I=1

where we define

4 8 _
Dk,a,0,2,¢ = Z {E(l_[lxlvjt)E<l_£xl’jt)} q
t= t=

(jlsz)v(j37j4)7
(J5.d6),(J7.38) €T

(B( L))~ (o) o( ) |

and use Dg 44,24 = 0 when ¢ = 0. By the construction, we know the total
number of tuples in the collection S(i(l), i® i) i@ 2 9 q) is bounded by
Cn2(@=1=4 that is, for some constant C,

X

(B.58) > 1< Onehe,
S(EM i) 13) i(4) 2.2,q)
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Since c(n,a) = O(p~2n~%), to prove Var(']I‘z’ahaﬂ) = O(n?p~'log?p), it
suffices to show for given tuple (iM),i®),i(® i), Di.ay.a0.2.4 = O(P? log® p)
forl<g<a-—1.

By Condition 2.1 and Lemma B.2 (on Page 71), for 1 <g¢<a—1,

8
E ( H xl,jt)
t=>5

4
E( H ijt) X
t=1

|Dk,a,a,2,q| < c Z

(91,32),(33:34),
(95.36),(37,8)ET

4 8 8
E(Hxl,jt> X E(H»"Ul,jt) — E(Hffl,jz> .
t=1 t=> t=1

To evaluate Dy, 4 4.2,4, We next discuss several cases, based on the notation
Ki,...,kq in (B.45), and Dy in (B.46).

(a) When both tuples (j1,jo2,j3,74) and (Js, je, j7,Js) contain only two
distinct indexes, i.e., |{j1, jo, Js, ja}| = |{Js, Je, j7, js}| = 2, we assume
without loss of generality that j1 = 7j3, jo = J4, j5 = j7 and jg =
js. Then E([T_y 21,,) = B(a? ;23 ,,), B([[s21,,) = B(a? 2} ,,)
and E(Ht 171 ]t) = E(:cl ]lx% ]256% ]Sx% jo)- Following the notation in
(B.44), let (]1 <ja <5 < 36) be the ordered version of (j1, j2, js, j6)-
When min{js — j1,J5 — j2, j6 — J5} < Dy, the total number of distinct
j indexes is O(p®Dy). When min{js — j1,J5 — j2, 6 — js} > Do, by
Conditions 2.1 and 2.2, and the a-mixing inequality in Lemma B.1,

([T ([T0) - B([T0)

2 2 2 2 2 2 2 2
= ’E(xlajlxlﬂé)E($17j5x1aj6) — B(21,81 5,7 501 i)

< 05 = O(p~ B+,

(b) When both (51, jo, j3,74) and (js, J6, j7, js) contain at least 3 distinct
indexes, i.e., |{j1,j2, 73, ja}| > 3 and |{J5, js, J7, js}| = 3, we know sim-
ilarly (B.53) and (B.54) hold. When max{x1, k2} > Dy, by Conditions
2.1 and 2.2, and the a-mixing inequality in Lemma B.1, we obtain

Dge
Dpar.a02q] < C(B.53) x (B.54) < €7 = Ofp~ i,

When max{k1, K2} < Dy, by the definitions in (B.45), we know under
this case the indexes in (j1,j2,J3,j4) are close to each other within
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the distance Dy, and the indexes in (Js, jg, j7, js) are also close to each
other within the distance Dg. Then the total number of distinct j
indexes is O(pD3 x pD}) = O(p* D).

(c) When only one of (41, j2, 73, j4) and (Js, J6, j7, Jjs) contains at least 3 dis-
tinct indexes, without loss of generality, we assume |{j1, jo, j3,Ja}| > 3
and |{Js, je, j7,js}| = 2. Recall k1 defined in (B.45). When x; < Dy,
the indexes in (j1, j2, J3, ja) are close within distance Dy. As (75, J6, j7, j3)
only contains 2 distinct indexes, the total number of distinct j indexes
is O(p3Dy). When k1 > Dy, by Conditions 2.1 and 2.2, and the a-
mixing inequality in Lemma B.1, we know similarly (B.53) holds, and

Dqne
D0, ap2.ql < C(B.53) < C67e = O(p~ B+,
In summary,
(B.59) Dk 010,24 = P° x O(p~EH)) + O(p* DF) = O(p® log® p).

Thus we obtain that for given (i"),i(® i(® i(4), Di.ay.a0.2.4 = O(P log® p).

Combined with (B.58), var(T? aran2) = O(n~%p~'log® p) follows.
Combining the results in Step I and Step II above, we obtain var(Tj q, q,) =

O(n=2p~t log® p), and thus Lemma A.5 is proved under Condition 2.2.

Proof under Condition 2.2°. In this section, we prove Lemma A.5 by sub-
stituting Condition 2.2 with Condition 2.2*. Note that although the inde-
pendence between x; ;’s is assumed in Section B.1.5, it is only used to specify
certain joint moments of z; ;’s. Alternatively, Condition 2.2* is assumed to
obtain similar properties on the joint moments, and the proof follows simi-
larly to that in Section B.1.5.

In particular, we will prove that var(Tkg,.q,) = O(n™2 + n=2p~2) for
two given finite integers a; and as below. Under Hy and given Condition
2.2%, as j1 # jo and j3 # ja4, we have E(z1 j, 21 j,21 j,21,5,) # 0 only when
{]1732} = {Js,ja}, and then E(zyj 21, 32561,;3351,34) = w1 E(z] ]1)E(ac1 go)- It
follows that Ty 4,4, = 2¢(n,a) X Ty a1,a2 Where Ty aa = K11k aq With Ty 4.4
defined in Section B.1.5. To prove var(']I‘k’a a) = o(n %), it suffices to show
that var(Th.ay.a,) = n® T2 2p*0(n~" 4 p~ ) as argued in Section B.1. 5

Similarly to Section B.1.5, to show var(Tk araz) = nTe2pto(nT! +
p~2), we examine {E(Tj.q,.4,)}> and E(TZ, ) respectively. For E(Tha; a,),
under Condition 2.2*, similarly to (B.35), we know E{( ‘“11 Tiy j1 Tig jo) X
(T1e271 L7, 1 Tiin) ;é 0 only when {i} = {i}. When {i} = {i}, we write a; =
az = a for some a and then E{([T%]" @4, j, %4, ,) X ( ?illi%,jl 3, 5,)} =

{mE(xijl)E(mijQ)}“*l. We thus have {E(T,yg’%@)}2 = {K{E(Tka,.05)}>

k,a1,a2
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with T}, q, 4, defined in Section B.1.5. Moreover, following (B.36) in Section
B.1.5, we have

B(faa) = 2. Y. QGimnmj).

i, meP(k—1,a1—1); 1<j17#j2<p;

LmeP(k—1,az—1) 1S37Ja<p
We further decompose E(Tl,fa1 w) = E(T? ) (D) T E(T? a1.ap)(2), Where
E(T? ar.a,) (1) and E(T,fah@)( 9) are defined with the same forms as E(T,iahaz)(l)
and E(TkQa1 ,)(2) in Section B.1.5, respectively. To prove veur(T;C ar.as) =

n@te2=2p10(n=14-p=2) similarly to Section B.1.5, we derive |E(T? anian) (1)~

{E(Tk.ay.0,) }?| and E(T? fray.a)(2) Tespectively.

Step I: |E( Fas, a2) 1) — {E(Tkmm)}zl. By the forms of E( Fan a2)(1) and
E(T@,al’@), we consider {i} = {i} and {m} = {m} below. If {i} N {m} =0,
IE{Q(i,i, m,m,j)} — k3] {E(«3 G = 0 by Condition 2.2%; if {i} N
{m} # 0, |[{i}u{m}| < a1 +az—2—1, thus |E(T? Fay.an) (1)~ TE( Thoaraz) 2| =
O(n@ta2=3p1) by Condition 2.1.

Step II: E(T? a.ap)(2)- We note that for ji # jo, E(z1,5,21,5,) = 0; and
for any additional index j3, we have E(z1 j, 1 j,21,) = 0 under Condition
2.2*. Thus (B.41) and (B.42) still hold here, and we obtain E(T,f ar.a2)(2) =

O( a1+ags— 2p2).

In summary,

’V&I‘(Tk,al’@” < |E(Tk2,a1,a2)(1) - {E(Tk7a1,a2)}2| + ‘E(Tg,al,ag)(2)|
_ na1+a272p40(n71 +p72).

It follows that var(} ;_; 72 ;) = O(n~! + p~?) by the argument at the
beginning of Section B.1.5. Therefore Lemma A.5 is proved.

B.1.6. Proof of Lemma A.6 (on Page 41, Section A.2). By Lemma A 4,

Beo)  SEDL)=Y Y Ht” xE(HAnka”).

k=1 k=1 1<ri,ro,r3,ra<ml=1

To prove Lemma A.6, it suffices to show that for given 1 < k£ < n and
1< r1,79,73,74 < m, we have E([];_, Ankar,) = O(n™2).

Similarly to Sections B.1.1 and B.1.5 above, we first illustrate the proof
of Lemma A.6, when z; ;’s are independent. Then in Section B.1.6, we prove
Lemma A.6 under Condition 2.2. Last in Section B.1.6, we prove Lemma
A.6 under Condition 2.2*.
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Proof illustration. In this section, we assume that z;;’s are independent
and prove B(ITL, Anka) = O(n2) for given integers a;, | = 1,...,4. By
Lemma A.4, when k < a;, Ay 1.q, = 0. We next focus on maxi<j<4 § k<
n. By Lemma A.4, we have

4 4 1/2
(B.61) E(ll;[lAn,k,al) {11;[16 n, ay } >

iODeP(k—1,a;—-1),1=1,...,4;
(91,32)5(33,74),(J5,6),(37,38) ET

Q*(iM,i?i® i¥ jq),

where i) = ( gl), e Eu) 1), L =1,...,4 represent the tuples satisfying 1 <
(0

(1 . . .
i) A A lgp—1 <1 J = {(]17]2) 1 < j1 # j2 < p); js represents the
tuple (]17]2a33734,]57]67]7738) and we define

a;—1

Q*(iM,i® i® j (Hx,”)E( ﬁxzu) sy il M)

t=1 1=1
We claim that E([]5_, #1.;.) # 0 only when
(B.62) {gr:t=1,...,8} <4.

If [{j: : t =1,...,8}] > 5, it implies that one of the j index in {j; : t =
1,...,8} only appears once. We assume without loss of generality that j;
only appears once, i.e., j1 € {j: : t =2,...,8}. Since x, ;’s are independent,
E([5_, zrj.) = BE(xpj )E(all the remaining terms) = 0. Thus (B.62) is
proved. Similarly to (B.39) and (B.40), we further know Q*(it),i® i® i) jg)
0 only when

(B.63) \ U{l l>}) al ~1)/2.

In summary, combining (B.62) and (B.63), we have

B{[T ) =00t om0y,

Proof under Condition 2.2. Section B.1.6 proves Lemma A.6 when z; ;’s are
independent. In this section, we further prove Lemma A.6 under Condition
2.2. We first illustrate the proof idea intuitively, which is similar to Sections
B.1.1 and B.1.5. Under Condition 2.2, x; ;’s may be no longer independent,
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but the dependence between x; j, and x; j, degenerates exponentially with
their distance |j1 — j2|. To quantitatively examine |j; — j2|, we use the thresh-
old of distance Dy defined in (B.46). Intuitively, when |j; — ja| > Do, i
and x; j, are “asymptotically independent” with similar properties to those
under the independence case in Section B.1.6. The following proof will pro-
vide comprehensive discussions based on Dy.

We next present the detailed proof of Lemma A.6. Note that to prove
Lemma A.6, by the analysis at the beginning of Section B.1.6, it suffices
to show E(H?:1 A ka) = O(n™2). Recall that we can write (B.61) and we
have [];_, ¢'/2(n, a;) = @(p*‘ln_% i ). It remains to show

1

(B.64) Z O (i1,i® i® i@ j5) = O(ptnd Tin(@-1),

iOeP(k—1,0,—1),1=1,...,4;
(J1,42),(J3,J4),(J5,J6),(J7.J8) ET

To prove (B.64), we show the order of (B.64) in n and p respectively in the
following two steps.

St@p I: order Ofn‘ We show fOI' any ﬁxed j8 = (jl?j?vj37j47j57j67j77j8)7

(B.65) 3 Q*(i,i®,i® i® j5)| = O(nt Zima(@-D),
iOWeP(k—1,a;-1),1=1,...,4

We note that Q*(iV),i® i) i® jg) # 0 only if (B.63) holds. Too see this,

suppose one index 41 only appears once in the four sets {i)}, {i®}, {i®}, {i®}.

For example i1 € {iV}, but i1 ¢ UL ,{i)}. Then

Q*(iM,i? i® 1™ jg) = E(wi, j, i, j,) X E(the remaining terms) = 0,

Therefore by (B.63) and Condition 2.1,
(B.66) (B.65) = O(n3 Zi=a(a-1)),

Step II: order of p. To prove (B.64), it remains to show that for given
(1(1)7 i@ i), 1(4))7

(B.67) > Q*(i",i®,i%,i% j5) = O(p").
(J1,J2),(J3,44),(Js5,d6),(J7.J8) ET

Let p be a positive constant same as in (B.46). Define an event B =
{Q*(iM,i® i®) i jo) = O(p~B+#)} and let B represent the comple-
ment set of BS correspondingly. Note that

> Q*(i,i®,i®) i jg) x 15 = O(p*p~ET) = o(1).
(91,32),(93,44),(35,96),(j7,78) ET
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Moreover by Condition 2.1, Q*(i1,i® i®® i js) = O(1) always holds.
Thus to prove (B.67), it remains to show

(B.68) 3 15, = O(p").

(91,32),(3334),(35,76), (47,98 ) ET

We write the ordered version of js = (]13]27]?”]47]57]6’,777.]8) as .]8 = (]1 ]27
73, Jas J5, J6, J7- js), which satisfies j1 < ja < j3 < ju < js < Jo < jr < Js.
To facilitate the proof, we first introduce three claims below, which will
be proved later. In particular, for given jg, if 15, = 1, the corresponding
ordered tuple jg of jg satisfies the following three claims with Dy defined in
(B.46).

Claim 1 : For any index j; € js, if it has two neighbors Je—1 and Jri1,
its distances with the two neighbors j,_; and Jk+1_can not be b1gger
than Dy together. That is, at least one of \jk 1 — jr| < Do and |j; —
]k +1] < Dy is true. For ]1 and jg with only one neighbor, they satisfy
|71 — jal < Do and |j7 — jg| < Dy.

Claim 2 : For a pair of mdexes (]k 1,jk) in Jg, when jz_1 # Ji, if it has
two neighbors jr_o and ]k+1, the distances of the pair with the two
neighbors can not be bigger than Dy together. That is, at least one of
ljk—2 — Je—1| < Do and |jr — jur1]| < Do holds. For the pairs (j1,J2)
and (]7,38) with only one neighbor, when J1 # jo2 and j7 # Jg, they
satisfy |j2 — j3| < Do and |j — j7| < D.

Claim 3 :

(a) For given {ju, js. jo, j7, Js }»

Z lBJﬁ{h:iz} - O(pQ), Z 1B(]ﬂ{517£32} = O(pD(Q)).

J1:J2:33 J1,J2,J3
(b) For given {j1, 2,3, Ja, J5},
22 Yeng=ig =00 X gy = O@D)-
J6,37:38 J6,37:78
Given three claims above, we show (B.68) by discussing different cases.

1. When both j1 #* j2 and j7 # jg, by Claim 3, we know the summation
over indexes ( 71, J2, ]3) is of order pD and the summation over indexes
(]6,]7,j8) is also of order pDZ. Then we consider (j4,j5). When |j4 —
75| < Dy, the summation is of order (pD3) x pDg % pD2 =p’D] = p*.
When |j4 — j5| > Dy, applying Claim 1 on j4 and js respecmvely, we
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know |j3 — j4| < Dy and |5 — js| < Do hold. Therefore, the summation
is of order pD3 x Doy x p x Dy x pD3 = p3D§ = p*. In summary,

o 4
Z 1BJﬁ{51¢32757¢38} =0(p").
(J1,J2),(J3,44),(Js5,J6),(J7.J8) ET

2. When only one of ]1 =+ 32 and ]7 # g holds, without loss of generality,
we consider j; = js and j7 # Jg.

(a)

When |jo — j3| > Do, applying Claim 1 on 73, we know 73 —
]4] < Dy. Then consider the pair (js, j4). f ]3 = ja, by Claim 1,
|75 — 74| < Dy or ]j5 —36\ < Dy holds. As j7 # js, by Claim 3, the
summation over (]6, 77, ]g) is of order pD2 Therefore, the total
summation order is O(p x p x Dy x pD3) = O(p?). If j3 # ja,
applying Claim 2 on the pair (J3,j4), we know ljs — js| < Dy
as we discuss |jo — j3| > Dy. Also, as J7 # jg, by Claim 3, the
summation order over (Jjs, j7, jg) is O(pDQ) Thus the total order
of summation is O(pDopD3pD2) = O(p*). In summary,

_ 4
Z l{BJﬂ{OHGOfﬁ#;z or jr#js, l72—j3|>Do} } o).
(41,52),(33,44),
(j57j6)1(j71j8)6\7

When ]52 — §3| < Dy, the summation over J1, 72,73 is of order
pDo. Then we consider 94,75 If |74 — js| < Dy, the summation
over ji, ja,j3,Ja, js is of order pDopDo = p*D3. As jr # js, by
Claim 3, we know the summation order of jg, j7, Jg is pD0 Then
the total summation order of this case is O(1)p 2DOpD2 O(p?).
If | Ja — j5] > Do, applying Claim 1 on j; and Js respectively, we
have |j3 — j4| < Do and |j5 — jg| < Dy. Also, as j7 # js, by Claim
3, we know the summation order of Jjg, j7, jg is O(pD3). Then the
total summation order is O(1)pDy x DopDy x pD} = O(p*). In
summary,

_ 4
Z 1{BJ0{0n60f317532 or jr#js,|j2—js|<Do}} — o).
(j17j2)7(j37j4)7
(J5.d6),(J7.38) €T

3. When both j; = j» and j7 = jg, then we consider (33,54,55,36)

(a)

If the number of distinct elements in { 73, 34, 35, jﬁ} is smaller and
equal to 2, the order of summation over js, ja, j5, j is O(p?). We
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use |{J3, J4, J5, J6}| < 2 to represent this case, then

Z 1{BJ0{31=32737=387 [{Ja.ja.ds.d6 <2} } — O(p4).
(J1,42),(43,74),
(J5.36),(37,78)ET
(b) If the number of distinct elements in {Js, j4, j5,j6} is 3, we use

\{]3 ]4,]5,]6}] = 3 to represent this case. Then two of J3 % Ja,
Ja #* Js and js 7é J6 hold. We consider without loss of generality
J3 # Jas ja # Js and 35 = jg. We apply Claim 2 on the pair
(]3,]4) and Claim 1 on j3. Then at least two of \jg — 33] < Dy,
|73 — ja| < Do and [j4 — js5| < Do holds. Thus the summation
order is O(pD3p?) = O(p*). In summary,

Z 1{BJ0{31232737:387 [{Ja.jads.d6 =3} } — O(p4).
(41,42),(53,44),
(J5,d6),(47,38) €T

(¢) If the number of distinct elements in {Js, ja, 5, j6} is 4, ~we use
|{j3,j4,j5,j6}] = 4 to represent this case, and we know 33 £,
ja # js and Jjs # jg. Applying Claim 2 on _the pair (j3, J4), and
applying Claim 1 on the two single indexes j3 and Ja respectively,
we know at least two of |jo — j3| < Do, |j3 — j4| < Dy and
|]4 ]5] < Dg hold. Therefore the summation over (]1,]2, 73, 34, ]5)
is of order O(p x pD3) = O( 2DO) Then applying Claim 1 on jg,
we know at least one of |j5 — js| < Do and |jg — j7| < Do holds.
Then the total order of summation for this part is O(pQD(Q] X
pDg) = O(p*), that is,

-~~~ [ _ 4

Z 1BJm{jl:j2:j7:j87‘{j37j47j57j6}‘=4} =0(p).
(jl)j2))(j37j4)7
(Js.d6),(j7,J8) €T

Combining the results obtained, we know (B.68) is proved. Thus to prove
(B.67), it remains to prove the three claims above.

By the definition of Q*(iV),i®,i®) i jg) in Section B.1.6,

‘Q*(ia)’i(2>,i<3),i(4),js)‘ < C‘E<ka,3t> '
t=1

Then it is sufficient to show that for given jg, when the ordered version jg
of jg does not follow the three claims,

(B.69) B (Hx,w)‘ — O(p~ &),
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Proof of Claim 1.

(1) When the index jj, has two neighbors, we give the proof by an example
of k = 3. All the other cases can be obtained following similar analysis
without loss of generality. Suppose j3’s distances between its neighbors js
and j; are both bigger than Dy, i.e., |j2 — ja| > Do and |j3 — j4| > Dg. Then
by Conditions 2.1, 2.2, and the a-mixing inequality in Lemma B.1,

(1T

3 8 3 8
= )cov(Hazkjt, ka,jt) + E(H‘Tk,jt) X E(H$k3t>‘
=1 t=4 t=1 t=4

Dge
< Oz + 0% ’COV(kalx’%EQ ’ xk’ﬁ?)) + E(xk751wk,32)E(xk,33)’
O(p~ M) 4 C x |cov(z, 5T
= O(p~ ),

732 ’ xk753)‘

Thus (B.69) holds. )
(2) For j7; and jg with only one neighbor, we give the proof on j;, while
jg can be proved similarly. By Conditions 2.1, 2.2, and Lemma B.1,

8 8 8
t=1 t=2 t=2

Dge
Co2+e +0 (E(z,:)=0)
O(p~ B+,

IN

Thus (B.69) also holds.

Proof of Claim 2:.

(1) When the pair (jy_1,ji) has two neighbors, we give the proof by the
example when k = 5, i.e., we consider the pair (34,35). The other cases
can be proved similarly without loss of generality. Suppose js # js with
js — jal > Do and |j5 — jé| > Do. As E(z) 5 2,5) = 0 under Ho, by
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Conditions 2.1 and 2.2, and Lemma B.1, we have
8
B(I1e)
t=1
3 8 3 8
- ‘COV< H Thje H kat) - E( H xk’Jt) X E( H xk,jt)
=1 t=4 t=1 t=4
Doe 3 5 8 5 8
< Coxe + ‘E< H xk,jt) X {COV< H Tkje kaJt) + E( H xit)E<kaJt> }’
t=1 t=4 t=6 t=4 t=6

Doe
= Coz + ‘E(ajk,h‘rkﬁxjs) X {Cov(xk,ﬂzk,ﬁ ’ xk,jeka?xkjS) +0}‘

< C5TE — O(p~ B+,

Thus (B.69) holds.

(2) For the pairs (ji,j2) and (j7,js) with only one neighbor, we give the
proof on (ji,7j2), while the proof on (jr,js) can be obtained similarly. If
J1 # Jo and \32 —§3| > Dy, as E(a:kjlxk’h) = 0 under Hy, by Conditions 2.1
and 2.2, and the a-mixing inequality in Lemma B.1, we have

(T

t=1

8

2 8 2
‘cov(Hacth , Ha:;t) +E(Hmk73t)E<Hx3t>‘
t=1 =3 t=1

S 06% = O(Cp_(8+u))'

Thus (B.69) holds.

Proof of Claim 3:. The Claim 3~(a) is obtained by applying Claim 1 on the
j1 and Claim 2 on the pair (j1,j2) when j; # jo. The Claim 3 (b) is also
obtained similarly.

Proof under Condition 2.2*. In this section, we prove Lemma A.6 by sub-
stituting Condition 2.2 with Condition 2.2*. Similarly to Section B.1.5, the
proof under Condition 2.2* follows similarly to the proof under the in-
dependence case in Section B.1.6. In particular, we note that Condition
2.2* implies that if one of the indexes in {ji,...,js3} only appears once,
E(I[5_, z1,) = 0. Therefore when E(I['_, zx,) # 0, (B.62) holds. Also
following similar analysis, we know (B.63) holds by Condition 2.2* and
E(z14,21,,) = 0 for j1 # jo. Combining (B.62) and (B.63), Lemma A.6
is proved.

B.2. Lemmas for the proof of Theorem 2.3.
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B.2.1. Proof of Lemma A.7 (on Page 43, Section A.3). For easy illus-
tration, we first prove Lemma A.7 when m = 1 in Section B.2.1, and next
present the proof for m > 1 in Section B.2.1.

Proof for m = 1. Specifically, in this section, we prove

P > iy <) = (e w) (i <22)| o

Note that by definitions in (A.8) and (A.9),

(B.70) P(% > yp, Ua) 2z)

Define the events E; = {(G})? > ny,} N {(c(a)P)~ 130 _ U% < 2z}, then
we have

(B.71) (B.70) = P(UL_, Ey).

We next examine the upper and lower bounds of (B.71). Particularly, using
the Bonferroni’s inequality, for any even number d < [¢/2], we obtain

d
(B.72) YT Y PN E,) < P(ULLE)
s=1 1<l <..<ls<q
d—1
< Yt Y P E,).
s=1 1<l <..<ls<q

We consider d = O(logl/ °p) below. The following proof proceeds by exam-
ining the upper and lower bounds of P(N;_, E},) first and combining them
based on (B.72).

To facilitate the discussion, we define some notation. Let

Hyo=) (1" > PN{(GL)® > nyp)).

s=1 1< <. <l <q
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By the Bonferroni’s inequality, we have
(B.73) Hy < P(UL {(G)? > nyp} ) < Hyy.

Given ly,...,ls, we define two index sets: I, = {(jllt,jlzt),l <t < s} and
correspondingly

(B.74) L, = {(j1,42) = (G1,42) N (w,t) # 0, (u,t) € I5 and (j1, j2) € L},

where L is defined in (A.7). (B.74) suggests that L;, contains all the index
pairs that have overlap with the index pairs in I;. Note that the definitions
of I; and Lj, depend on the given indexes [,...,ls; for the simplicity of
notation, we write I, and Ly, in this proof without ambiguity. It follows
that

q
(B.75) un= > U+ > U~
m=1 (4} .3)elr, (4} .32)eL\L,

The cardinality of Lj, is no greater than 2ps by construction. Furthermore,
2ps < 2pd as s < d. Note that the indexes in I; and L\L;, have no intersec-
tion. By this construction and the independence assumption in Condition
2.3, for any finite integers a1, as > 1, we know

(U™, (3l,47) € I} and {U2, (ji,4i) € L\L1,}

are independent.
We next examine the upper bound of P(N;_; Ej,). By the definition of Ej
and (B.75),

(B.76)  P(M;_,E,)

= r( O {{em gj s < =h U@ > i )
_ p< ﬁ{{(a(a)Pg)—l[ Ue + Uﬁ} < z}

(]ll’.]? GLIS (]llaJ?)GL\LIs

Let T, represent a number of order ©{(logp)~'/2} and we have
{e@pn™( > v+ > U<z}
(3} 37 )EL1, (3 J)EL\LL,

c{e@rn™ Y vz jU{e@rn™ > orsn, 4z

(jll»jlz)eLls (JZI’JZQ)GL\LIS
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Thus (B.76) has the following upper bound,

(8.76) < P({ i {(G)? >y} N {e@pD | Y or
J2)eLr,

5))
(s

+P({ns (G2 > b N {e@en™ Y v, 42},

(137 EL\L1,

In addition, we note that {G), (j},57) € I} and {U?, (j},7%) € L\L1.}
are independent, because of Iy N (L\L;,) = 0 by the construction and the
independence assumption in Condition 2.3. It follows that

(B.77) (B.76) < Py + Pys Py,

where for simplicity we define

(B.78) P, = P<{(a(a)Pg‘)’1) S

(]llvjlz)ELIg

{(G)? > nyy}).

>Ty}),

DX

Py = P(

-
I

1

P, = P( (cl@pPH™ Y Uﬁgrp+z}).
(437 )EL\L1,

Note that although the notation Pys, P, and P, in (B.78) suppress their
dependence on the specific choice of (I1,...,[s), this will not influence the
proof due to the i.i.d. assumption in Condition 2.3.

Similarly we examine the lower bound of P(N;_; Ej,). In particular,

{e@Pn™ > Ur<a-T,)

c {e@en] ¥ v

(] 37)EL1,

q

>, {e@pn ™ Y v <2},
m=1

Then (B.76) has the following lower bound,

B.76) > ~ P({ ni ((G)? > nyp} O {(el@P) | Y Ur|21})
(3} 7)€L,

+P({ s (G > mp N {e@pn™ Y up<z-1n,)).

(137 EL\L1,
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Similarly to (B.77), by the independence between {él, (jt,j?) € I} and
{U, (4, j}) € L\Lz,}, we obtain

(B.79) (B.76) > P, x P_, — P;,

where Py, and P are defined same as in (B.78), and we define

P = P((o—(a)Pg)*l S Ur<z- rp).
(137 )EL\L,
We have obtained the upper and lower bounds of P(N;_,E;,) in (B.77)
and (B.79) respectively. We next prove that P, in (B.77) and P_, in (B.79)
are close in the sense that there exists some constant C' > 0,

(B80)  |Pi.—P.|<CxT, and |P_.—P.|<CxT,,

where we define P, = P((o(a)Py)~' >4 _ Us < z). To obtain (B.80), we
note that Z(jll J2)ELL U is a summation over index pairsin Ly , and Ly, is of
size 2ps, which is o(p?) as s < d and d = O(log® p). Following similar analysis
of U*(a)/o(a) %5 0 in Lemma A.1, we know (o (a)P?)~1 Z(jl17j12)eLls up T
0. Moreover, by U(a) = 2(P?)"' S0, U in (A.8), T}, = O(log~"/?p) and
the convergence result in (A.6), we have for given z,

Py — ®(22420,)| < CT,, |P.—®(22—2T,)| < CT,, |P.—®(22)| < CT,.

As |®(2z 4 2T')) — ®(22)| < CT, for given z, |Py, — P;| < [Py, — ®(22 +
2Ip)| + |@(22 + 2T)) — (22)| + |P. — ®(22)| < CTp. Similarly, as [®(2z —
2I'y) — ®(22)| < CTy, |P-, — P;| < CT',,. Therefore (B.80) is obtained.

In summary, given (B.77), (B.79) and (B.80), we have

|P(Ni_1El,) — Pys X P.| < P+ C x T, x Pys.

Given the above property of P(N{_, E},), we next derive an upper bound of
(B.71) based on the relationship in (B.72). Specifically,

P(U?:IEI)
d—1
< S0t Y PR By
s=1 1<l <..<ls<q
d—1
< Z(_l)s_l Z {PysP: + (=1)*"! x [CTp x Pys + P}
s=1 1<l1<...<1s<q

d—1
(B81) < Hy 1 xP.+) Y (CxTyxPy+P),
s=1 1<l <...<ls<q
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where the last inequality uses the notation in (B.73), i.e.,

d—1
(B.82) Hyy =) (-1 Y P,
s=1 1<l <...<ls<q
and the fact that P, does not depend on li,...,ls in summation. From

(B.73), we know Hgq_y < P, + |H4—1 — Hg|, where we define

(B.83) Py = P( O{<Gl)2 > nyp}>.

=1
As a result, we have

d—1
(B81) < Pyx P.+|Hgy —Hg| x P-+ Y Y (CT,Py+Py).
s=11<1<...<ls<q
Next we prove |Hy_1 — Hy| x P, — 0, Zf;i Zl§h<m<15§q I'y x Pys = 0

and Zg;% > i<h<..<ls<q Ps = 0 by the following three Lemmas B.5-B.7,
respectively.

LEMMA B.5.  Under the conditions of Theorem 2.3, when s = O(logl/5 D),

Z P(ﬂ{(@lt)Q/n24logp—loglogp+y}>
t=1

1<l1<...<1s<q

_ ;(zj%e—’;)su +o(1)) + o(1).

PROOF. See Section B.2.2 on Page 119. O

LEMMA B.6.  Under the conditions of Theorem 2.3, when d = O(log'/® p),

d—1 s
Z P(ﬂ{(@lt)Q/n2410gp—10g10gp+3/})

1<l <..<ls<q t=1
( 1
T sI\2v/ 27

PRrOOF. See Section B.2.3 on Page 124. O

sS=

e—y/Q)S{l +o(1)} + o(1).

©
I
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LEMMA B.7.  Under the conditions of Theorem 2.3,
d—1
S P<{(a(a)P;)_1‘ S rp}) -0,

s=11<]1<...<ls<q (jllijQ)ELIs
where Ly, is defined in (B.74), d = O(log"/® p), q = (5) and T, = O(log™ 2 p).

PROOF. See Section B.2.4 on Page 125. O

First, we show |Hy—1 — Hy| X P, — 0. By Lemma B.5, when d — oo,

d
Hoa—Hd = > P(((G0)? > ny))

1<l <...<lg<q t=1

1-y/2
05!(2\/1%@—?//2)01 < Ce x (26\/2%6)&1 — 0,

where the last inequality follows from d! > e(d/e)?. Second, we show that
Zg;i > i<h<. <l.<qLpPys — 0. By the definition of Py, in (B.78), and

d—1 d—
Lemma B.5, 37021 > 1<y« cr,<q UpPys = Tp D2 ! sl'(g\/ge U2)* 4 o(1) =
0, where we use I'), = O(log™/?p) — 0 and S 421 1 (2re v/2)5 < 00 from

s=1s!
sl > e(s/e)®. Third, we obtain Zg;% di<i<..<l,<q Ps — 0 directly from
Lemma B.7 following the notation Ps in (B.78).
In summary, the analysis above shows that P(UL,E;) < Py x P, + o(1).
On the other hand, following similar arguments, we can obtain P(Ul_, E}) >
P, x P, 4 o(1). Therefore, |P(UL,E;) — P, x P;| — 0 is obtained, that is,

q

P(U,E) = P(UL{(G)? > nyp )P ({(ol@) P D U < 2} )| 0.

m=

Recall the notation in (B.70) and (B.71). We then know Lemma A.7 is
proved for m = 1.

Proof for m > 1. We still use the notation defined in Section A.3, where
U/ and U(a,) for ¥ = 1,...,m follow the definitions in (A.8) and (2.5)
respectively. To prove Lemma A.7 for m > 1, we note that similarly to
(B.71), we can write

~ ~

M,
(B.84) P(7 > Yy~

§22’1,...

< 22m> = P(UL,E),
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where we redefine the events

m q
E = {(a(ar)P;‘T)_l S U< z} N{(G)? > nyp}-
v=1

r=1

It follows that (B.72) and (B.73) still hold. For given [y, ...,ls, we define I

and Ly, same as in (B.74). Then for r =1,...,m, we write
q
R SRR S
v=l (G JP)ELL, (G JP)EL\ L1,

By the construction of L;, and the independence assumption in Condition
2.3, we know

UL U, (i gf) € Iy oand - UL (U, (Gi407) € L\L1,}

are independent.
Similarly to (B.76), given l1,...,1s, we have

(B.85)  P(Ni_,E,)
_ ~ n\—1 ar ar
_ p(ﬂ {(J(aT)PaT) [ > ourr Y b ] < z}
r=1 (]117‘712)61/15 (.7117 ?)EL\LIS
A (M (@) > nyp}}).

We take T, same as in Section B.2.1 with T, = ©{(logp)~'/?}. Then for
each r =1,...,m, we have

lo@r) [ X e Y v <)
GeL,  GHDEL,

c{@rm™ Y vrlznfU{eern™ Y v, ta)

(G 3P)ELL, ()9 EL\L 1,

and

{arn™ Y U <a-1,)

(137 )EL\L1,

c{e@rn™ Y urzrfU{eernt Y ur <x).

(jllvj?)eLls v=1
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Therefore similarly to (B.77) and (B.79), we know

m

m
(B86)  (B.85) < PP+ Y Py, (B&5) > PP, — (ZPST>,

r=1 r=1

where Py, is defined in (B.78) and we further define

Pe = P(N{e@r™ ¥ vrsain)),

r=1 (G 9P )EL\L1,
P, = P()Pn)] > ur|z1,),

(jllzjf)ELIS

{ep)™ Y v <a-1,}).

1 (Gt g})eL\L1,

IDE

P, — P(

T

We note that the cardinality of L;, is no greater than 2ps which is o(p?).
Similarly to Section B.2.1, we know (o(a, )P )" x >gratyenny, Ui Lo
for 7 = 1,...,m. Combined with Theorem 2.1, we know {(o(a,)P;:)~" x
Z(j},j?)GL\Lzs U :r = 1,...,m} converges to N(0,I,) and thus are

asymptotically independent. We then have

— 0,

m
(B.87) ’P+Z -1 P
r=1

m
0, ‘P_Z ~T1P--.
r=1

where we define

P :P((a(aT)PC’;)’l Y U< +rp),
()37 )EL\L1,

P, :P((a(a,)P;;)—l Y U< r,,).
(Gt )EL\Ls,

Similarly to (B.80), for each r =1,...,m, we have
(B.88)  |Py., —P.|<CT, and |P_. —P,|<CT,,

where we define P, = P((c(a,)P2)"*>1_, Usr < 2,). Combining (B.87)
and (B.88), we have

m
‘P+z ~-II~. - 0.
r=1

m
0 and ‘P_Z ~-1II~.
r=1



ASYMPTOTICALLY INDEPENDENT U-STATISTICS 119

By (B.86) and (B.88),

(B.89) (B.85) —

)Pys+ > _ P,
r=1 r=1

Given (B.89), similarly to (B.81), we have

P(U?ZIEI)
d—1 m m

< S Bl P+ U x [P+ YR
s=1 1<l1< <l5<q r=1 r=1

H1H&+Z 3 &m%+i&}

s=11<l1<...<ls<q

m
<%HP+%14MH&+Z > {eWps+ Y R}
s=11<1<...<ls<q r=1
where H,_; follows the definition in (B.82) and we use (B.73) and the def-
inition (B.83) in the last inequality. By Lemma B.5, |Hq_1 — Hgq| — 0; by
d—1 d—1
Lemma B.6, 0(1) 3521 D21 <y« <p.<q Pys — 03 by Lemma B.7, 3770 3570 57 o o o Ps, =
0.
In summary, we have shown that P(Ul_, E;) < P, x[["", P..+o(1). More-
over, following similar arguments, we have P(U{_, E;) > Pyx[[/-, P. +o(1).
Therefore, |P(Ul_, E;) — Py x [, P.,| — 0 is obtained, that is,

m q

P, Er) — PO, {(G0)? > myp}) [ PUotan) PR) ST U < 2)

r=1 v=1

Since (B.84) = P(UL, E}), {M,/n > y,} = UL {(G1)? > ny,} and U(a,) =
2(P1 )73 USr, we know Lemma A.7 is proved for m > 1.

— 0.

B.2.2. Proof of Lemma B.5 (on Page 115, Section B.2.1). In this section,
we prove Lemma B.5. The proof will use Lemmas B.2.2 and B.2.2, which
will be presented and proved in Sections B.2.2 and B.2.2, respectively.

PROOF. Following the definitions in (A.9), G} will not change if x;j is
scaled by its standard deviation o; ;. Thus in the discussion below, we assume
without loss of generality that o;; = 1, j = 1,...,p for the simplicity of
representation.

Giveniandlgll<...<l5<q,wedeﬁne/1’1- =T, 1T 2
4,07 ’]lt 7][1 7]11

1{|z; a gL 12t| <tppfort=1,....5, W; = (X, 33, 2 szsﬂzs) , and let

X
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W |min denote the minimum absolute value of the entries in the vector W;.
It follows that P(N;_,{(Gy,)?/n > 4logp—loglog pt+y}) = P(| 0, Wilmin >
\/ﬁy,l,/2), where y,, is defined in (A.10).

We prove Lemma B.5 through examining W;, ¢ = 1,...,n. Since W,’s are
independent and identically distributed random vectors, cov(d> " ; W;) =
n x cov(W7y). We apply Theorem 1.1 in [81] and obtain

> Vny,! 2)

min

(B.90) P(‘ En:Wi
=1

< P(INoluin = Vigy? = ev/n(logp) ) +

5/2 nl/2

exp (- -~ )
c255/27, (log p)1/2/’

Cc1S8

where ¢; and ¢ are positive constants; € — 0, which will be specified later;
and Ny = (V,,..., N, )T follows multivariate normal distribution with
E(N;) = 0 and cov(Ny) = cov(} 1 W;) = n x cov(W1). Moreover, we
apply Theorem 1.1 in [81] in terms of lower bound and obtain

P<’§:Wi
=1

> P(INJin = viyh/? + ev/n(logp) %) - 172 exp( -

> V/nyy/ 2)

min

n

1/2,
c285/21, (log p)1/2 |

As s = O(log'/® p), logp = o(n'/7), and 7, = 7log(p + n), when ¢ — 0
sufficiently slow, there exists a constant M > 0 such that

€n1/2

1672 exp ( _ ) _ O(l)e—Mn3/14'

c28°/27, (log p) /2

Therefore, for s = O(log1/5 ),

1/2
5/2 - en
(B.91) Z €18 exp< D )

1/2
1<l <...<ls<q Ta(logp)!/

_ O(l)qs % e7Mn3/14 _ O(l)eiMn3/14+2510gp — 0(1).

In summary, by (B.91) and Lemma B.8 in Section B.2.2 below, Lemma B.5
is proved. O
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Lemma B.8 and its proof.

LEMMA B.8.  For s = O(log"/® p) and N, in (B.90),

1§ll<-2~<lsgq [|N |min > f{yl/z + e(logp)~ 1/2}} 1 {2\1ﬁ (_ y>}s'

Proor. We write v, = yz,lj/2 + e(logp)_l/Q, which represents two numbers

in this proof. Since the proof below will be the same for the two numbers
respectively, we abuse the use of notation v, below.

We define Uy = cov(W1), where W is defined in Section B.2.2. By the
density of multivariate normal,

P(INuluin = Vil + cllog )72

1
= P(|Ns|min_ /2:telogp 1/2>

vn
1 1
- e [ en(- )
(27[—) 2|U |1/2 ymin'Z'Up 2
(B.92) ! / ( L >d
. = exp | — =27z )dz.
(27r)s/2 Y2, >0 p 92
We note that Zp; < (B.92) < Zp; + Zpz2, where we define
1 1
Zpy = / exp ( — szz> dz,
(27‘()3 1/2z|m1112vp7|z|max§4\/ SIng 2
1 1
Zpo = / exp < - szz) dz.
(27T)S ‘Z‘mdx>4\/810g 2
To prove Lemma B.8, we show Zps = o(1){ \/%pz e™¥/2}5 and Zpy ~ {\/%iﬂ e~Y/2}s

respectively in the following.
We first prove Zpo = 0(1){\/%732 e ¥/2}5. Let z ~ N(0,1). By the prop-
erty of standard normal distribution, we have

(B.93) P(z>t) ~ (\/ﬁt)_le_ﬁ/2 as t — +o0.
It follows that

(B.94)  Zps = sx P(z| > 4\/@)

s X exp(—8slogp)

V21 x 4\/slog

T
227 \/ logp Norh

12
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Next we prove Zp =~ {\/%prz e~ ¥/2}5. Note that
1 z7z
Zp1 = / exp ( - —)dz
(2m)%7% St (U2 L el g ol <45 ToED 2
1 z1z
< 5 exp ( - —)dy,
(27T) |Z|m1n>7}p |( 1/2_Is)z‘max;‘zlmax§4\/Slogp 2

where I represents an identity matrix of size s x s. When |z|nax < 44/slogp,

we have ](Ui/2—ls)zlmax < 4Cs+/slog p(p+n)~ 7 by Lemma B.9 in Section
B.2.2 below. It follows that

1 z7'z
| — -
(B.95) Zpy < (o) 2 /me>~ exp( 5 )dy,

ZUp

where we define 0, = v, —4Csy/slog p(p +n)~ 7. We set 7 as a sufficiently

large constant such that sy/slogp = of(p + n)®7}, then v, = 2v/logp{1 +
o(1)}. By (B.93) and (B.95),

Zpy < {\/%{; exp(—@z/Q)}s
— fo el
V2my/4logp

= { e} o)

Similarly, we have

exp (— 210gp + (loglogp) /2 — y/2 + o(1)) }

1 z7z
Lpy 2 o exp(——)dy
277) |Z|min>vp+|(U 1/2 I5)z|max,|Z|max <4+v/s log p 2
1 z'z
/ eXp<—7>dY Zps
277)8 |Z| min >vp+4C'sy/slog p(p+n)~7/2

= {2} o

2mp?

—y/2}s

: ~ 1
We therefore obtain Zp; ~ { N
Since Zp1 < (B.92) < Zp1 + Zpa, Zp1 =~ {
e ¥/2}5 we obtain (B.92) ~ {

Jaepe VP and Zpy =

e ¥/2}5 It follows that as

o(1){ o
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p — 0o and s = O(log"/° p),

ST P(Nofwin = Vi) £ e(logp) /%)
1<l <...<l

- (Vmgoetumy ey (o= 50)
exp(~y/2)} {1 +o(1)}.

Lemma B.9 and its proof.

LEMMA B.9.  ForUg in Section B.2.2, there exist some positive constants
C and ¢y such that |U1/2 Islmax < C(p+n)~7, where | - |max Tepresents
the element-wise mazimum absolute value, and T is the constant satisfying
T, = Tlog(p+n) from (A.9).

PROOF. Recall that Ug = cov(W;) and Wy = (Xl’jlllyjfl, .,Xl’jllsdfs)
for given 1 <[y < ... <ls < ¢, which is defined at the beginning of Section
B.2.2. To prove Lemma B.9, we prove |U; — Is|max < C(p + n)~ 7 first.
Specifically, we show the diagonal and off-diagonal elements of cov(W1) — I
are bounded by C(p 4+ n)~ %7 respectively.

First we show for given (j},j?), |Va1‘()€17j117j12) -1 < C(p+n)~«". By
the independence assumption in Condition 2.3 and 0;; =1for j =1,...,p,
we know Var(ijlijlz) =1; by E(xl,jllxl,jf) = 0, we have Var(xldlla:l’jlz) =
E{(xl,jllxl,jf)2}- It follows that

3 5 2
2
(B.96) < [B{( XLJZ Jl) 2~ B{ (e pmi2)* | + ’E XLJZ ,Jl) :

where we use var(z; RIS 2) = 1 in the first equation; and we use the def-
inition of Var(lel 2) and var(a:ljlxl] 2) = E{(xlj Ty 52 2)2} in the second

equation. Recall the deﬁmtlon Xl’ 2= T
then have

(B.97) ’E{(xl,jllxl,jf)Q} E{(Xlﬂz Jz) }’

‘E[(951411951,]'12)21{|$17j}$17jf’ > Tn}} ‘a

PIESRERS 1{|$17Jl1$17jl2| < 7.} We
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and |E(i’17jll7jl2)‘ — |E($1’]l11’1’]12 X 1{|$1’jllx1’j12| > Tn})| as E($1,jl1$1,jf) — 0
Since Y|z jnzy 2| > mo}) < Y2y ol > /7ot + Yz j2| > /), and 2y
and Ty 42 are i.i.d. by Condition 2.3, by Holder’s inequality, we know
(B.98) (B.97) < C x E(xijll1{|x17jlly > \/a}) X (23 2)

< O x B! ) P(ey o] > VDY x Blad ),
and also
(B.99)  [B(F 50| < Cx (B )P ] > VADIY? x Bl e)).

By Markov’s inequality, P(|z; jl1| > /Tn}) < E{exp(tox%jl)}exp(—tm'n),
) ]

where ¢y is given in Condition 2.3. Combining (B.96)—(B.99), we obtain

that there exists some positive constants C' and ¢y such that

(B.96) < C x {E(exp(toz] ;1)) exp(—torn) }1/2 < C(p +n) T,

where we use the assumption that 2, ;1 and 2, ;2 are i.i.d. and E{exp(tox1 1 )} <
oo as Condition 2.3 holds for ¥ = 2.

Second, we prove that for given [ # 2, there exist some positive constants
C and ¢y such that |cov(X); g ’dez 72 > )| < C(p+n)~°". We note that
under Hy, COV(Q:l,j}iji? Lt LJZQ) E(ZL'IJ 152 T150 P15 ) =0asj #
j121 and jll #* jl22 . It follows that

‘COV X, X,

-2 1 52 )
7]117]11 ) 1.7127312

-2 X -1 52
7]117]117 11]12:]12)

5 X, o

—E(xy j

‘cov X, 1,52 Ty

7]12 17j122)

+ ’E (%5 j2) ¥ B

7][1

E(xl 1.%'1 2.1'1 11'1

:2 -2 .
‘ 7]117.7 :]127.7[2) 73127]12)

By the definition of .)E‘l,jl

-2
l2 7.][2 ’

‘E X o X E(@yp 2157 21

’]llhjll 7]l27j122) 7]12$17j122)

‘E{]azl L T2 Tl T | <1{\x17]l 152 | > 71} + 1{|1:1J 152 | > Tn}ﬂ ‘
Similarly to (B.98) and (B.99), by Holder’s inequality, we know that there

exist some positive constants C' and ¢y such that

‘E(Xl X1 - E(x

QX 2T 1Ty 2] < C n) T
7][1 1).][1 11.][2 1,]l2) - (p+ ) ’

2 ) X E(X) 1 2)

7][2,]12

-2
"]lldll 7]127312)

E(X, a < C(p+n) .

’Jll’]ll
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It follows that |cov(&; 1 ik a2 X it g2 ) < C(p+n)T.
2. 2 2. b2 2
In summary, |Ug — I |maX < C'(p +n)~7 is obtained. By the matrix ver-

sion taylor expansion of U;/ Zat 1 s [see, e.g., 35], the element wise differences
between UL/? and I, are also bounded by C(p + n)~%7. O]

B.2.3. Proof of Lemma B.6 (on Page 115, Section B.2.1). By the proof
of Lemma B.5 in Section B.2.2, we have

S

DY P {(G1)?/n > 410gp —loglogp+ y |

s=11<l1<...<ls<q t=1

: 1[1'( =) (o )}+o<1>e—Mn3“4+2510gp].
s=1 s 2\/7

Since logp = o(1)n/7 and d = O(log1/5 p), we know Mn?/ — 2dlogp —
logd — oo and Zg;i O(l)ean“/MJrQslogp < O(l)eand/MJerlongrlogd _
o(1). It follows that

I
M1

d—

—_

> PN {(Gy,)?/n > 4logp — loglog p + y})
s=11<]1<..<l:<q

d—

1 1 —y/2\*
- ls!(me /2) {1+ 0(1)} + o(1).

B.2.4. Proof of Lemma B.7 (on Page 115, Section B.2.1).

@
I

PrOOF. Recall the definition of Up in (A.8), and we write U(“j1 2= Up.
1J1

By Lemma A.1, we know o(a)P? = ©(pn®?). Then for given Iy, ..., I,

(B.100) P{(U(a)P(?)_l‘ > Ur ”}

(Jll7]l2)eLIS
p} S PU,-‘r +PU,—7

< P{’Tf””/2 Z U( 2| 2

(]l 7][ ELIS

where we define

Py, = P(nw/a S Ul = Ol )
(G} dR)eLr,

PU,_:P<n—a/2 S Ul < Cpr)
(4} .d¢)eLr,
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By ¢ = (5),
d—1
wiony > Y P({e@rn Z Uf| 2 Ty })
s=11<l<...<ls<q (4} .3¢)el
< dp*® max (Pu+ + PU )-

1<s<d—1;1<1 <..<ls<q

To prove Lemma B.7, it suffices to prove that Py and Py _ are o(d~1p~2%)
for each given s and Iy, ..., ;.

We show Py, = o(d~'p~29) in the following and the same conclusion
holds for Py _ by applying similar analysis. By the construction of L, in
(B.74) and the i.i.d. assumption in Condition 2.3, we know that there exists
an integer D < 2s such that

D
(B.102) Py < ZP( Z n2ug, >CpFn/D>
m=k+1

<D s B[R Y U > Coty0)]
== m=k+1

where P, represents the probability measure conditioning on {z1 k,..., 2k}

with k € {1,...,p}. To prove Py = o(d~'p~2?), in the following we show

that E[P(37, 0~ *2Uf, .y = C x pLy/D)] = o(D~'d~'p~2¢) for k = 1;

and the same conclusion holds for k > 2 by similar analysis given the i.i.d.

assumption in Condition 2.3 and k < D = O(logl/ % p). Specifically, we next

prove that E[P({D°F _, n_a/zU(al’m) > Cpl'y/D})] = o(D~td~tp~2d).
Define

(B.103) Upy=n"" > af,...al,
1<i1#.. #ia<n

then E(U,) < {E(xu)}“ = O(1). Given a constant t > 0, we define an event
Tiq = {|U, — E(U,)| < t}, and let 17, , denote the indicator function of the
event T} 1. It follows that

(B.104) E[Pl({ Zp: n= UGy 2 CPFP/D})}
m=2

- E[P1<{ zp: n_a/QU&m) > Cpr/D}) X (11, +17g,)
m=2

< E(PTt,l) + P(th,l)a
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where 1re, =1—17,; thl denotes the complement set of the event 7j 1;

and Pr,, = P{3), _,n *?Ug

that E(Pr,,) and P(Ty,) are o(D~'d='p~24) respectively.

= Cpl'y/D} x 17, ,. It remains to prove

Part 1: E(Pr,,) Given an integer a, define h, = C(p/log?p)¥/(@+1).
For easy presentation, we let 1z denote an indicator function of the event
{|n_“/2U(“1’m)| < hp}. We next decompose n_a/QU(Lm) = Zm,1 + Zm,2, Where

(B.105) L [T VR R P
gt} -]

= 9/ [ — E{Uf (1 — L)} + Ufy (1 — 1H)};

in (B.105), E; denotes the expectation conditioning on {x11,...,2y,,1}, and
we use B {UG \1n} = —E UG, (1 —1g)} as E{UG )} = 0. Given

n_a/QU(“l,m) = Zm,1 + Zm,2, we have Pr, | < P, + P, 2, where we define

p p
Py =Pi( Y 2m1 = Cply/D) g, Poy = Pi( Y 2ma > Cply/D) iy, .

m=2 m=2
To evaluate E(Pr,), we examine E(P, ;) and E(P, 2) respectively below.
Part 1.1: E(P; ;) When conditioning on {11, ...,%n1}, since zp, 1’s are
independent and bounded random variables, by Bernstein inequality,
Cp°l'2/D? ) )
]rgn=2 El(zq2n,1) + Chypl'y/ D e

(B.106) P.; < Cexp ( -

Note that 0 < El(zfn,l) < E1[{n7a/2U(al,m)}2] and

a a

o] = 5 (M) 5T
1<iy#.. #ia<n; =1 r=1
1<i1#...#1a<n

a
—an 3 ([Ie2a) x {B@d,0)
1<iz#..#iq<n  r=1
= alU, x {E(azim)}a,
where from the first equation to the second equation, we use the fact that
E(ITr=1 i, m;_,,) # 0 only when {iy,...,iq} = {i1,...,ia}. It follows that
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(231,1 < C x Uy. As 17, indicates the event {|U, — E(U,)| < t} and
z) )

E(U,) = ©(1), it suffices to consider Ej (22 Zm1) = O(1) in (B.106) and then

(B.107) B(P..1) < exp{—Cpl'y/(Dhy)}.

Part 1.2: E(P, 2) By the definition of z,, 2 in (B.105),
(B.108) E(P,») < P(é“ﬁé;; n=PUG | > h,,) < pP(In~ UL 5| > hy),

where the last inequality follows from the i.i.d. assumption in Condition 2.3.
By the result in Section C.1.1, we know U(1 %) Zlgz‘l;é...;éz‘agn [Ty @i 126, 2
can be written as a linear combination of Lo 300 (zi1@i2)* }, where
ai,...,a, are positive integers such that a1 + ...+ a, = a. It follows that for
finite integer a,

SRR CInE

a1+...+a,=a k=1 =

S Z Z P( Z ’1‘@1.%'2"2/\/7;‘% > Cth/a> .

a1+...+a,=a k=1 i=1

Case 1: If ap = 1, since Condition 2.3 holds for ¢ = 2 in Theorem 2.2, we
know x;1x;2, ¢ = 1,...,n, are i.i.d. sub-exponential random variables. By
the Bernstein-type inequality of sub-exponential random variables, we have

(B.109) P(Z |z 12 2| > C\/ﬁhg/‘l) < Cexp(—C min{Ch%*, Cv/nhl/*}).
i=1

Case 2: If 2 < a;, < a, we let B, = Cn_1/6h,23/(3a). We then decompose

|zi 12i2//N| = s; + t;, where we define

si = |iai2/ V" Lag, — i, ti = |wia@ie/Vnl"™ (1= 1ay,) + i,
1HBp = 1{|Ii,1$i,2/\/ﬁ|SBp}’ Hi = E{|xi71xi72/\/ﬁ|ak1HBp}'

It follows that

P(Zn: [0/ VAl > ChgH) < P(isi > ChHl®) + P<iti > Chg/).

i=1 =1 i=1
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Since |s;| < C' % Bpk from construction, by Bernstein inequality,

o B Chy™*
(B-110) P<;51>Chpk )< Com Z?lE(sg)iCBﬁ’“hgk/a)

As 2 < ap < a, by Condition 2.3, we have

n

n
T3 14,2\ 20k E{(21,121,2)%"} 2
SoEsH) < SOB{(FEE2) T <« TR < B(1m1,0)™] < oo
=1 =1 \/ﬁ n

Since hll,/a/Bp — 00, from (B.110), we have

(B.111) P(Zs,- > Chgk/a) < exp(~Ch2/*/B2).
=1

In addition, by the definition of ¢,

P(iti > Chgk/a> < P{ i i 12i,2/v/n|" (1 — lrg,) > Chgk/a _ ‘ im
i=1 i=1 i=1

3

We note that S0 i < n~' x 30 [E{(1.121,2)%*}]"/? < oo by Holder’s

ak/a

inequality and Condition 2.3. As h, — oo, Chp" " — |37 | ;| > 0 when n
and p are sufficiently large. Since 1 — 1, indicates |z;12i2/v/n| > By,

n
(B.112) P(Zti > Cth) < P(lrg%ﬁ\xi,lxi,z/\/ﬁ,ak > ng>

i=1

n X P(‘$i71xi72/\/ﬁ| > Bp)

n x Blexpltolzr 1m1.21)} expito(v/iiBy)}
exp(—Cv/nB, + logn),

ININ A

where we use E{exp(to|x1,1212])} < E{exp(to(2]; + x%Q)/2)} < o0 as Con-
dition 2.3 holds for ¢ = 2. By (B.108), (B.109), (B.111) and (B.112),

(B.113) E(P.2) < Cp x [exp ( — Cmin{Chg/a’ C\/ﬁh;)/a})

+ exp(—Chz/“/Bz) + exp(—Cv/nBy + log n)} .

Part 2: P(T,) By the definition in (B.104), P(T},) = P(|U,—E(U,)| >

t). Moreover, by the definition in (B.103), E(U,) = ©(1) and U, > 0.
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Therefore we know there exist large positive constants C' and ¢ such that
{|U, — E(U)| > t} € {U, > Ct} and P(Tf,) < P(U, > Ct). Since
U, < (3L 27, /n)® and x7, are ii.d. sub-exponential random variables,
we have

(B.114)  P(Tf) < P{(;az%/n> > Ct} - P(;x%/n > ctw)
< Cexp(—Cn),

where the last inequality is obtained by the Bernstein-type inequality of
sub-exponential random variables.

By the analysis above, (B.104) < E(P, 1) + E(P;2) + P(TY). Recall that
hy = C(p/log? p)* (1) logp = o(n'/7), T, = ©(log ™2 p), D = O(log"/® p)
and B, = Cn~1/612/ 3% Then combining (B.107), (B.113) and (B.114), we
have (B.104) = o(D~'d~'p~29). Therefore Lemma B.7 is proved. O

B.2.5. Proof of Lemma A.8 (on Page 43, Section A.3). Similarly to Sec-
tion B.2.1, we first prove Lemma A.8 for m = 1 in Section B.2.5 and then
for m > 1 in Section B.2.5.

Proof for m = 1. Specifically, in this section, we prove for finite integer a,

P> =) P ()P <)

— 0.

(B.115)

To prove (B.115), we start by proving the following two conclusions (B.116)
and (B.117), which suggest that M,, and M,, have small difference in prob-
ability. To be specific, as n,p — oo,

(B.116) |P(M,,/n > y,) — P(Myn/n > y,)| — 0,
and
(B.117) |P(M,,/n > y,, Ula)/o(a) < 2)

— P(My,/n > y,, U(a)/o(a) < z)| — 0.

To prove (B.116) and (B.117), recall that in (A.9), M, and M, are defined
using G; and G, respectively. We next focus on the difference between G
and Gl. Since G; and Gl will not change if the data z;; is scaled by its
standard deviation, then we assume, without loss of generality, o;; = 1,
j=1,...,p in the following discussion.
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By the definitions in (A.9), we have

P(max G, — Gy > (lo *1><P(max max |T, 1T, ;2 >7').
ISlSq| ! 1| = (logp) - 1<i<g1<i<n = i %Jz‘— n

Note that |.’L'i7jll xi,jﬂ < (wijll + :L‘ijlg)/Q. Then

P( max max |z, .1z 2| > T )
1§l§q1§i§n| Ly Wl‘_ "

< P( max max (m? L 22 5) > 27-n>
1<I<g1<i<n® i LI
(B.118) < P( max max x> . > Tn> + P( max max x> ., > Tn)
1<I<q1<i<n b 1<I<q1<i<n b
(B.119) < 2P< max max 22, > Tn)
1<j<pi<i<n Y

2
< 2np max P(|a1;| = n).

From (B.118) to (B.119), we use maxi<;<4 x?,j{“ = maxi<;<p 3:223 for each ¢
and k = 1, 2. To see this, recall the notation defined in Section A.3 (on Page
42). In particular, subscript [ is defined to indicate a pair of indexes ( jll, jl2)
with 1 < jll < j12 < p. Since jl1 and jll only take values from the range
{1,...,p}, we know {jF : 1 <1 <gq} C{1,...,p} for k = 1,2, and then
maxi<j<q xijll = maxi<j<p :1:22] Moreover, by Condition 2.3 with ¢ = 2,

np max P(|x%3| >71,) < Cnp(n +p)_TEexp(x% 1) — 0.
1<i<p ’ ’

It follows that P(max;<i<,|G; — Gyl > (logp)~') — 0. Conditioning on
maxi<i<q |G; — Gl| < (logp)_l, by Lemma B.3 and |@1| < T,

M, — M,| = )2 — )2
| My, — M| max (G1) max (G1)
< 2 max \Gl] max ]Gl — @l\ -+ max ]@l — @1\2
1<I<q1<I<q 1<1<q

< 27,/logp+ (logp) 2.

Recall that 7, = O(log(p+n)), then | M, /n— M, /n| L5 0. Therefore (B.116)

and (B.117) are obtained.
Given (B.116) and (B.117), we next prove (B.115). In particular, we write

P o B <) (o (B <)~ gt ara
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where we define
Apy = P(Mn/n > yp, U(a)jola) < z) - P(Mn /n >y, Ula)/o(a) < z),
Apy = P(Mn/n > yp, Ua)/o(a) < z) - P(Mn/n > y,) x P(U(a)/o(a) < z),
Aps = P(Mn/n > yp) X p(z)(a) Jo(a) < z)

. P(Mn/n > yp) x P(d(a) Jo(a) < z>

Note that the left hand side of (B.115) < |A, 1|+ |Ap2|+|Ap3|. By Lemma
AT, |Ap2| = 0; by (B.117), |Ap1| = 0; by |Aps| < |P(My/n > yp) —
P(M,/n > y,)| and (B.116), |A, 3] — 0. In summary, (B.115) is proved.

Proof for m > 1. Following the proof in Section B.2.5, we know that
(B.116) still holds and similarly to (B.117),

P(/r > gy Uar)fo(ar) < 21, ... Ulan) [ 7{am) < z0)

— P(My/n > yp, Ular)/o(a1) < 21, -, Ulam) /o (am) < 2m)| — 0.

Given these results and Lemma A.7, we know that Lemma A.8 holds for
m > 1, following the arguments in Section B.2.5 similarly.

B.2.6. Proof of Lemma A.9 (on Page 43, Section A.3). Similarly to Sec-
tion B.2.5, we first prove Lemma A.9 for m = 1 in Section B.2.6, and then
discuss the case for m > 1 in Section B.2.6.

Proof for m = 1. Specifically, in this section, we prove for finite integer a
and given z,

(B.120) )P(

To prove this, we use M,,/n as an intermediate variable and first show

(B.121) ‘P(Z((Z; > 2, % > yp) - P(Z((Z; > z)P(% > yp)‘ 0.
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To facilitate the proof, we define some notation. Given small constant € > 0,

Py, = P(u(a) > z), P, = P(u(a) > 2, % > yp),

o(a) o(a)
Puz+€:P<Z((Z))>z+e>, Pz+€:P<Z;{((Z))>z+6,]\T?>yp>,
U(a) U(a) n

Puoe = P<
uz U(a)
M
Py = P(5 > ),
®(-) is the cumulative distribution function of standard normal distribution,
and ®(-) =1 — ®(-). Then
(B.121) = |P.y — Py. x Py |
S ’sz - Pz—l—e‘ + ‘Pz—o—e - Puz—l—ePyp‘ + ’Puz—l-epyp - PuzPyp|-
We next show (B.121) — 0 by proving the three parts above all converges
to 0 respectively.
First we show |P,, — P,4| — 0. Note that P, < P,, < P,_, then
|P.y — Pote| < |Poee — Poye|- In addition,
|Pz—e - Pz—s—e’
|Pz—e_Puz—e X Pyp‘ +’Puz—e X Pyp _Puz—l-e X Pyp|+|Puz+e X Pyp _Pz—l—e’
0(1) + |Puz+e - Puzfe|>
where we use (B.115) in the last inequality. Moreover, by the proof of Theo-
rem 2.1 in Section A.2, we know U(a) /o (a) 2, N(0,1). Thus when n,p — co
and € — 0,
‘Puz—i-e - Puz—e|
< NPuzge — Pz +€)| + |[P(z +€) — P(z — €)| + |Puz—e — P(z — €)| + 0(1)
— 0.

<
<

Second, we know |P, y¢—Py.1P,,| — 0by (B.115). Last, we show | Py, P, —
P,.P,,| — 0. By the proof of Theorem 2.1 in Section A.2, we know U(a)/o(a) D,
N(0,1), {U(a) —U(a)/o(a)} 2,0, and U(a)/o(a) 2, N(0,1). Thus when
n,p — oo and € — 0,

|Puz+ePyp - PuzPyp|

S ‘Puz+e_Puz|
< |Pupve —P(z+ )|+ |P(2+€) — @(2)] + |Puz — ®(2)| +0(1)
— 0.
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In summary (B.121) is proved.
We next prove (B.120) similarly to the proof of (B.121). Specifically, we

write

U(a)

o(a)

< z) — P(nUQ(oo) > yp)P(Z;EZ) < z)

~—

‘P(nUQ(oo) > Yp,

:’PzO_PyOXPuz‘a

where we define P,o = P(nid?(c0) > yp, Z((Z)) > 2) and Py = P(nU?*(c0) >
Yyp). Note that

’PZO - PyOPuz’ S ’PzO - sz—e‘ + ‘sz—e - Py—ePuz| + ‘Py—epuz - PyOPuz‘a

where

U(a) M,
sz_E:P(Tn>yp—e,m>z>, Py—E:P(Tn>yp_6>7
M U(a)
Poyre = P(—” :
zy+ n >Ypt€ o(a)
To prove (B.120), we will show | P,o—Psy—c|, |Poy—e—Py—cPyz|, and | Py_c Py, —
Py P,| all converge to 0 respectively.

First we show |P,g — P,y—c| — 0. Note that W, L. 0 where W, =
(n?U?(c0) — M,)/n by the proof of Theorem 3 in [9]. Then for any ¢ > 0,
P(|Wy| > €) = 0. Since Py — P(|Wy| > €) < P.g < P,y + P(|Wy] > ¢),
we have |Pyg — Poy—c| < |Pay—e — Poyqe| + 0(1). Furthermore,

M,
>Z>, Py+E:P(Tn>yp+6>'

‘sz—e - sz—l—e’
S ‘szfe - nyepuz| + |Py76Puz - Py+epuz| + |Py+epuz - sz+6| — 07
where the last equation follows from (B.121) and |Py_¢ — Py4c| — 0 when
e — 0. Second we know |P,,_. — Py,_P,.| — 0 by (B.121). Last we show

|Py—cPy> — PyoPyz| — 0. In particular, as Pyi. — P(|W,| > €) < Py <
Py,_c + P(|W,| > €) and P(|W,| > €) — 0, we have

|Py—cPuz = PyoPuz| < [By—c = Pyol < [Py—c = Pyie| +0(1) = 0.
In summary, Lemma A.9 is proved.

Proof for m > 1. Note that W,, = {n?U?(c0) — M, }/n L, 0 and U*(a,) =

U(a,)—Ula,) L5 0 for cach r = 1,...,m as argued in Section A.3. Therefore
when m is finite, the arguments above can be applied to prove Lemma A.9
for m > 1 similarly.
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B.3. Lemmas for the proof of Theorem 2.4.

B.3.1. Proof of Lemma A.10 (on Page 44, Section A.4). We first prove

Vui(a)/E{Vy1(a)} S 1, and it suffices to prove var{V, 1(a)}/E*{V,1(a)} —
0. By the notation defined at the beginning of Section B, we have

var{V, i(a)}
= E{V2,(a)} —E*{V,1(a)}

(2a!)? T o 9 9 o 2 2 2 2 @
= Py > [E<Hf"mlf”z‘t,jﬂ;t,jgf”zt,h) - {E($17j1$1:j2)E(x17j3$17j4)} }
@ i,ieP(n,a); t=1
1<ji#52<p,
1<js#ja<p

To evaluate var{V, 1(a)}, we consider the summed term in var{V, 1(a)},
that is,

a
2 2 2 2 2 2 2 2
(B.122) E ( 11 xitvﬁxitﬂéwft,jgxzt,jz;) —{E (1,27 5, Y {E(2 jy01,5,) 1"
t=1

When {i}N {i} =0, (B.122) = 0. We then know that (B.122) # 0 only when
{i} U {i}| < 2a — 1. Along with Condition 2.1, we have

[var{V,1(a)}| < Cpln~tn2e~1

which induces var{V, 1(a)} = O(p*n=2271). By (B.24) and (B.29), we know
E{V,1(a)} = O(p*n=9). It follows that var{V.1(a)}/E?{V.1(a)} — 0 as
n— 00.

We next prove Vy,2(a)/E{V,1(a)} L. By the Markov’s inequality, it
suffices to prove E{V}, 5(a)} = o(1)[E{Vy1(a)}]*. AsE{V,1(a)} = ©(p*n~"),
it is sufficient to prove E{V372(a)} = o(p*n=2%) below.

We first derive the form of V, 2(a). In particular, when a =1,

Vu2(l) = V(1) =V,1(1)

1 = 2 — 2 2 2
= 3 > > {(Cvz‘,jl = Zj,) (@i, — Tjp)” — xi,jlxi,jg}

1<j1#52<pi€P(n,1)

2
= % Z Z Z Csy,r1,82,m H{ —; 5, Tjy,) (fi)rk}a

1<j1#j2<p 1<i<n s1+r1=1, k=1
so+ro=1
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where Cs, , s,,r, 15 SOome constant and we use

_ 2 = 2 2 2
(Tigy — Tigi)" (Tigo — Tija)” — T5, 254,
2 - 2 \(02 _ 2
= (@7, — 22 Tj +T5,) (2] 5, — 220 joTj, + T3,)

{(=20i5,2;) (@,

D

s1+ri1=1, sg+ro=1

— X

2 22
ij1lig2

e o)

Following this example, we similarly give the form of V, s(a) for general

a > 1. Given tuple i € P(n,a), for k = 1,2, let i")

tuple of i with length a —

(a—7)
r, and define S(i,a — 7) to be the collection

represent a sub-

of sub-tuples of i with length a — 7. Then for a > 1, we write V, 2(a) =

21S81+T1Sa,1§82+7’2§a TSlvrl,str? » where

D

D

Tsl ;11,582,712

Csl 11,582,712

(Py)?
@7 1<ii#ge<p ieP(n,a);
iE’Z)_T JES(La—ry): k=1,2
2 a—Ty
% H {(_—. Sk+27”k: H xT. (k) H (ngk) Jk)2}.
k=1 tk:5k+ k
When a is finite, it suffices to prove E(TZ . ., ..) = o(p*n~2%). Note that
2
E(T5, 1 s0.r2)
- & T > oo«
pn)4 L B §1,71,52,72
( a) 1SZ'17£Z'2SP i,ieP(n,a);
1S]17£.72Sp EI;) - )GS(i,lZ—’I’k)I k:1,2;
k e
1Ea)_rk)€S(1,afrk):k:1,2

2 Sk a—ry

Rt || 11 ’}

T, T35, T (k) . Ta(k) < T (k) . Ta(k) = )
{ H Tk ( i) gk i) ]k) ( it Zglz)v]k)

k=1 tkil tk:Sk—f—l

Recall that Z; = " | z; j/n. We have

2
E(Ts, 1 02,12)
(a!)? )
o (Pn)4n2i:1(23k+4rk) Z : Z $1,71,52,T2
a 1< #j2<p i,ieP(n,a);
<j jo < .
1<ji#525p Ei) Tk)GS(l,afrk):kzlz;
k 3
lEalTwES(l,a—rk):k:l,Q
(k) 5(k) (k) (k). 7. _
X Z T{l(a_rk),l(a_rk),m ,mik=1,2},

m®) m*) eC(n,sp+2r); k=1,2
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where C(n, s + 2r) follows the notation at the beginning of Section B and

T{igk) HO ,m® m®) k=1 2]

a—rg)’ (a—ry)

2 Skp+2rg Sk a—ry
= E{H H Tm> i Lo 3 Hx.k.x7k~, H x.k.$7k~.2}.
( My Tk mfk73k> ( Z,Ek)dk zﬁk),yk) ( ng)vjk zﬁk),yk)
k=1 szl tr=1 tr=sr+1

Since E(z; ;) =0, T{ig?_rk),t(k) m®) m®*); k=121 # 0 only when

Ya—ri)’

~ (k) .(k (k)
Utm®yu{m™ o il YU i,
k=1

2
< Z(sk + 2rp).
k=1

Since igs)_rk) and i(s)_rk) are sub-tuples of i and i € P(n, a), |Uj_, {ig?_rk)} U

2
.(k) . (k)
U {l(afrk)} U {l(a—rk)}
k=1

{1} < i} U {1} < 20. Therefore,

2
< 2a+ Z(sk + 2rp).
k=1

2

~ (k) . ~ (k)
U{m®u{m ™y u il yufi,, )
et (a—rk)

(B.123)

By (B.123) and the boundedness of moments in Condition 2.4, we have

§1,71,52,72

E( 2 ) _ O<p4n—4a—2i:l(25k+4rk)+2a+2i:1(sk+2rk)>

_ O(p4n72a72i:1(sk+2rk)) — O(p4n72a)

Y

where we use Zizl(sk +2rg) > 1.
B.4. Lemmas for the proof of Theorem 2.5.

B.4.1. Proof of Lemma A.11 (on Page 45, Section A.5). To show var{U(a)} ~
var(Tya1.1), it suffices to prove var(Tya11) = O(p?n=?), var(Tya12) =
o(p?n=?) and var(Tyq2) = o(p?n~?). The following three sections B.4.1—
B.4.1 prove the three results respectively.
var(Tyai1) = ©@*n™%). As E(Tyaa1) = 0, var(Tyai1) = B(TF,14),
and we have

a

—2
var(Ty,a,1) = > (P7) > E( 11 xik,jlﬂfik,jzxzk,jgﬂfak,j4)-

(41,72),(J3,J2)€TG i,ieP(n,a) k=1
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Similarly to Section B.1.1, E(J]¢_; iy ) # 0 only when

{i} = {I} Therefore,

var(Tye,1,1) = Z (P~ tal x { <Hac1 ]t>} .

(41,32),(J3,J4)ETG

Lig,ja L5y 53 L ja

By Condition A.l, as (jl,jg), (j3,j4) S Jz,
(B.124) E(1,,71,5,%1,4571,54) = £1(0j1,j3s0ja,ja + T41,ja00j2.35)-

We next evaluate (B.124) by discussing three cases on (j1, j2, j3,j4). First,
if [{j1,jo} N {J3,ja}| =2, (B.124) = k104, j,04,,5, = O(1) by Condition 2.1.

4
2. {E(Hﬂflm)} X iGriintsanti=2y =2 Y (F107,505002)"

(J1,2), t=1 (J1.42)€J4
(43,d4)€JG

Second, if |{j1,72} N {j3,ja}| = 1, we assume without loss of generality
J1 = j3 and jo # ja, (B.124) = K10}, j, 04,4, Which is nonzero only when
(j2,74) € Ja, and then (B.124) = O(p®). By the symmetricity of the indexes,

4
Z {E(Hlxl’jt> }a X L1{j1 423N Gs.da}I=1}
t=

(j17j2)’(j3’j4)€‘7104
< C ) p"=0)plJalp"

1<5<p; (§2,44)€J A

Third, if [{j1, 52} N {73, ja}| = 0, we know j1 # jo # j3 # ja, and (B.124) # 0
only if (jl,jg), (jg,j4) S JA or (jl,j4), (jQ,jg) S JA. Then (B.124) = O(pZa).
By the symmetricity of the indexes,

4
Z {E<1_le1’jt> }a X 1{1{j1.42}N{ds.da}|=0}
t=

(41,92),(J3,Ja)€TG

< C ) P =0)daPr™

(431,33)5(J2,J4) €T A

In summary, we know

Var(TU@,Ll) = ZQ!K%(Pg)_l O’gl,ﬁo’?%h

(J1,92)€JG
+O(W)p|Jalp™n~* +O(1)|J4*p**n
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Since we assume |.J4|p? = O(pn=%2), |Ja| = o(p?) and |J| = O(p?),
var(Tyan1) = 2064(P 0 Y (05,,05.5)%
1<j1#752<p

which is of order ©(p?n~%).
var(Tyq,1.2) = o(p>n~®). In this section, we prove var(Tyq,1,2) = o(p>n™?).
As Tyygn2 = Z(jhh)EJ,i Soe_i K(e, j1,j2), by the Cauchy-Schwarz inequal-
ity,

a
var(Tyq,1,2) < C X Zvar{ Z K(Qih]é)}
c=1 (41,52)€JG

where C' is some constant. As a is finite, to prove var(Ty q12) = o(p*n™%), it
suffices to prove Var{z(jl,jg)ng K(c,j1,72)} = o(p?>n=%), foreach 1 < ¢ < a.
Note that E{K(c, j1,72)} = 0 and then

Var{ > K(c,jl,jQ)}:EH > K(C,jh]é)}z}

(91,52)€TG (91,32)€TG

= F2(a, C) Z Qc(iajlaj27iaj3aj4)a
i,EGP(n,aJrc);
(41,72),(J3,J2) €4

where we define

a—c a a+tc
Qc(i, j1, j2,1,J3,Ja) = E [ H Lig,j1Tit,jo H Tig,j1 H Lit,j2
t=1 t=a—c+1 t=a+1
a—c a a+c2
X ngg,js‘rfg,jzx H Liz s H ng,jJ'
t=1 t=a—c+1 t=a+1

As F%(a,c) = O(n=2(¢19) to finish the proof, it remains to prove

(B125) Z Qc(iaj17j27 i7j37j4) = O(nQ(a+C)_ap2)'
i,ieP(n,a+c);
(J1,J2),(J3,Ja)€TG
We note that E(ij) = 0 and E(x17j1x17j2) = E(xlvjiixlﬁ‘l) = 0 for
(jl?jQ)?(j§7j4) € JE} Slmllaﬂy to Section B41a Qc(i7j17j27i7j37j4) =0
if {i} # {i}, and

. _ ~ _ a+c
(B126) > Ligpasimanrn = 2. -y = 00",
i,ieP(n,a+c) i,ieP(n,a+c)
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To prove (B.125), it remains to prove for given i,i € P(n,a + c),

(B127) ’ Z QC(i)j17j27i7j37j4) = O(p2)

(41,92),(J3,J2)€TG

We next prove (B.127) by discussing the value of Qc(i,jl,jg,i, Ja,ja). To
facilitate the discussion, for given i,i € P(n,a + c), we decompose the sets
{i} and {i} into three disjoint sets respectively, defined as

{i}(l) = {ila e 7/ia—c}a {i}(2) = {ia—c—i-la sty ia}’ {i}(3) = {ia-‘rlv s 7ia+c}7
{i}(l) - {%15 LI 7;’:(1—6}5 {i}(Q) - {:L:a—c-i-la LI a;’:a}) {i}(3) - {;’:a-‘rlv L) 7%a+c}a

which satisfy that {i} = U}_,{i}¢) and {i} = U}_ {i} )
When ¢ < a — 1, {i}(1) # 0. We consider an index i € {i}(;), and discuss
four different cases. First, if i & {;},

Qc(i7j17j27iu j37j4) = E(xi7j1xi,j2)E(Other terms) = 07

where the last equation follows from E(z;j, ;i ,) = 0 when (ji,j2) € Ja.
Second, if i € {i} ),

Qc(i, 1, j2.1, j3, ja) = E(@i j, i j,wij, ) E(other terms) = 0

where the last equation is obtained by Condition A.1. Third, if ¢ € {i}(3),
similarly by Condition A.1, we also know

(B128) Qc(i,jl,jg,i, j3,j4) = E(xi,jlzvaxi,j4)E(other terms) =0.
Fourth, if ¢ € {i}(l),

<B129) Qc(i,jl,jg,i j37j4) = E(xmlmimxi’hxim)E(other terms).

Under Condition A.1, as E(x; j, % j,) = E(2ij,2ij,) = 0 when (j1,j2) and
(j37j4) € pr

4
E( II= 1,jt> = K1 {E(ﬂfz',jl i ) B (@i s Ti ) + E(2i %05, E(2i 2 %3 35) }
t=1

In addition, when ¢ = a, {i}1y = 0 but {i}4) and {i}) # 0. We next
consider an index i € {i}(;) without loss of generality. Following similar
analysis, we know Qc(i,jl,jg,i7 J3,ja) = 0 when ¢ ¢ {I}
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By symmetrically analyzing the indexes in i and i similarly as above, we
know that Qc(i, j1,j2,1,3,4a) # 0 only when {i}q) = {i}(1) and {i}@) U
{i}(g) = {1}(2) U {1}(3) When Qc(i,jl,jg, i,jg,j4) # 0, suppose 1 = ‘{1}(2) N

{i}()| then [{i}@)N{i}te3)| = c—r, {i} 3N {it )| = c—r, and [{i} 3N {i}3)| =
r. It follows that

(B.130) Qc(i, j1, j2. 1, j3, ja)
4 a—c r
= {E ( 11 xl,jt) } {E(1,5,71,55)E(21,5,%1,5,) }
t=1
X{E (21,5, 21,5, E(21,j521,55) 7"

4
a—c
= {E(le,jt)} (051,530 25a)" (0j1,ja0a )
t=1

To prove (B.127), we next examine the value of (B.130) with respect to three
different cases of (j1, j2, j3, j4)-

Case (1) If [{j1, 72} N [{J3,Ja}| = 2, it means that {j1,j2} = {Jjs,ja}. As-
sume, without loss of generality, that j; = js and jo = j4. Then (B.130) =
O1) (04,5 aj27j2)“_c+r(a]2»1 )" which is nonzero only when r = cas o;, ;, =
0. By the symmetricity of j indexes and the boundedness of moments in
Condition 2.1,

Yo Qi s, da) X LG gyl =2) | < CP°.

(41,92),(J3,Ja)€TG

Case (2) If [{j1, j2}| N [{J3,ja}| = 1, we assume without loss of generality
that j; = js but jo # j4. Then (B.130) = 0(1)(le,jlJjQ,j4)aic+r(0j1,j40j1,j2)cfr,
which is also nonzero only when r = c. By the symmetricity of j indexes
and Condition 2.1, we have

Z Qc(i7 ,j17 j27 i? .j37 .74) X 1{‘{j1,j2}‘ﬂ|{j37j4}|:1}
(91,52),(d3,J4) €T G

< C‘ > (Ujl,j10j2,j4)a‘ < > O(p") = O(p|Jalp®),

(41,32),(J3,J4)ETG 1<5<p, (§2,54)€J A

where we use Condition 2.5 that o, j, = p when (j2,j4) € J4 and 0j, j, =0
when (2, j1) & Ja.
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Case (3) If [{j1,72}| N |[{j3,Ja}| = O, it means that j; # ja # j3 # js. Then

(B.130) = O(l)(0j17j30j27j4 + Uj17j40j27j3)aic(ajhj:sgjzm)T(Ujhjzlajz,jza)Cir’

which nonzero only when (ji, j3), (ja, ja) € J§ or (ji, ), (ja. ja) € J§. By
the symmetricity of j indexes, Condition 2.1 and Condition 2.5,

Z Qc(i7j17j27i j37j4) X 1{|{j1,j2}|ﬂ‘{j3,j4}‘=0}
(41.72),(43,J4)€TG
<Y =0l
(91,93),(J2,J2)€TG

In summary,

‘ > Qci, j1, 2,1, 3, ja)| = O + plJalp® + [ Jal*p**) = o(p?),
(J1,92),(J3,Ja)€TG

as we assume |J4|p® = O(pn~%?).

var(Tyq2) = o(p?n~%). Similarly to Section B.4.1, by the Cauchy-Schwarz
inequality,

a
(B.131) var(Tyaz2) < C Y _var(Tyap.e),
c=0

where Tyrg2. = Z(jth)eJA K(c, j1,j2). To prove var(Tyq2) = o(p*n™?),

it suffices to prove var(Tpyq2.) = o(p?n=?) for 0 < ¢ < a. Following the
notation in Section B.4.1, we have

E(T&a,Z,c) = FQ(G’?C) Z Qc(ivjhj%i j37j4)-
i,ieP(n,a+c);
(41,32)5(J3,J4)EJT A
When 1 < ¢ < a, E(Tya2,) = 0; when ¢ = 0, E(Tua20) = X5, j»)
Then

a
€Ja T4z

(B.132)  var(Tyan.) = F*(a,c) > Qu(i, j1, g2, 1, g3, ),
i,iE’P(n,aJrc);
(J1,52),(J3,72) €T a
Wher? we deﬁnq(zc(i?jlvj27i7j37j4) = Qc(i7j17j27iaj3aj4) when 1 < ¢ < a,
and QC(i7j17j27 i7j37j4) - Qc(iaj17j27 iaj37j4) - (Uj17j20j3,j4)a when ¢ = 0.
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To prove var(Tyaz2.c) = o(p?n=2) for 1 < ¢ < a, we next examine the
value of Q.(i, j1, j2, 1, j3, j1). For given i,i € P(n,a + c), we define {i}; and
{i}(l) for | = 1,2,3 same as in Section B.4.1. Consider an index i € {i} ). If
i & {i}, i

QC(iajla]éy iaj3aj4) = E(:E’i,jl)E(Other terms) = 0.
If i € {i}(1), by Condition A.1,

Qc(i, 1, 2,1, 3, ja) = B(@ijy w1 54 5, Eother terms) = 0.
Similarly, for an index i € {i}), we have Qc(i, 71, j2,1, j3,ja) = 0 if 7 & {i}
ori € {i}(l). Analyzing the indexes in {i} symmetrically, we know that
Qc(i,jl,j%, i,73,74) # 0 only when~{i}(2) U {1}(3) = {l}(g) ~U {1}(3) Suppose
{i}@ N{i}@)| =, then [{i}) N {i}(s)| = c—r, Hi}s N{i})) = c—r, and
[{i}3)N{i}()| = r. Moreover, we let [{i})N{i}1)| =t then 0 <t. <a—c.
It follows that

(B133)  Qc(i, j1, 2 1, 3, ja)
4
= {E(Hxi,jt)}tc{E(%,jlwz',jz)E(xz‘,jzf’«"m)}
t=1

X{E(@i, i gy )E(w4 i, ) Y AE(Ts gy i )E(T gy i 53)

To examine (B.125), we next analyze (B.133) with respect to different ¢ and
t. values, where 0 < c<a,0<r<cand 0<t.<a-c. 3 3
When ¢ = 0 and t. = top = 0, it means that {i} = {i}«), {i} = {i}q),

{i} N {i} = 0 and Qo(i, j1.jo.1, 3, js) = (0, jy0js,js)®- Then

(B.134) Z Qo(i, j1, J2.1, 43, ja) X 1o
i,ieP(n,a);
(431,92),(J3:54) €T 4
- Z {Qo(i’jl’ﬁ’i’ J3:J4) = (Ujmffjm)a}l{to:o} =0.
LieP(n,a);
(41,92),(J3:52) €T 4

a—c—tc

In the following, it remains to consider the cases when ¢ > 1 or t, > 1 in
(B.133), which are examined by discussing three cases (ji, j2,j3,ja) below.

Case (1) If |[{j1,72} N {js,ja}| = 2, we assume without loss of generality
that j1 = j3 and jo = js. Then by Condition A.1, E(x1 j, 21 j,21 j321,5,) =

1 (20-j17j2 + 0317J10J2,J2)7 and

Z(a—c—tc)

(B.133) = {"51(20?173'2 + Uj1,j10j27j2)}tcgjl,j2 (Uj17j10j27j2)r(0j17j2)Q(Cir)-
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Case (1.1) For ¢ = 0 and 1 < t. = to < a, we have |[{i} U {i}| < 2a — to,

and
(B.135) Z Qo(i, J1, 72,1, J35 Ja) Lie—0,1<t0<a,|{j1,j2 )N {js.ja } =2}
i,iE'P(n,a);
(41,42),(J3,Ja)EJ A
a
2a—t 2a— 2
< O o " oy w207, 5, 4 04151040 F 0 P
to=1 (J1,J2)€Ja
a
= 0P| x (p2 4 g,
to=1

where we use Condition 2.5.

Case (1.2) For 1 < ¢ <aand 0 < t. < a—c, we have |{i}U{i}| < 2a—t.,
and for each ¢ given,

(B136) Z Qc(i7j17j27i7j37j4)]—{1§t6§a_cy|{j17j2}m{j37j4}|:2}
iieP(n,a);
(41,42),(43,J4) €T A
< C n2a—te Z ’Ujhjz |2(a—c—tc)
0<r<c¢ (J1,J2)€Ja
0<t.<a—c

)

2 2(c—
><’2O-j1,j2 + Uj1,j10j2,j2|tc|Uj1,j10'j2,j2‘r|o'j1,j2| (e=r

= Z O(l)nQG—tc|JA|{p2(a—r) —|-p2(a—tc—r)}‘

0<r<g¢;
0<t.<a—c

Case (2) If |{j1,72} N {js,ja}| = 1, we assume without loss of generality
that ji = js and ja # js. Then by Condition A.1, E(z1 ;21,21 j3%1,5,) =
K1(20}, jo0j1 ja + Oj1,j10ja,s)- We then know

(B'133) = {K1(20j1,j20-j1,j4+Ujl,jlgjz,ﬂ)}tc(Ujl,j20j1,j4)a_c_tc
X(01.1T2,4a) (01,5001 2) "

Case (2.1) For ¢ =0and 1 < t. =ty < a, we have |{i} U {i}| < 2a — to,
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and (B.133) # 0 at least when (j1, j2), (j1,j4) € Ja. Then

(B.137) Z Qo(i’jl’]é’i’ j3’j4)1{0=0»1ﬁt0§a,|{j1,j2}ﬂ{j37j4}|=1}
iviep(nva)7
(41,92),(d3,J4) €T A

a
2a—to .. . |a |ty . o~ . |a—to
C§ n § ("711,J2UJ1,J4| +|UJQ,J4| ‘Gjl,ngjl,J4|
to=1 (J1,92),(J1,Ja)€T A

IN

= Y o ma [ |Tal(o™ + "),
to=1

Case (2.2) For¢>1and 0 < t. < a— ¢, we have |{i} U {i}| < 2a — t..

(B.133) # 0 when (j1,72), (j1,74) € Ja or (j2,j4) € Ja. For given ¢, the
range of (B.133) is between O(p?*~t=") and O(p?*~").

(B.138) > Qc(i, j1, J2. 1, 33, 1) L{0<te <ame | (r. g} s,ja =1}
i,i€P(n,a);
(91,52),(d3,da) €T A

_ Z O 2a te max |J]1‘ % ’JA|( 2a—tc—r+p2a—r)'
0<r<g;
0<t.<a—c

Case (3) If [{j1,j2} N {Jj3,Ja}| = 0, we know j1 # jo # j3 # ja. Then by
Condition A.1 and 2.5, E(x17j1$1,j2$17j3x17j4) = k1 (Uj17j20j37j4 +041,j30j2,2 +
Tiria0jajs) = O(p?). Therefore, (B.133) = O(p?®).

Case (3.1) For c=0and 1 < t, =ty < a, we have |{i} U {i}| < 2a — to.

(B.139) Z Qo(i’jl’jQ’}’j3’j4)I{CZUJStoSaJ{jl7j2}ﬁ{j37j4}\:0}
i,iGP(n,a);
(J1,42),(43,J4) €T 4

a a
< C Z Z |051,420j3,5a|* = Z n2a7tO’JA|2O(p2a)-

to=1 (j1,52),(j3.j4)€J A to=1

Case (3.2) For 1 < ¢ <aand 0 < t, < a, we have |{i} U {i}| < 2a — t..
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Then for given ¢ > 1,

(B.140) Yo Qcligiden i ds ) Loste<a el (1N (s i =0}
i,iEP(n,a);
(41,32)5(J3,Ja)EJ A

2a—
c Y wte > 101,52 0 s a |

0<r<c; (91,52),(j3,da) €T A
0<t.<a—c

= 3 IO,

te=0

IA

where we use the symmetricity of indexes.

Combining (B.135)—(B.140) above, and by (B.131) and (B.132) and F'(a,c) =

O(n= (919 we know
(B.141) var(Ty 4,2)

. 1 a a—
> O() | al x {p™ + g2t}

to=1

+> 3> 0)|J4l et [p2a") 4 plate=r)y

c=1t.=0r=0

E 2 2a—t
+t 1 nto 1r<naX ‘J31| X |Jal(p™ + p™*7™)
0=

a
FY Yy on e s [ Al + )

c=11t.=0r=0
a a
+ 300 4Py 2”220 AP
to=1 c=1te=

We then examine the six summed terms in the right hand side of (B.141)
and show that they are o(p?>n~%) respectively.

(1) For the first term in (B.141), as |Ja|p® = O(pn~%?),
n=0Jalp*t = 07047 a0 = o(pn ™),
and
10| J 4| p2t0) —pto] 1 4| 1=2(at0)/a(] 1 1| p)2(a—t0)
—O(1)n 10| J 4|~ 1H200/a (p0/2)2(at0) fa
—O(1)p2n= | Ja|~H0/9(| 14| )10/ = o(p*n~?),
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where we use 1 < tg < a and |J4| = o(p?) in the last equation.
(2) For the second term in (B.141), as r < ¢ < a and |J4| = o(p?),
n—(2c+tc)’JA|p2(a—r) :n—(2c+tc)|JA|1—2(a—r)/a(|JA|pa)2(a—r)/a
:O(l)an—a—l—r—Qc—tc‘JA’—1+r/a(’JA‘/p2)r/a
=o(p*n™"),
and similarly asr <c<a, t.+r <aand c > 1,
n—(20+tc) ’JA|p2(a—tc—r)
:O(l)an—a+tc+r—2C—tc‘JA|—1+(tc+r)/a(’JA|/p2)(tc+r)/a
=o(p?n ™).

(3) For the third term in (B.141), as 1 < t < a, and |J4|p® = O(pn~%?),

~ maxi<<p|Jj

R max |J;,] x |Jalp® 74 = ofptn~),

1<j1<p N nto] J |
and
n=o pax | Jj,| % [Ja|p? "0
= 00 a5 x| E (| B0 e
<n<

= O(1)p*n =" 10/? max [T | [T |70/ (@) pto/

1<5: <
— o(1) P’ maxic <p|Jj| ( |4l maxi<j, <p \Jj1\>to/a
natto/2 | J 4l maxi <, <p |J;, | D
2 _
. P max1§j1§p|Jj1|)1 to/a(maX1§j1§p|le|)to/a o 9 —a
= oW gan (7, » —own.

where in the last equation, we use 1 < tg < a, maxi<j,<p |J;,| < |Ja| and
maxi<ji <p [Jj | < p-
(4) For the fourth term in (B.141),

(20+tc) max ‘J HJA’an te—r

1<5: <
n—(2ette) 1-(2a—te—7)/a (Qa—to—1)/a
2 [l al (710"
- O(1)ﬁ 1 maxi <, <p |/} | (]JA|> (te+r)/a
na p2ctte/2—r/2 |JA‘ »
= O( )ﬁ ! (maX1<Jl<p [Ty |) tc+r)/a<maX1<]1<p |Jj |>(t6+r)/a
ne p2ctte/2—r/2 | .

= o(p*n~"),
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where we obtain the last equation by noting that t.+7 < a,r < cand c > 1.
Similarly, we have

n~2ere) pax | Tl Tal ™
:O(l)ﬁ 1 (maX1§j1§p |Jjs | ) 1=r/a (mams]'ls;) | Jjs | )7“/“
na n20+tc—r/2 |<]A| D
=o(p*n™%).

(5) For the fifth and sixth terms in (B.141), as [J4|p® = O(pn~%?), to > 1
and ¢ > 1, we know

|2 2a |2 2a

=o(p’n~?), and = o(p*n™9).

|A 2c+t|A

B.4.2. Proof of Lemma A.12 (on Page 46, Section A.5). The proof is
similar to Section B.1.2. In particular, Lemma A.12 shows that var{i/(a)} ~
var(1y,q,1,1). By the Cauchy-schwarz inequality,

cov{td(a)/o(a),U(b)/o(b)} = E{Tva11Tvp11}/{o(a)a(b)} + o(1),

where we use E(Ty4,1,1) = E(Typ.1,1) = 0. For two integers a # b, we next
prove E(Ty.q,1,1Tu,1,1)=0. Specifically,

E(Tva1,1Tup1,1)
b

_ n pn\—1
- (Pa Pb ) Z (H Liy,j1Lig,jo H ’Lk,jg zk,j4)

ieP(n,a),icP(n,b); k=1
(41,52),(43,d4)€JG

Since a # b, {i} # {i}. Assume without loss of generality that a < b and
index i € {i} but ¢ & {i}. Then

b
(H Tig j1 Lig o H Ti s 1k,J4> = E(z1j,21,,) X E(other terms) = 0,
k=1

where we use the o}, j, = 04,5, = 0 for (ji1,72), (J3,ja) € J4. Therefore
cov(Tu,a,1,1, Tupa,1) = 0 and the lemma is proved.
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B.4.3. Proof of Lemma A.13 (on Page 46, Section A.5). We prove Lemma
A.13 similarly as in Section B.1.5. By the Cauchy-Schwarz inequality, for
some constant C,

1<k<n;1<ri,r2<m

n
var( g Wik> < Cn? max var(Tk.a,, ar, )
k=1

where c(n,a) = [a x {o(a)P?}~!]? and for two finite integers a; and as,
Th.ar,00 = Eb—1(An ka1 An k,ap)- In particular, when k < max{ai, a2}, Tk 4, 00 =
0; when k£ > max{ay,as},

Tk7a1,a2 = Ek—l (An,k:,a1 An,k,ag)
2

_ > {TLetm.a }1/2 X(k, i, o1, jor - 1 = 1,2)
1

iOeP(k—1,0,-1),1=1,2; =
(J1.,42),(J3,J2) €T

with
2 a;— 1
X(k, i, jor—1, ju 1 1=1,2) = <H$k,]z> zl_[ 1_I1 T i T )
1 1=

To prove var(d_ _; Ter) — 0, it suffices to prove var(T,a,, a,,) = o(n~2) for
any 1 < rq,ro < m. Without loss of generality, we consider two finite integers
a1 and az, and prove var(Tk 4, 4,) = 0(n™2) when max{ai,as} < k < n.

To prove var(Ty g, .q,) = o(n~2), we decompose Tha1,00 = 2}1\4:2 Tk a1,a0,(M)>
where

Th.a1,a2,(M) = Z {4120 da Y =M}
iVeP(k—1,a;—1),1=1,2;
(J1,J2),(J3,J2)€TG

2
1/2
X {HC(?’L,CL[)} X(k7 i(l)7j2l—1)j2[ S 172)

=1
Here 2 < M < 4 because 2 < |{j1,j2} U{Js,ja}| <4 when (51, j2), (43, j4)
J4. By the Cauchy-Schwarz inequality, to prove var(Ty 4, 4,) = 0(n~ ), it
suffices to prove var(T}, alm,(M)) = o(n=?) for M = 2,3,4. For easy presen-
tation, we let ag = a1 and a4 = a9, and then

T2 = E 1 (PO

k,a1,a2,(M) {l{]1,Jz}U{J37J4}|=M7}
iOeP(k—1,a,-1),1=1,2,3,4; [{75,d6 }{ 57,98 =M
(91,32)5(J3,44),(d5,36), (57,98 ) €T G

2
X{ Hc(na CL[)} X X(k7i(l)>.j21—laj2l = 1727374)7
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where

X(kyi0, jor 1, jor : 1 =1,2,3,4)
4 8
- E<Hwk’jt)E<ka’jt) (H H J2l 1 lt 7J2z)
t=1 t=5

By Var{Tk,al,aQ,(M)} = E{Ti}al,a%(M)} - {E(Tk,al,az,(M))}za

var{Ty o, as,(00) }

S

= > 1 {|{j1,jz}u{jg,j4}|=M,}{ o(n, ‘”)}

iOeP(k—1,a,—1),1=1,2,3,4; {7556 YU{d7,d8 }I=M
(41.32),(J3,44),(d5.76), (47,98 ) €T

x [E{X(k, O Gor 1 g1 =1,2,3, 4)}
—E{X(k, O Gy eyl =1, 2)} X E{X(k:, TORF I Ny 3,4)}],

=1

where we similarly define

al—l

4
() - .
X(k, 1Y, jor—1, jor : 1 = 3,4) (H$k3t> 11 i T )

t=>5 =3 t:l

To prove var(Ty, 4, a,,(01)) = o(n~2), we examine the value of

(B142) E{X(k7i(l)7j2l717j2l = 1727374)}
*E{X(kvi(l),jzl—hjm = 172)}E{X(k, i) gy, o 11 =3, 4)}
We next show that when (B.142) # 0, the following two claims hold:

(B.143) Claim 1: ({i{Y} U {i®Hn {i®@Yu Wy #0
Claim 2: | U_, {iV}] < ay + a9 — 2.

Claim 1 can be straightforwardly seen from the definition (B.142). We then
prove Claim 2. Note that E{X(k,i®), joi_1, 4o : | = 1,2,3,4)} # 0 only
when |UL, {i®} < aj 4+ az — 2 followmg smnlar analysis to Section B.1.5.
In addltlon as 0j, j, = 0y, = 0 when (j1, j2), (jg,j4) € J§, we know that
E{X(k,i¥, jo_1,jo : 1 = 1,2)} # 0 only When {iM} = {iP}; as 0, g =
Tjrjs = 0 we similarly know that E{X( ),le 1,721 : L = 3,4)} # 0 only
when {i®)} = {i"}. Tt follows that if |UL_, {1 N > ap+ag—2, (B.142) = 0.
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Thus to evaluate var{Ty 4, 4,,(ar)}, it Temains to consider (B.142) under the
cases when ({iDJU{iPHN{EGTU{i?}) # 0 and U}, {iV}| < a1 +az—2.

Given the two claims above, we examine var{T}, o, a, (ar)} for M = 2,3,4
respectively. To facilitate the discussion, we decompose var{T}, o, q4,.(am)} =
var{T 4, a,,00) } (1) + Var{Ty 4, a0 (a1) } (2), Where

Var{Tk,ahaQ:(M)}(l)

- 3 1{|U?1{i<l>}|_al+a2_2;} [ ctn,a) x (B.142),

iOeP(k—1,0,—1),1=1,2,3,4; {512}V {ds.ga}|=M; ¢ I=1
(41,32),(53,34) (35,76 ), (37,78 ) €T G {7546 Y{47.ds =M

and

Val"{Tk,al saz,(M) }(2)
2

— Z 1 {|u;*1 {i<z>}|<a1+a2_2;} Hc(n, a;) x (B.142).

iOeP(k—1,a,—1),1=1,2,34; {5192} {ds.ga}|=M; ¢ I=1
(41,32),(93534) (35,76 ), (47,78 ) €T G [{75.d6 }U{37,d8 } =M

We next consider M = 2,3,4 in the following Cases (1)—(3), respectively.
We assume without loss of generality that a; < as in the following.

Case (1): When M = 2, by the definition of T} 4, 4, (a), We know
{d1.d2} = {3, a}, {Js,Je} = {s7,Js}, and [{jp - t = 1,....8}] < 4. It
follows that var{Ty q, 4., }(2) = O{TTr_, c(n, a)p*n®@te2=3} = o(n~2)
by the boundedness of moments in Condition 2.1 and the definition of
Var{Tk,m,ag,(M)}@)-

We next prove var{Ty, o, a,,(a0) } (1) = o(n=2). Recall that we consider |Uj_,
{i®}| = a1 +az — 2 here by the construction of var{Ty q, as,(a1) } (1)- Suppose
HiWYN{i®}| = s, where s < a; — 1. Then symmetrically [{i®}n{i®}| = s.
Further assume |{i)} N {i®}| = 51, then [{iP} N {i®}| =a; — 1 -5 — sy,
HiWI N {i®} = a1 =1 — s — 51 and [{iP} N {i®}]| = ap — a1 + 51. Tt
follows that |({iV} U {i®}) N ({i®} U {i®})| = a1 + ag — 2 — 2s. Note
that (B.142) = 0 if a3 + az — 2 — 2s = 0, which can only be achieved when
a1 = a2 and s = ay — 1. It remains to consider ai + as — 2 — 2s > 1, that is,
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0 < s < Ay, where Ag = (a1 + ag — 3)/2. Given s and s1, we have

(B.144)  (B.142) = {E( 11 xuﬁ)}a{E( I %’jt)}armm

t=1,2,5,6 t=3,4,7,8
a1—1—s—s1
AB( I =)e( 1 =)}
t=3,4,5,6 t=1,2,7,8
s+1
X {E( H .I'th)E( H {Bth)} .
t=1,2,3,4 t=5,6,7,8

Under the considered Case (1), {j1,72} = {J3, 74} and {J5, js} = {Jj7,js}-
If {je : t=1,...,8}| <3, we know by Condition 2.1,

(B.145) ‘ Z (B.142) X 1,1, _sy1<3| = O(%).
(

(J1,72),(43,54),
(J5.76),(J7,78) €T G

I |{je: t = 1,...,8} = 4, {j1,jo} N {Js. 76} = 0. By Conditions 2.1, A.1
and 2.5, we know E(H?:1 x1j,) = K1(0j 51 + 0jsjo) = O(1) and similarly

E([T}_s #1,5) = O(1). By (B.144), (B.142) # 0 only if E([],_y 55671,5,) #
0. This induces (j1,75), (j2,76) € Ja or (j1,76), (j2,75) € Ja, and then
(B.142) = O(p*(@1+a2-25)) By the symmetricity of j indexes, we have

(B.146) ’ Z (B-142) X Ly gjt=1,... 8} =4}
(jl:j?)7(j37j4)7(j5’jG)’(j7’j8)€J2

< C Z p2(a1+a2—2—2s) < C’JA’2P2(al+a2_2_25)-
(j17j5)9(j2:j6)€JA
By (B.145) and (B.146),

Ao 2
VaI'{Tkﬂl’aQ’(M)}(l) — Z O{p3 + ’JA|2p2(CL1+tI2—2—28)}na1+a2—2 I[c(n7 al)~
s=0 =1

Note that O(pgn“1+a2_2) Hle c(n,a;) = 0(71_2), and

(B.147) | Ja|?pPlartaz=2=29)partaz=20(p g )¢(n, ag)
4 o, 2-2aitap—2-2s) @ g o1tz —2-29)
O AP R (Tl x [ ale®) e

2(a;tag—2-2s) 2(ajtag—2-2s)

= O)|Jal”” " @taz  p  wres p(arter—2-2)-2
tap—2-2 +ag—2-2
= 0(1)‘JA|_% (|JA|/p2)2_%n—(a1+a2—2—23)—2

= o(n™?).
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Therefore var{T}, o, a,,(m)} (1) = o(n=2).

Case (2): When M = 3, we assume without loss of generality that j; = j3
and j5 = j7, then

(B.148)  {j1,J2,73,7a} = {Jj1, 42,44} and {Js, Js,j7. 78} = {Js, J6, Js}-

It follows that E(H?:1 T1,j,) = K104, j1 Ojo,js a0d E(H§:5 T1j,) = K10js,j50j6 js
which are 0 when (j2,74) and (jg, jg) € JG; and are O(p) when (jo,j4) and
(J6,J8) € Ja. This suggests that if (B.142) # 0, (jo, js4) and (js,js) € Ja.

We first examine var{T} q, a,,(3)}(1), Which is the part of summation in
var{Ty 4, as,(3)} When | UL, {i®}| = a1 + az — 2. Recall that the two claims
in (B.143) also hold here. Similarly to Case (1) above, we still assume
i N {i®}Y = s, and [{iV} N {i®}| = s1, then (B.144) holds. We next
discuss several sub-cases based on the size of the set {j; :t =1,...,8}.

Case (2.1): When |{j; : t = 1,...,8}| = 6, we know {j1,jo,J3,ja} N
{Js, 76,37, Js} = 0 by (B.148). Then by (B.144), we know if (B.142) # 0, then

(J2,Ja), (J6: J8)s (J1, J5), (42: J6) € Ja or (ja. ja), (Je, Js), (41.J6), (J2,J5) € Ja.
Thus by the symmetricity of the j indexes, we have

Z 1(B.142)20 X L{jpt=1,...8}=6 < C Z 1< ClJal’.

(J1,32),(53,74), (J1.35),(42.76),
(45.76),(J7,J8) €T G (32,74),(J6,78)EJ A

By Conditions A.1 and 2.5, (B.142) = O(p;‘l), where A; = 2(a; 4 ag —
2—-2s)4+2(s+1) =2(a1 +az2) —2(s+1). Thus

‘ > (B.142)1j,4-1,...83=6| = O(|Jal’p™).
(jl 7j2)7(j37j4)7(j57j6)7(j77j8)€J2

Case (2.2): When |{j; : t =1,...,8}| = 5, recall that we assume (B.148),
where j1 = j3 and js = j7 without loss of generality. If we further as-
sume jl = j5, {]t 1t = 1,...,8} = {j17j27j47j67j8}~ Then for (B142> 7é
0, E(ITiz1234715:) X E(Ili=5675715.) # 0, then (j2,74), (Jo, Js) € Ja
holds. In addition, under this case, (B.142) = Ofp(@1te2—2-25)+2(s+1)} —
O(p™+92), and we have

’ Z 1(B4142):O(p“1+a2)7 [{ji:t=1,....8}|=5| — O(P’JAF)-
(jl’j2)»(j37j4)7(j57j6)7(j77j8)€‘]f‘;
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If given j; = js and j5 = j7, instead, assume j; # js. We have j1 # ja, j1 # ja
and j1 # js5. Then for (B.142) # 0, by discussing different cases of j indexes,
we know that (B.142) achieves the order between O(pA1) and O(p4?) where
Aj is defined as above and Ay = 2(s + 1) + (1 +2) x (a1 +ag — 25 —2)/2 =
3(a1 + a2)/2 — (s + 1). Moreover, we have

2
Z 1{(B.142):0(pu),A2§u§A1,|{jt:t:1,...,8}\:5} = O(Dmax|Jal").

(J1,52),(43:54),
(45.d6), (37,08 ) €T

In summary,

’ 3 (B.142) x 1|{jt:t:17m,8}|:5)

(41,32),(33534),(d5,96),(47,98) €I G

= O(Dmax|Jal*0™) + O(Dumax| Ja|*0™?) + O(p| Ja 2™ 2.

Case (2.3): When [{j; : t = 1,...,8}] = 4, similarly as case (2.3),
we can discuss j1 = js and j; # js respectively. When j; = j5, we note
that (B.142) can achieve the orders between O(p®*%) and O(p?3) with
Az = (a1 +az —2—25)/2+2(s + 1) = (a1 + az)/2 + s + 1. Moreover,

> L(B.142)=0(p"), As <u<ar+as, [{(jeit=1,....8} =4 | = O(PDmax|Ja)-

(Jlaj?)u(]3)]4))
(J5.76),(J7,J8) €T G

In addition, when ji # js, we note that (B.142) can achieve the order
between O(p®+2) and O(pA). Under this case,

= O(|Jal).

| Z L(5.142)=0(p), As<u<ar +as, |{jiit=1,...8} =4
(J1,42)5(3,54),
(4536, (37,38)€JG
In summary, by |Ja| < pDmax,
‘ > (B.142) x 1\{jt:t=1,...,8}|=4’
(jl7j2)7(j37j4)7(j57j6)7(j77j8)€‘],%

= O(pDmax| Jalp™) + O(pDinax| Jalp™ ) + O(Ja*p™).
Case (2.4): When [{j;: t =1,...,8}| <3, we know by Condition 2.1,

‘ Z (B.142) X 1;(j,.4—1,_sy<3| = O(0°).
(41,92),(93,44), (G5 d6),(47.d8) €T G
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In summary, combining Cases (2.1)—(2.4) above, we know

(B.149) var{Tk ar,a2,(3) } (1)

ch a)nttoe 22{ 3+ 012 p™)

+ O(Dinax| 4l 0™) + O(Dumax| Ta2p™2) + O(p] Ja |24 42)
+ O(poaX’JA‘pAB) + O(poaX‘JA‘pal—i_az) + O(|JA‘2pA1)}7

where Ay = 2(a; + az) — 2(s + 1), Ay = 3(ay + a2)/2 — (s + 1) and A3 =
(a1 +a2)/2+ s+ 1.

Note that
2
Hc(n’ al) notaz— 2|J |3 Ay
=1
_ p74n72’JA|3p2(a1+a27871)
(BA50) = prtn R(Talp™ x [Jalpn) it |t e
BA51) = O()n 2 eitm o p(etar—se) g1
=0(1)n % i(lsralgn (a1+az—s—1)) 7 1= *if:;;
— O 2(|Jal fp?) 170 || e
— o(n?),

where from (B.150) to (B.151), we use |Ja|p® = O(pn~%?), and in the last
equation, we use 2(s+ 1) < aj 4+ ag — 1. Following similar analysis, we know
that all the terms in (B.149) are o(n™?) and var{Ty 4, a,,(3)} 1) = 0(n?).
We next examine var{Ty ,, 4, (3)}2)- Note that if (B.142) # 0, (j2,j4)
and (je, js) € Ja. We can discuss different cases of {j1,...,js} similarly as
above. Then by Conditions 2.5 and A.1, as p = O(|Ja|~Y%p/%n=1/2) for
t = 1,2, we have Z G250 (G5 6, (G ,8) €T (B.142) = O(p*). Given that

Y, :1{1 }\ < artaz—2invar{Ty 4, 4,.3)}(2), We obtain var{T 4, 4,.(3) }(2) =

H12:1 c(n,a;) x O{p*n®1+t2=3} = o(n=2).
In summary, we have var{Tj 4, a, (3)} = 0(n"?).

Case (3): When M = 4, we consider j1 # jo # js # ja and js5 # je #
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J7 # js under this case. Since 0, j, = 0j; j, = Ojs.js = Ojrjs = 0s

E(21,5,71,j,%1,53%1,51) = K1(0j1,43 00 + 41,5402, )5

E(21,5571,j6 71,2 71,js) = K1(0js,20 6.5 + Tjs js Oje.jn )

which are O(p?). Following similar analysis to Case (2), we can examine
the different cases when |{j; : t = 1,...,8}| is between 4 and 8, and obtain,

(B.152) Var{Tk; ar,a2,(4) } (1)

chal Xnal—i-ag 22“‘] |2 4(s+1)

=1 s=0
+Dmax|JA|2 4( s—i—l)( a1—1—s +pa2—1—s)

+ max{|Ja|, D2} x [Ja[?p*TD) <p2(a1—l—s) +p2(a2—1_5))

+ Duax|Jal? < (a1+az2)— (al_l_s)+p2(a1+a2)_(a2_1_3)>
+ [ Ja|tpPlerten),

Note that Hl2:1 c(n, ap)n®te2=2| |4 p2arta2) — O(1)p~4n—2ptn-—(a1ta2) —
o(n=?). Moreover,

2
(B.153) H C(n, al) % na1+a2_2DmaX‘JA‘2 4(s+1) (pal—l_s + pa2_1_5>
=1
— p*4n*2DmaX|JA‘2(pa1+3(s+1) n pa2+3(s+l)>.

To show (B.153) = o(n~2) by symmetricity, it suffices to show for any integer
at, p74Dmax‘JA’2pa1+3(s+1) = 0(1)

p- Dmax’JA|2pa1+3 (s+1)
_ a a1+3(s+1) 2_a1+3(s+1)
(B154) = p Dmax(‘JA’p ) "]A’ “
_ 9 a1+3(s+1) 2_a1+3(s+1)
(B.155) = O()p *Dumax(pn™ /%) e |Ja|"" @
a +3(s+ ) _(s+1)
= O()n™ (|Jal/p?)' ™
s+1 s+1 _s+1
X( max/p) “ ( max/|JA|) 1 |<]A| a1

= o(),

where from (B.154) to (B.155), we use |J4|p™ = O(pn~"/2), and in the last
equation we use |J4| = 0(p?), Dmax < p and Dpax < |Ja|. For other terms
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in (B.152), similar analysis can be applied and we have var{T}, 4, 4,,(2)}(1) =
o(n=2).

In addition, similarly to the analysis of var{T}, ,, 4,,(3)}(2), by Conditions
2.5 and A.1, we still have > .y 2 (oo Ui ds )€ (B.142) = O(p?).
Since | U, {i®}] < a1 + a2 — 2 in var{T} 4, 4s,(4)}(2) Dy construction,
we obtain var{Ty q, a, 4)}(2) = H c(n,a;) x O{p*nm+az=3} = o(n=2).
In summary, var{Ty 4, 4, (1)} = 0(n~ ) is proved.

B.4.4. Proof of Lemma A.14 (on Page 47, Section A.5). Similarly to
Section B.1.6,

;E(D Z Z th XE(HAnkarl)

=1 1<T1 sT2,73,T 4<ml 1

where we use the redefined notation in Section A.5. To prove Lemma A.6, it
suffices to show that for given 1 < k <n and 1 < rq,79,73,74 < m, we have

(H;1 1 Anka,) = o(n ~1). Moreover by the Cauchy-Schwarz inequality, it
suffices to show E(A;"Lka) o(n™1) for a € {ay,...,an}. Following (B.61),
we have A, 1, =0 when k < a; and when k > a,

E(4; ) = ¢(n,a) > Q (1AM, i i® i jq),
iOeP(k—1,a—1),1=1,2,3,4;
(jl’j2)’(.j37j4)7(j57j6)7(j77j8)€=]2
,i((ll)) represents tuples 1 < igl) #* ... # igl) < n, and

1D 1@ 163 4
Q (l AR 7‘]8 (kajr) (HHx(l)Jm 1 Zt J2z>'
As c(n,a) = O(p~'n~"%?), to prove E(An k) = o(n~1), it suffices to show

> Q" (i1,i®,i®. 1%, j5) = o(p'n**~).
iVeP(k—1,a—1),1=1,2,3,4;
(41,42),(J3,74),(d5.36),(J7.78) €S 4
Since 0]1 o = 01if (j1,72) € J9, then similarly to Section B.1.6, we have
Q* i i@ i@ i@ jq 0 only when 4: i} < 2(a—1), and similarly
( ) =1
B.65 ,

Z Q*(iM,i® i® i i) = O(n?72).

iOeP(k—1,a—1),1=1,...,4
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It then remains to show
(B.156) 3 Q11,11 1% o) = O(p").
(jl,j2),(j3,j4),(j5,j6),(j7,j8)€J104

We next prove by discussing [{j; : ¢ = 1,...,8}| and the corresponding
value of Q*(iV,i® i) i jg). By Condition A.1, Q*(i),i® i®) i® js)
can be written as certain linear combination of Hfil (Tjgpy_yign, )» Where
g2t—1 # g2 and (g1,...,gss) contain a number of 1,...,8 respectively. If
{ji:t=1,...,8} <4, by Condition 2.1,

Z Q*(i(l)a i(2)7 i(3)7 i(4)aj8) X 1{|{jt:t:1,...78}\§4} = O(p4)
(J1,52),(J3,54),(d5 .76 ), (J7.J8) €S G
If {je : t = 1,...,8}| = 5, note that for j; # j2, 0j,j, # 0 only when
(jl?j?) € JA7 then

‘ > Q (i, i?,i® 1M 5g) x 1g1j,.421. 8} =5}
(431,32)5(J3,44),(d5,36) (37,98 ) €T G
<C Z qul,ha;'lmjza?s,jz’)gga,js = O(p3|JA|pa) = O(p4)7

1<51,52,J5<p,
(Jo,38)€J A

where in the last equation, we use |J4|p* = O(pn~%?). In addition, similarly,
if |{j,:t=1,...,8} =6,

| > Q (i1 s) % 1 mn,sy-6)
(91,52),(43,74),(J5,96),(J7,98) €I G
2 2 2 4
<C Z U?lyj10?27j20?5»j70?6»j8 = O(p”|Jal"p™) = o(p®).
1§j17j2§p7

(45,37),(J6,J8)EJ A

If|{jr:t=1,....8}| =7,

‘ > Q1195 5s) x 1. 8=y
(jl,j2),(j3,j4),(j5,j6),(j7,j8)€c]2
<C Z 0?1:j10?2:j40-?5:j70-?6:j8 = O(p‘JAPpga) = 0(104)-

. A=asp
(92,94),(J5,57),(d6,38) €A

If[{j,:t=1,...,8}| =S8,

> Q (i, i®,i® i 5g) x 141,41, 5} =8}
(jl7j2)7(j37j4)’(j5’jﬁ)»(j77j8)€‘]f‘4
=C Z 0?17j30?27j40-?57j70-?67j8 = O(|JA|4p4a) = 0(p4).

(41,33),(J2,44),(J5,37),(6,d8 ) EJ A
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In summary, (B.156) is obtained and Lemma A.14 is proved. O

B.5. Lemmas for the proof of Theorem 4.1. In this section, we
prove Lemma A.15 on Page 55, where we prove var(} ,_; F?Lk) — 0 and

> ory E(D;‘;}k) — 0 in the following Sections B.5.1 and B.5.1, respectively.

B.5.1. Proof of Lemma A.15 (on Page 55, Section A.9).

Proof of var(}_p_, 72 ) — 0. Similarly to Section B.1.5, Dy, ;. = >0 tr Ap kar s
and then 7'(‘721’]9 = Zlgrl,mgm trltTQEk_l(Amk,arl An,k’,arg)- Note that by the
Cauchy-Schwarz inequality, for some constant C,

n
2 2
< T
Var(;ﬁmk) =cn 1Sk§n;rr112§1,7"2§m var( k.ary ’aT?)’
where c(n,a) = [a x {o(a)P?}~1]? and for two integers a; and as we still

define T} 4,,00 = Et—1(An ka1 An k,ap). In particular, when k < max{a;,as},
Tk.a1,0, = 0; when k > max{a,as},

Tk,amz = Ek—l(An,kmAn,k,az)
2 al—l
= > {c(n, ar)e(n, a2)}' oy, 5 [ [ 0
1<51,52<p; =1 t=1

iOWeP(k—1,a;—1):1=1,2

To prove Lemma var(} ,_, W%k) — 0, it suffices to prove var(T 4, 0,) =

o(n=2), where var(Tk 4, ay) = E(VJI‘2 {E(Tk.a;.a) }?- We consider with-

ka1, ag)
out loss of generality that k > max{al, as}.
When {iV} # {i®}, E(TT., [Ti, 2,0 ,) = 0; and when {iV} = {i®},
iy,
it induces a; = ag and E([]7_, [1%, xig”,jt) = 0f, J,
az = a. It follows that when a; # a2, E(Tk 4, ,4,) = 0; when a1 = a2 = a,

where we write a1 =

E(Tk,a1,02) = > L=y X {e(n, ar)e(n, ag)}' 205, .
1<51,52<p;
iVepP(k—1,a;—1):1=1,2

Then

)

{E(Tlc,al,ag)}2 = Z { {iM)= {1(2)}} HC n,ap) Uj1,j20j3,j4)a-

1<j1,72,73,54<p; {iGN={i®y} ) =1
iOeP(k—1,a;—1):1=1,2,3,4
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In addition, we obtain

BT 0y 0) = > {

1<51,42,J3,J4 <p; =1
iOWeP(k—1,a;—1):1=1,2,3,4

a;—1

4
C(naal)ajzthjzz}E(H H li”dl)
=1 t=1

S

where for simplicity of representation, we set ag = a1 and a4 = as. Define

Gk,al,ag,l = Z {1 1)}_{1(2)},
1<51,52,93,J4<p; { {i®}={i®}, }
iOeP(k—1,ai—1):1=1,2,3,4 {i<1>}m{i(3)}—@

X {f[c(n, al)szz—ujzl} <H H x%i”dz)

Since |E( kal CLQ) {E(Ty a1,a2)}2’ < |E( ka1, CLQ) Gk,a1,a271| + ‘Gk,ahaz,l -
{E(Tk.a;.a5) }?|, we next prove E(T? an, a2) Grayas1 = 0(n™2) and Gk a; 491~
{E(Tk.a.0) }? = o(n™?) respectively.

Step I: E(Tial w) = Grarasg = 0o(n™2). When {i} = {i®}, {i®}
{i®} and {iM} N {i®} = 0, it implies that a; = az = a, | UL, {i¥}] <
a1 +ao — 3, and

4 a;—1

<HUJ21 17J21) X E(H H T, (1)7 ) 317]20337]4)&'

It follows that if a1 # a2, {E(Tkay.as)}> — Gray.ast = 0; if a1 = ag = a,
‘{E(Thahaz)}Q = Grara21

= ¢(n, a1)0(n,a2)0(nal+a2*3)‘ Y (000" = o(n?)

1<41,52,33,Ja<p

where we use c(n,a) = O(p~1n~%) and by Condition A.2,
(B.157) Y (0000 = OW).
1<g1,52,53,Ja<p

Step II: Gk’a17a271_{E(Tk,al,az)}Z = O(niz)- We write E(T% ,ai, az) Gk,a1,a2,1 =
Gk,a17a2,2 + Gk,al,az,g, where

Grayan2 = Z 1 {iW}={®3,
1<51,42,43,J4<p; { {GN =@}, }
i0eP(k—1,a,-1):1=1,2,34 i) 140
4 a—1

2
X {Hc(naal)gjmfbjm} (H H xlg”,j;)
=1

=1 t=1
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and

Gk’al’“z”?’ - Z 1 {iMOY£{i®D} or }
1<51,72,73,54<p; OO
iOeP(k—1,0,—1):1=1,2,3,4

2 4 a—1
X {nc(nval)aj21—1,jzz}E(n 1_[1 xiﬁ”,j;)’
=1 =1 t=

For Gj.aya2, it is a summation over the indexes satisfying {i)} =
(i}, {i®} = {i®} and iV} {i®} # 0. Thus |UL, {iV}| < a1+ a2 3,
and by c(n,a) = O(p~'n~%) and (B.157),

—2 _—(a1+a a1+az—3 _ -2
’Gk,al,azﬂ‘ <Cp“n (a1 2)n e E : 031,529343,j4 —O(TL )

1<j1,72,73,54<p

For G}, ay.a0.3, it is a summation over the indexes satisfying {i)} # {i®}
or {i®} #£ {iM}. We assume without loss of generality that {i()} # {i(®}
and there exists an index m € {iV} but m ¢ {i®}. Similarly to Section
B.1.5, we know

a;—1

9 4
(B.158) (ﬂajzl—17j21> x E(H $i§l>7jl>
=1

=1 t=1

is nonzero only when | U}, {i®}] < a1 4 ap — 2, that is, each index ap-
pears at least twice among the four sets {i(l)},l = 1,2, 3,4. Therefore, we
know if (B.158) # 0, m € {i®} u {iW}. If m € {i®} but m ¢ {i¥},
(B.158) = 0}, js0js.is0j1.js E(other terms). Under this case, we define Ky =
—(2+4¢€)(4 +7)logp/(elogd), where v and € are some positive constants and
0 is from Condition A.2. Then we have

(B.159) Z (B.158) < C Z 0341,42933,j49 41,53

1<51,52,93,J4<p 1<91,J2,33,J4<p
<C E 1+C E §lir—izle/(2+¢)
|j1—3j2| <Ko, lj1—32|> Ko
i3 —dal <Ko,
l71—33|<Ko

= O(pK¢) + O(p'p~ 7)),

where in the second inequality, we use the symmetricity of j indexes and
also use Lemma B.1 similarly as in Section A.9. If m € {i®} but m ¢
{i®®)}, (B.159) also holds similarly. If m € {i®®} and m € {i¥}, (B.158) =
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T 1,42 07js,ja (T jy Tm, js Tm,j, ) E(other terms). Similarly to (B.159), as E(x) =
0, if |71 —j3| > Ko and |j1 — ja| > Ko, (B.158) < C'611=721¢/(2+¢) Thus under
this case, we also have » 3, - . . . (B.158) = O(pK2) + O(p~7). Recall

that (B.158) # 0 only when U {i®}] < a14+a2—2. By c(n,a) = O(p~'n")
and Ko = O(logp),

‘kaal>a2,3| < Cprnf(a1+a2)na1+a2—2 Z ‘(B.158)‘

1<71,52,33,J4 <P
R, ) -2 N\ -2
=2 2{O(pKE) + 07 } = o(n™?).
In summary,
Var(Tk ai, a2) < ‘E(Tk a1, ag) Gk7a1,a2,1‘ =+ |Gk7a1,a2,2‘ + |Gk7a1,a2,3‘ = O(n_Q)’
and then var(>_p_; 72 ,) — 0 is proved.

Proof of > 1, E(Dﬁ’k) — 0. Similarly to Section B.1.6,

éE(D -y oy Htrle<HAnkarl).

k=11<ri,ro,r3,r4a<mli=1

To prove > ;_, E(D;‘;’k) — 0, it suffices to show that for given 1 < k < n

and finite integers (ai, az,as,as), we have E(]_[?:1 Apka) =o(nh).
In particular,

4 4 1/9
E(ll;[lAn’k’aJ = {Ec(n,al)}/ Z

iOeP(k—1,a,-1),1=1,...,4;
1<71,J2,93,J4<p

4 4 alfl
E(ka,jz)E(H H xiujz)'
=1 =1 t=1

Slmllarly to Section B.1.6, we have E(Hl L TIEE ! i, j,) # 0 only when |Uf_,
{i®O} < S2 (a7 — 1)/2. We will prove that

(B.160) > E<ﬁ$k,jl> = 0(p?).

1<51,52,J3,J4<p =1

Then as c(n,a) = O(p~1n~9),

4
E(HAn,k,al) = O(1)p~2n~ T a/2p Tl (@-1/2p2 _ -1y,
=1
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To finish the proof, it remains to show (B.160). When |{j1, j2, J3, ja}| < 2,

4
>, E(Hmkm)1{\{j1,jz,j3,j4}\g2} =0(p”).

1<41,52,33,J4<p =1

When [{ji1, j2, j3,ja}| > 3, we assume without loss of generality that j; <
jo < js < ]4 For K defined in Section B.5.1, if |j; — jo| > Ko or |j3 — Ja| >
Ko, [B([Tj=y wkj)| < Co=a2l/@re) = O(p=(4) 1f |y — j| < Ko and
|73 — ja| < Ko, but |j2 — j3| > Ko, by Lemma B.1,

4
’E(Hfﬂkazﬂ < 05y o 0js ju + COTTRIICT) — 6y 560 4, + O(p~ 7)),
=1

Therefore

4
Z E(Hmkm)1{|{j1,j2,j37j4}|23}

1<41,92,J8,J4<p =1
= 0K +0p'p N+ Y 05,055 =007,
1<j1,52:J3,J4<p
where in the last equation, we use Condition A.2 (2). In summary, (B.160)
is proved and the proof is finished.

B.6. Lemmas for the proof of Theorem 4.3.

B.6.1. Proof of Lemma A.16 (on Page 56, Section A.10). Under Hj :
p = v, we assume g = v = 0 without loss of generality by Proposition

A.1. To derive var{U(a)}, we write U(a) = Zp UU)(a), where we define
G(a,c) = (=1)*(3) (Pr=) "1 (Py2,) "', and

a—c

(B.161) U9(q ZG ac) > H:rfkt,g H Ysin.i-

keP(ng,c), t=1
s€P(ny,a—c)

Since E{U(a)} = 0 under Hy,
(B.162)  var{i(a)} =E{U*(a)} = > E{UI)(a) xu)(a)}.
1<j1,j2<p
Note that for given 1 < j1, 42 < p,
BEU (U (a)} = > > Gla,0)G(a,d)Q(k,s,k,8,j).
0<c<a, 0<c¢<a,

kG'P(nzyc), 12673(71:675)7
SEP(ny »afc) §€7)(ny »(Z*E)
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where we define
~ c ¢ a—c a—c¢
Q(k,s,k,s,j) = E(Hwkml fogg,h)E( 1T vswn 11 ys‘m,jz)-
t=1 i=1 m=1 m=1

Since we assume the n = n,+n, copies are independent from each other and

p=v=0, thenQ(ksEé)—Oif{k}#{f(}or{s}#{é} If{k}_{f(}

and {s} = {8}, it induces ¢ = ¢ and Q(k, s,k,8,j) = 05 ; ; 0.~ . It follows
that

(B.163) E{UY)(a)/V?)(a }—202 VPP cla — c)loC o o%E

Oz J1,J27 y,d1,02

a
a 1 —1 -
:“!Z<c> (Pr=) M (P ) o5 4y s,
c=0

a|<aﬂf=j17j2 4 Uy7j17j2)a
Ty Ny

1

Combining (B.162) and (B.163), we obtain var{{/(a)}. By Condition A 4,
var{ld(a)} = O(pn~?).

B.6.2. Proof of Lemma A.17 (on Page 56, Section A.10). Since under
Hy, E{U(a)} = E{U(b)} = 0, we have cov{U(a),U(b)} = E{U(a) x U(b)}.
Following (B.161),

(B.164) E{t(a) xU®b)} = Y E{UY (@) x U (b)},
1<j1,52<p
where
B (a) x U ()} = > > Gla,0)G(b,é)
0<c<a, 0<é<b,

kEP(’%;ﬁ)y 12673(7%;70),
SEP(”y ,(L—C) §€7)(ny ,b—C)

c ¢ a—c b—¢
X E(kamh fogmz)E( H Ysm,in H yé‘m,jz)'
t=1 i=1 m=1 m=1

As a # b, {k} # {k} and {s} # {8} always hold. Then as p = v = 0,

E([Ti=1 #ken Ht:l kt-,]g) = 0 and E(T[55 ¥s,n.01 Hm 1ysm,yz) = 0, simi-
larly to Section B.1.2. It follows that (B.164) = 0 and the lemma is proved.
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B.6.3. Proof of Lemma A.18 (on Page 57, Section A.10). By the Cramér-
Wold Theorem, to prove the asymptotic joint normality of the U-statistics,
it suffices to prove that any of their fixed converges to normal. For illus-
tration, we first prove the asymptotic normality for each U (a) of finite a.
The similar arguments can be applied to the linear combination of finite
U-statistics and then the joint normality is obtained.

Recall U(a) = Zp U9 (a) from (B.161). To derive the limiting distri-
bution of U(a), we use Bernstein’s block method in [40, page 338]; see also
[13, 76]. Specifically, we partition the sequence, o~ (a)xU9 (a), j = 1,...,p,
into r blocks, where each block contains b variables such that rb < p <
(r+1)b. For each 1 < k < r, we partition the kth block into two sub-blocks
with a larger one A ; and a smaller one Ay, 5. Suppose each Ay, 1 has by vari-
ables and each Ay o has by = b — by variables. We require r — oo, by — o0,
by — oo, rby/p — 1 and rby/p — 0 as p — oo. We write

Ak‘ 1 Zu(k: 1 b-‘rl ’ Ak; 2 Zu k‘ 1)b+b1+z( )

=1
and further define Uy = o7 1(a) Y4, Ag1(a), Us = o7 (a) > f_; Ara(a),
andUs = o~ 1(a) ?:errl UY) (). Thus we have the decomposition: o~ (a) x

U(a) =U + Uy + Us.

The Bernstein’s block method makes Aj; “almost” independent, thus
the study of U; may be related to the cases of sums of independent random
variables. In addition, since bs is small compared with b1, we will show that
the sums Uy and Us will be small compared with the total sum of variables
in the sequence, i.e., 0~ 1(a) x U(a). In particular, we first show

o a) x U(a) = Uy + 0,(1),
where op(1) represents that the remaining term converges to 0 in probability.

Since E(Us) = E(U3) = 0, it suffices to prove that var(Us) = var(Us) = o(1).
For U, note that Us = o~ 1(a) >°4_; Aga(a). Then

(B.165) var(Uz)

< U_Q(CL) Z )COV{z/{((kl—1)b-l—b1—|-i1)(a)7 u((k2—1)b+b1+i2)(a)}‘ )

1<k1,ka<r;
1<i,i2<by

Recall a,(s) and ay(s) in Condition A.4. Define a(s) = ay(s) + ay(s), then
a(s) < C6°, where § = max{d;,d,} € (0,1). By the a-mixing inequality in
Lemma B.1,
2
. . . 2+4€| 2F€
]cov {na/QU(Z)(a),na/QU(j)(a)} ] < 8{a(li — j|)}=F max [ na/QuU)(a)) ] "

1<5<p
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We take € = 2, and by Lemma B.10 (on Page 168, Section B.6.4), we have
max; <j<p E{n2UV) (a)}?*¢ < co. Tt follows that

(B.166) ‘COV{u((kl—l)b+b1+i1)(a)’u((kg—l)b+b1+i2)(a)}’

a | cov {na/zu((qu)zﬂrbﬁil) (), no/ 2y =Dbb1+i2) (4 } ’

n-

Cn™%a{[((k1 = 1)b+ b1 +1i1) — ((k2 — 1)b+ b1 + i2)|}%

<
< Cn—a5|k1b+i1—k2b—i2|/2‘

By (B.165), (B.166) and 02(a) = ©(pn~?) from Lemma A.16,
var(Us)

0'_2(0,) Z ‘COV{M((kl_l)b+b1+il)(a),u((k2_1)b+b1+i2)(a)})

1<k, ka2 <r;
1<i1,i2<b2

0'_2(CL) Z n—a05|k1b+i1—k2b—i2‘/2

1<k, k2 <r;
1<iy,i2<b2

= O)p 'n%byn= = O(1)rbop !,

IN

IN

which converges to 0 by our construction, i.e., rba/p — 0. This shows that
var(Us) = o(1). Next we exmaine Us = o~ !(a) Z?zerrl UY)(a). Similarly,
by Lemmas B.1 and B.10, and € = 2,

varty) = o a3 Y cov{na/QU(i)(a),na/2l/{(j)(a)}

i=rb+1 j—rb—i— 1

< O()p'n*n Z ZC’Q|Z—]\2+6
i=rb+1 j=rb+1
p p
< Z Z §li—il/2
i=rb+1 j=rb+1
< OWp~'(p—rb—1)
< O(L)p '

Since b/p — 0, var(Us) = o(1).

Given var(Us) = o(1) and var(Us) = o(1) above, next we focus on Uj.
By the a-mixing assumption in Condition A.4, and following the similar
arguments in [40, page 338], we have for properly chosen r and bs,

E {exp(itth)} — H E [exp {z’to*_ a)Ag( ‘ < 16ra(be) —
k=1
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This suggests there exist independent random variables {& : k=1,--- ,r}
such that &, and Aj(a) are identically distributed and U; has the same
asymptotic distribution as o~ '(a) Y }_; &. To prove the asymptotic nor-
mality of o1 (a)ly, now it remains to show that central limit theorem holds
for 071 (a) >_}_; &- Then we check the Lyapunov condition, i.e., check that
the moments of & satisfy

(B.167) sy E{o N (a)l&l} o,
k=1
where we define s2 = Y7 _ var{o~1(a)&;}. By Lemma B.10, for even € > 0,

(B.168) My, := maxi<j<p {Hna/2 {U(j)(a)}H4+€} < 00.

Then by the moment bounds in [49, Theorem 1], and the a-mixing assump-
tion in Condition A.4, for g(2,€) = ¢/(4 +¢),
4

b1 b1
E Zna/Q {u(j)(a)} < Cb%{C ML, Zj2—1a(j)g(2,e)}
j=1 j=1
As 6 € (0,1) and 0 < g(2,¢) < 1,

> ja(i)IF <Y jx (099) < 0.
j=1 j=1

It follows that

4
by
E {U_l(a)A1,1(a)}4 = o *(a)n E z:n‘l/2 {Z/l(j)(a)}
j=1
b1
< O(W)p?n* 2 x b} C+ M > 57 a(j)7®e)
j=1

=O0(1)p~2 x b,

Similarly, for other &k > 1, E {ail(a)A;@l(a)}4 have the same bound. Thus,

(B.169) > o a)El&|* = 0(1)rp~?b].
k=1
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In addition,

by
var{o "' (a)&} = o %(a)var {ZU«kl)bH) (a)}
=1

—o7%(a) > cov {UTIIE) () g (D) ()}

1<i1,i2<b1

=0 %) > (B.163).

1<i1,i2<b1

By Condition A.4 and rb;/p — 1, we have

B170) s = [Zvar{gj/a(a)}r
=1
= O()p 2 (r x byn™*)? = ©(1)p 2%,

Combine (B.169) and (B.170), (B.167) is proved as r — oc.

In summary, for any finite integer a, we prove the asymptotic normality of
U(a)/o(a). For any linear combination of U-statistics Z, := >, t,U(a,)/o(a,),
we can similarly decompose Z,, into three parts and apply the analysis above.
The similar conclusion holds for finite m and the asymptotic joint normality
is obtained by the Cramér-Wold Theorem.

B.6.4. Proof of Lemma B.10 (on Page 168, Section B.6.3).
LEmMA B.10.  ForV finite even w > 0 any V finite integer a > 0,

a/204) ()
lr%;ag(pE{n U (a)} < 00.

PROOF. Recall the definition of /) (a) in (B.161). For positive even w,

(B.171)  E[{uUY(a)}*]

w w a—c¢y
- % cen( Ty, oI o)
=1 0§c1§a7 =1 tl=1 =1 ml:1
k(l)ep(nzycl)z
s(l)E'P(ny,a—cl)

Define the index tuple (kO,... k@) = & &0 6 k).
When [{(kM, ..., k@)}| > 7% ¢/2, it means that one of the index ap-
pears only once. Suppose index i € {(k(1)7 e ,k(w))} only appears once,



ASYMPTOTICALLY INDEPENDENT U-STATISTICS 169

then under Hj,

(B.172) (H H $k(l)7 ) E(z; ;) x E(other terms) = 0.

I=14=1

Thus (B.172) # 0 only when [{(k™V), ... k@))}| < 3% | ¢/2. By the bound-
edness of moments in Condition A.4,

félja%(p Z <H H $k(l) ) = ( ;le 61/2) .

OSClSa7k(l)€P(nm,Cl) 1=1t=1

Similarly, we have

w a—c¢ "
py 8 o[, ) =0 (5,
Ny,a—Cy

0<e<a,sWeP(ny,a—

As G(a,c) = O(n;°ny ™), by (B.171), maxi< <, E[{n¥2U (a)}*] <
D

B.7. Lemmas for the proof of Theorem 4.4.

B.7.1. Proof of Lemma A.19 (on Page 57, Section A.11). Recall UY)(a)

defined in (B.161). Similarly to U,.(a), we define Uy )(a) as the sequence of
random variables on the conditional probability measure P, given the event
ngnyU(00)/(ny + ny) — 7, < u such that

P{L?c(j)(a) <wuj:1<j< p}

_P{L{U)( ) <uj:1<j <p‘ %U(oo)gﬁ,—l—u}.
Ny y

Then o~ (a)lU(a) = o~ (a) Z?:l I;{C(j)(a), and we prove the asymptotic nor-
mality of o~ (a)U,(a) similarly to Section B.6.3. In particular, we partition
the sequence {0~ 1(a) x Z:lc(j)(a) : 1 < j < p} into r blocks, where each block
contains b variables such that rb < p < (r + 1)b. For each 1 < k < r, we
further partition the kth block into two sub-blocks such that a larger one

Ak | contains the first b; variables and a smaller one Ay 2 contains the last
by = b — by variables. Similarly, for 1 < k < r, we write

by

Apa(a) =Y UF D a),  Ays(a ZU Dbt (q),

=1
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Correspondingly, definely = o' (a) Y1_, Ap1(a),Us = o= (a) So5_; Ap2(a)
and Us = o~ (a) ?:rb—‘,—l Uy (a). Then we have the decomposition: o~ (a)x
U.(a) = Uy + Uy +Us. To show that o' (a) x U,(a) satisfies the central limit

theorem, we first show that E(U3) = o(1) and E(UZ) = o(1).
£08) = o~ 2(@B{ (Y Aa(a)) '}
k=1

o 3 [elaao)] e{aa0)]) ")

1<k ka<r

IN

IN

o (a)[P{-" Y(o0) < 7, }] -

Ng + Ny

(3 paw)] pam)] )

1<k ,ka<r
where in the last inequality we use the fact that
E{A7 2(0)L{n,n,0(00)/(notny) <rptu} }
P{ngnyl(c0)/(ng +ny) < 7p +u}b

< B{42 (o)}
= P{ngn,U(0)/(ng +ny) < 17p+u}

E{flig(a)} =

The upper bound above converges to 0 under the a-mixing condition by
choosing proper convergence rate by; see Eq. (18.4.8) of [40]. Similarly, we
can also show E(UZ) = o(1). It remains to examine the ;. Define af(s)
as the mixing coefficient of {(x1j,...,%n, 5, Y15, YUn,j : 3 = 1,...,0)}
and define a(s) as the corresponding mixing coefficient on the conditional
probability measure. Following a similar argument to that in [39, Lemma

2.2], we have

N maxi<p<p-da P{U}, 4(00) > 7 + u} + a(d)
M) S A (50 (ng 1) < 7 + u) P

9

where U}?’d(oo) = maxy<j<pra UV (00), UV (00) = oj_,jl x (Z; — 9;)? %

NzNy/(ng +ny), and recall 7, = 2logp —log log p. Since z; ; and y; j are sub-

gaussian random variables by Condition A.4 [? , Proposition 2.5.2], we know
U;].l/ % (Zj—7j) X \/Nizy/\/Tz + 1y is a sub-gaussian variable with Yariance
1. Therefore, max;<j<,_q P{UY ;(00) > 7, +u} < dmaxi<j<, P{UY) (c0) >

7 +u} < Cdexp{—(m, +u)/2} < Cdp~ty/logp. Then similarly to [40, page
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338], we have
‘E{exp (itlhy ) } 1:[ [exp {ita_l(a)flk,l(a)}} ’
< 16ra(b) .
< 6 MAaX1|<h<p—bo P{Ugbz (00) > 1 + u} + a(ba)
= P{nan,U(0) /(g +my) < 7+ ulP

which converges to 0 for properly chosen r and by such that 7b2+/log p/p — 0.
Thus there exist independent {fk k=1,...,r} such that &, and Akl( ) are
identically distributed on probability measure P. Similarly to [39, Lemma
2.4, Lemma 2.5], we have E{o ' (a) 37_, &} — 0O and E[{o " (a) S5 _, &} —
1. To show the asymptotic normality on the conditional probability measure,
it remains to check the Lyapunov condition that

> =1 B(ER)
ZE{ |fk|} ()P{n;pny U(oo )/(nz+ny)<7‘p+u}_>o’

where £, are define same as in Appendix Section B.6.3, and the convergence
result follows from (B.167). This implies the asymptotic normality of condi-
tional distribution given {n,n,U(cc0)/(ns + ny) < 7, + u}. Thus we obtain
the asymptotic independence between U(a)/o(a) and U(c0).

B.8. Lemmas for the proof of Theorem 4.5.

B.8.1. Proof of Lemma A.20. Recall the definitions in (A.24). T, o is the
summation over j indexes in the set {ko,...,p} such that y; = v; = 0. Then
E(T,2) = 0. Following the argument in Section B.6.1, we obtain

Opiir Gy isN\G
var(Ty 2) ~ E a!( Jugz y,Jl,Jz) '

n n
ko+1<j1,j2<p v Y

Let Vajijo = {02.41.jo/7 + yjrjo/(1 — 7)}*. By the mixing assumption in
Condition A.4 and Lemma B.1, we know there exist some constants C' and
6 such that |V, j,| < C01772l. Note that

‘ E : Va7j17j2 - E Va,jhjz

1<71,J2<p ko+1<j1,j2<p

(X + X o+ X P

1<ji,ja<ko  1<j1<ko,ko+1<j2<p 1<j2<ko,ko+1<j1<p

<c( X o+ X+ X )i = o)

1<y1,52<ko  1<j1<ko, ko+1<ja<p 1<ja<ko, ko+1<j1<p
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Since ko = o(p) and Condition A.4 assumes that >, 5 < Va1 = O(p),
then >4 1<) i<p Yasijo = O(p). It follows that var(T,2) = O(p*n—9).

It remains to prove var(7y 1) = o(pn~*). Note that var(T5 1) = E(Til) -
{E(Tu1)}?, and E(Ty,1) = kop®. Following the definition in (A.24),

E(TaZ,l) = Z Z Z G(a,c)G(a,E)Q(k,s,f(,é,j),

1<j1,j2<ko 0<c<a,  0<é<a,
kEP(nz,c),  keP(ng,d),
s€P(ny,a—c) 5€P(ny,a—c)

where similarly to Section B.6.1,

c ¢ a—c a—c¢
Q(k,5,k,5,3) = B( [T #keis [T, )E( TT wmn IT 9502
t=1 =1 m=1 m=1

Since E(y) = v = 0, if {s} # {8}, Q(k,s,k,8,j) = 0. I {s} = {5}, it
induces ¢ = ¢. When {s} = {8}, let b = |{k} N {k}|, then 0 < b <,

T~ —b, c—b b — —b), b -
E{Q(k7svkasa-])} = Mjl /L;Q S0j1,j20-;'b1,j02 = pQ(C )gpjlzj2o-;l17jc2’
and
—b) b _
E(TZ)= ) Yo Ga0) x PPV o X L=y
1<j1,92<ko  0<c<a,
k.keP(ng,c);

s,5€P(ny,a—c)

We next decompose E(Tf’a) = Gi1a1 + G102 + Gi1,0,3, Where

_ 2 2(c—b), b a—c
Giiar= D > G4, 0" VG 00 L (6= (8 emab=0)
1<j1,52<ko  0<c<a,
kkeEP(nz,c);

s,5€P(ny,a—c)

_ 2 2(c—b) b a—c
Giia2= Y > Ga,0)pP b 08 sy~ (5} e<a15—0)
1<j1,92<ko  0<c<a,
k,keP(ng,c);
s,8€P(ny,a—c)
and
2 2(c—b) b a—c
Grias= Y Y. GHa.0p Vg o0 s = (st
1<j1,j2<ko  0<c<a,
k,keP(ng,c);

Svéep(ny 70'76)
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Note that |var( 0%1)‘ < |Gt 1,a,1 — {E( a 1)}2
var(Tg,1) = o(pn™%), we will next show |G 1,41 — {E( wi1) ) \ |Gt1a2] and
|Gt,1,0,3] are o(pn~?) respectively.

First, as Zk,fcep(nz,a);s,§€73(ny,afc) 1{{5}:{5}7020717:0} - P;lz and G(CL, a) -
(Pae)™

Na
P2a

Gila1 = Z Z G*(a, €)p** L{{s)= {5} c—ap0} = (Pnz)gk(]p
1<51,52<ko 0<c<a,
k,keP(ng,c);

s,8€P(ny,a—c)

Then |Gt1.41 — {E(Tu1)}?| = o(1)k3n=2n%p?* = o(pn~*), where we use
E(Ta,l) = kop®. In addition, as Ek,f(ep(nm,c);s,éep(ny,a—c) 1{{5}:{5},c§a—1,b:0} =
O(n?t2=¢) and G(a,c) = ©(n~?), we have

—(a—c) 2c a—c
|Gtra2l < C Z Zn Tj1,g2°

1<)1,j2<ko c=0

Since Y 1<, jy<ko Tirje = O(ko) by Condition A.4 and Lemma B.1, we fur-
ther know |Gy1a2] = 397 O(kop*n=(=9). As p = O(ko_l/apl/@“)n_lﬂ)
and kp = o(p), we obtain (pn™*). Moreover, as G(a,c) =
O(n™), @i = p* + Tjy.jz»> and Zk,fce?’(nac,c);S,éeP(ny,a—c) Lisy=s3021) =
O(n2c—b+a—c)’

—(b+a—c) 2(c—b
n ( +a C)p (C )(0']1 jg +p )]17]20‘?1).702

0<c<a, 1<j1,j2<ko
1<b<c

For given c and b, the maximum order of 21§j1,j2§ko n~(0Fa=e) p2(e=b) (0 jot

pQ)I]’-1 2 U}lfjé is bounded by the following two quantities:
—(b+a— c) 2¢ ya—c
(B.173) Z on T 1,42
1<j1,52<ko
(B.174) Z Cn~ (b4+a—c) ;);Cjaz cp2(c b)
1<j1,52<ko

For (B.173), when ¢ = a, (B.173) = O(k3n="p??) = o(pn=%). When ¢ <
a—1, since 3y ik Tings = O(ko) by Condition A.4 and Lemma B.1,
then (B.173) = O(kon~(+2=9p2¢) = o(pn=). For (B.174), as b > 1, b +
a — ¢ > 1. Then similarly by Condition A.4 and Lemma B.1, (B.174) =
O(konf(b+afc)p2(cfb)) — 0(]377,7(1).
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In summary, we obtain var(7, 1) = o(pn~*) = o(1)var(1y2). Then

. . a
var{U(a)} ~ var(T2) ~ Z a!(ggc"“’]2 + ay’]l’m) .

ko+1<j1,j2<p e "y
By the Markov’s inequality, {751 — E(T4,1)}/0(a) 2o,
B.8.2. Proof of Lemma A.21. Note that

{o(a)o(b)} teov{U(a),U(b)} = {o(a)a(b)} T x Z cov(Tay, T, )-

1<iy,1252

Lemma A.20 suggests that var(T, 1) = o(1)0%(a). By the Cauchy-Schwarz in-
equality, {o(a)o(b)} tcov{U(a),U(b)} = {o(a)a(b)} cov(Tha, Th2) + o(1).
To finish the proof, it suffices to show cov(T,2,T2) = 0. Note that T,
and Tpo are summation over j indexes in the set {ko,...,p} such that
p; = vj = 0. Then the proof in Section B.6.2 applies similarly and we
have cov(Tg2,Tp2) = 0.

B.9. Lemmas for the proof of Theorem 4.6.

B.9.1. Proof of Lemma A.22 (on Page 61, Section A.13). In the fol-
lowing, we will first derive the form of var{i{/(a)} and then prove that
var{U(a)} = o(1)var{U*(a)}.

As we assume E(x) = E(y) = 0, then cov(z1;,,21,5,) = E(z1,,21,5,) and
cov(y1j1, Y1) = E(y11Y1.5,)- It follows that E{t(a)} = 0 and var{U(a)} =

E{U?*(a)}. By definition,

Z;{(a) = (szpf?y)_l § E Dx,y(i7w7j17j2)7
1<51,52<p i€P(ns,a);
weP(ny,a)

. . . a
where we define Dy y (i, W, j1,72) = [ [} (@i, 51 Tiy jo — Yuws,ji Yewr,jo)- Then

~ 1 . .. T o~ .
var{l/{(a)} = e py2 Z E{Dx,y(lawa.]17.72)ﬂ)x,y(laWa.]37.74>}'
(Pa Fa ) 1<j1,42,73,74<p;
i,1€P(ng,a);

w, WeP(ny,a)

Under H(], Zx = Ey =X = (Jj17j2)p~><p, then E(:Ul,jleh — Gjl,jz) = 0 and
E(y1.1Y15 — o) = 0. If [{i} N {i}| + {w} N {W}| < a, it means that
the common indexes between (i,w) and (i, W) is smaller than a, then we
know E{Dx y (1, w, j1, j2) Dxy (1, W, j3, ja) } = 0. If {i} n{i}[+ {w}n{w}| >
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a, we know E{Dx,y(i,W,jl,jg)Dx,y(i,vV,jg,jzl)} is a linear combination of
(Xt gosna) "™ (Yjr o jaga) ™ where a — {w} N {w}| <m < [{i} N {i}| and

Xijigogsgs = E{(@1,7: %15 = 051,50)(T1,35%1,54 — T 5a) }s
Yiigogage = B — 0j12) (Y15sY1s — 0sga) -
And if [{i} 0 {i}]| + [{w} N {W}| = to,
> Yana top = O™™)
{{in{iH+{win{w}=to} ’
i,iEP(nx,a);
w, WEP(ny,a)
which achieves the largest order at tg = a when ty > a. Therefore,
u ~ ot 1
varll@} > pmpms 2 Nan@idnio
1<71,52,53,J4<p;

i,1€P(ng,a);
w, WEP(ny,a)

XE{Dx,y(ia W, J1, j2)Dx,y(iv w, 73, 34) } .
It follows that
(B.175) var{U(a)}

Z ZP;; mPa o (@ 2la—m\?
(P=P,*)2 \m a—m

1<51,52,43,54<p m=0

12

Xm!(a - m)!(le,jz,j37j4)m(Yj17j2,j3,j4)a_m7
and then (B.175) ~ 21<]1 J2.g3.5a<p & al(Xy, jagaga/ e+ Y j1 o jsja / Ty) -
We next prove var{i{(a)} = o(1)var{i{*(a)} under Conditions A.5 and
A.6 in the following Sections B.9.1 and B.9.1 respectively.

Under Condition A.5. To prove var{U(a)} = o(1)var{Ud*(a)} under Condi-
tion A.5, we will first show var{i/(a)} = ©(p?n~?). Note that Py PV /(PrePy?)? ~

Cn®. By (B.175), it remains to show that for any m € {0,1,...,a},
(B.176) Z (le7j2,j3,j4)m(Yj1,j2J3,j4)a_m = @(pQ)-
1<71,52,33,J4<p

We next prove (B.176) by discussing different cases of {j1,j2,73,74}, and
using Ko = —(2+¢€)(8 4+ 2u)(logp)/(elogd) similarly to (B.46), where €
and p are positive constants and 6 = max{d,, d,} from Condition A.5.
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Case 1: If |j; — jo| < Ko and |js — j4| < Ko, we define a distance kg =
min{|j1 —js|, [j1 —Jal, |72 — 73|, |72 — ja|}, and discuss when k4 > Ky and kg <
K respectively. For the simplicity of notation, define two indicator functions

I = 1{|'J'1'—j2\§K07\j3—j4|§Koyﬁd>K0} and Iy = 1{|j1—jz\SK0,|j3—j4|§Ko,Hd§Ko}'
By definition, we have X, j, js j, = COV(Z1,j, 21, ¥1,j521,55) and Yy j, jg iy =

BKoe
OV (Y1, Y1,j2» Y1,jsY1,54). When kg > Ko, we know X, j, o 5, < Cd2+ by
Condition A.5 (2) and (3) and Lemma B.1. It follows that

(B177) ‘ Yo e " (Y jasg)* "™ x L
1<)1,52,J8,j4<p
Koe
§0p46T£€ = O(1)p* x p~ B2 = o(1).

In addition, note that ), <o

dodsa<p 12 = O(ng) = 0(p10g3p). By Con-
dition A.5 (2), we know

— 3
Z (le,j27j37j4)m(Yj1,j2,j37j4)a " x Il = O(plog p)'
1<51,72,73,J4<p

Case 2: If |j; —jg| > Ky or |j3 — ja| > Ko, by Lemma B.1, we know that

101,50 0js.5a| < CO2He 2+6 We consider |71 — jo| > Ko without loss of generality
and discuss the following cases (i)—(iv).

(i) When |]2 —j3| > K0/2 and |]2 —j4| > Ko/Q,

Koe
X i ja,dadal =ICOV(T151 81 j3T1 4y s T1jn) — Oy ja T jal < COZEHI.
(11) When ’jg —jg‘ S K0/2 and ‘]2 —j4’ S K0/2, we kHOW that ’]1 —jg‘ Z
|71 — g2| — |72 — J3| > Ko/2 and |j1 — ja| > |71 — j2| — |72 — ja| > Ko/2. Then
Koe
(BAT8) Xy ja,jaial =lcov(@iy s @1,521,5321,54) = 0 ja0js,ja| < CI2EF.

(iii) When |jo—7j3| < K¢/2 and |ja—ja| > Ko/2, as we know |71 —j2| > Ko,
then |71 — j3| > Ko/2. We next discuss three sub-cases.
(iiia) If |71 — ja| > Ko/2, we know (B.178) also holds.

For easy presentation, let Is be an indicator function when {j1, jo, j3, ja}
satisfies the sub-cases (i), (ii) and (iiia) above. Then similarly to (B.177),

’ > Kjgpisga) " Yirasga)™ ™ x I3 = o(1).

1<51,52,73,J4<p
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(iiib) If |j1 — ja| < Ko/2, and |j3 — ja| < Ko/2, we know under this case
g2 = 73l 191 = Jal, 173 — Jal < Ko. Let In = Lgjo_js) lj1—jal,ljs—ja| <Ko} - We have

<y dadsda<p T4 = O(pK3}). By Condition A.5 (2), we know

- 3
’ Z (le,j27j37j4)m(Yj1,j2,j37j4)a x| = O(p log p)-
1<j1,72,73,54<p

(lllC) If ‘jl —j4‘ < K0/2, and ’jg —j4’ > KO/Z, we know

K06
Xy gagaga = B(@15, 71,5, E(71 421 55) — CH2CF .

Let I5 be an indicator function of the sub-case (iiic) above. Then

. . . . m . . . . aim
E (X agsnia) " (Yjy gajarga) X 15‘
1<51,72,93,J4<p

- Z (Ujl,j40j2,j3)a X 15‘ + O(p4p—(4+u))
1<71,52,93,7a<p

= Z (O-j17j4o-j27j3)a‘ +o(1)

|71—541<K0/2,|j2—3j3| <Ko /2

- Z (041,20 2.3) " — Z (01.,ja0jarjs)"| +0(1)

1<41,52,43,J4<p |71—Ja|>Ko or |ja—j3]|>Ko

= 0(p°).

where the last equation uses Conditions A.5 (3) and (4) and Lemma B.1.

(iv) When [jo — j3| > Ko/2 and |jo — ja| < Ko/2, this is symmetric
to the sub-case (iii) discussed above. Define an indicator function Is =
1{|j2—j3|>K0/2,\j2—j4|§Ko/2}' We then have

Z (Xj17j2,j37j4)m(Yj17j2,j3,j4)a_m x Ig| = @(p2)-

1<j1,52,93,54<p

In summary, (B.176) is proved and thus var{i{(a)} = ©(p?>n—?) is ob-
tained. To prove var{U/(a)} = o(1)var{t{*(a)}, it remains to show that
var{t*(a)} = o(p*n=%).

We write U(a) = D 0075 —0 2 -0 Casepr,ba Thy ba,cr Where we define
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Cocpr b = (—I)C_b1+b2a!/{b1!b2!(c —b1)!(a — c—by)!}, and

- —1
(BAT9) Thpe= 3. > (Poc b, o) y)

1<51,52<p  i€P(ng,2c—by);
weEP(ny,2(a—c)—b2)

b1 2c—bq
X H(mikvjlxikij — Oj1jz) H Lig,j1 H Liy,j2
k=1 k=b1+1 k=c+1
bo a—c 2(a—c)—b2
X H (Ywmogi Ywm.ja — Tju,jz) H Yuw,g1 H Ywq,ga-
m=1 I=ba+1 g=a—c+1

ThenU(a) = ELO(‘UWC ca—cecand U™ (a) = Zg 0 Zil =0 EZQ_CO a,e,by,by X
Tbl,b2,01b1+b2§a71~ Note that Var{u* )} < C’maxbl,bmc ;b1+b2<a— 1{V&1‘(71b17527 )},
where C' is some constant. When a is finite, to prove var{t*(a)} = o(p*n=%),

it suffices to show that var(Ty, p, ) = o(an*a) for each (b1, be, ¢) satisfying
by + by < a — 1. Note that E(T}, p, ) = 0 under Hy, then var(Ty, p, ) =
E(Tl)Ql,bQ,C) and

(B.180)  var(Ty, py.c) = (Pyr, P

2¢c—by Q(y )—bg)_2 Z Z

1<51,52<p; i,i€P(ng,2¢—b1);
1<j1,j2<p wwEP(ny, (a—c)—b2)

T(iﬂi7w7€vﬂj17j25]13J2)a

where we let

T(iv i7W7V~V7j17j2731732)

by c
= E{ [ @igiziss = 0500) @5 5,255, —05.5) 11 @i, )
k=1 k=b1+1
2C—b1 b2
X H ($ik7j2x2k7j2)}E{ H (Yt Yt iz — Ujl,jZ)(yﬁ;mleﬂ}mJQ — Oj1s)
k=c+1 m=1
a—c 2(a—c)—b2
< 11 Wwwnva, ;) 11 (ywm,jzy@m,jg)}-
m=bo+1 m=a—c+1

Since we assume without loss of generality that E(x) = E(y) = 0, then
E(xldlxl :J2 0-31»32) = E(y17]1$1 J2 95, 32) = 0. It follows that when {i} # { }

or {w} # {W}, T(i,i,w, W, 1,2, j1,J2) = 0. When {i} = {i} and {w} =
{w}, we have |{i} U{i}|+|[{w}U{W}| = 2¢—b1 +2(a —¢) — by. By Condition
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A.5 (1) and (2), for any given {ji1, j2, j1,J2},

(B.181) (Py= blP"& C)_bz))_2 Z T(i, i, w, W, j1, j2, j1, j2)

i,i€P(ng,2c—b1);
w WEP(ny,2(a—c)—b2)

_ O(n—2(2a+b1+b2) « nQ(l—bl—bQ) — O(n—2a+b1+b2) —a—l)

=o(n

where in the last equation, we use by + by < a — 1. In addition, similarly to
(B.176), we have that for any given (i,i, w, W),

(B182) Z T(i,i,w,w7j1,j2,;1732) :O(pz)
1<j1.52:31,525p
In summary, by (B.181) and (B.182), we know var{i/*(a)} = O(p*n=*"1) =
o(p*n™?).

Under Condition A.6. In this section, we prove that var{l{(a)} = o(1 yvar{U*(a)}
under Condition A.6. Recall that we have already obtained var{l{(a)} in
(B.175). By Condition A.6 (3), we have

(B.183) Xj1 garjada = Hw(aj1,j30j27j4 + Uj17j4‘7j27j3) + (ke — 1)‘7j17j2‘7j37j47
Y jaisia = Ky(0h1,55 0z s + jnjaCags) + (Ky — 1)051,55 s s -
43 L. . oYM, . . ya—m
Then by Condition A.6 (1) and (4), we know (X, jsjs.ja) ™ (Y1 j2.js,ja)
is a linear combination of

a

(B.184) H {Uj 03 &) X 93 (1).3 (t>}’
91 95 93 94

t=1
where {(g1 ,gé)) (gét),gi)) :t = 1,...,a} are a allocations of the set
{1,2,3,4} into 2 (unordered) pairs. When the a allocations are the same,
by the symmetricity of j indexes,

> H"J 3,03, ,0) = > (04T

1<91,J2,98,Ja<pt=1 1<51,72,93,J4<p

When the a allocations are different, by Condition A.6 (4),

(B185) Z HU] ) 7] (t) Uj (t) ,j (t) 0(1) Z (Uj17j30j27j4)a7

1<j1,jorja.ja<pt=1 1 1<41,52,33,74<p
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which can be obtained by taking square of both sides of (B.185) and using
Condition A.6 (4). It follows that by (B.175), Condition A.6 (1) and (4) and

the symmetricity of j indexes,

(B.186) var{t(a)} =0~ D (05,55055)"

1<j1,52,98,74<p

We next show var{U/*(a)} = o(1)var{U(a)}. Similarly to Section B.9.1,
we know it suffices to prove var(Th, p,) = o(1)var{td(a)} for 0 < ¢ < a,
0<b <¢,0<by <a-—candb +b <a—1. Note that (B.180) still
holds here, and when {i} # {i} or {w} # {w}, T(i,i,w, W, j1, jo, j1,J2) = O.
Therefore, (B.181) also holds. By Condition A.6 (3) and (4), similarly to the
analysis of (B.186), we have for any given (i,i, W, W),

(B.187) Yo TGiw, W, 1, 2, 1, o)
1<j1,52,73,Ja<p
= 0(1) Z (01,530 2,54) -
1<j1,52,33,Ja<p

Combining (B.181) and (B.187),

var(Ty, o) = O™ > (04,430)p50)" = o(1)var{U(a)}.

1<g1,52,J3,Ja<p
B.9.2. Proof of Lemma A.23 (on Page 61, Section A.13). Since E{U(a)} =

E{U(b)} = 0 under Hy, cov{ld(a)/o(a),U(b)/o(b)} = E{U(a)U(b)}/{c(a)o(b)}.
Recall that U(a) = U(a) +U*(a) and U(b) = U(b) + U*(b). Then

Ua)  Ub)Y L (Ua)+U(a)  UD)+U D)
(B.188) E{ o(a) % w} N { ) J~(a) % o(b) }
@)y
N E{ o(a)o(b) } +o(l),

where the last equation follows by Lemma A.22. By the definition and no-
tation in Section B.9.1,

Z:l(a’) = C’a Z Dx,y(iawvj17j2>7 d(b) = éb Z Dx,y(iw,jh,EQ),

1<j1,52 <p; 1<j1,52<p;
iEP(naa); i€P(na,b);
weP(ny,a) WEP(ny,b)

where we let C, = (ngwPfy)_l, C, = (Pb"“”any)_l, Dy y(i, w,j1,J2) =

T o~ T b
Htazl(xityjlxitdé - ywt,jlywtﬂé) and DX,Y(LWJI?]?) = Ht:l(xit,jlwft,jg -
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yu?t,hyu”]t,ia)‘ It follows that
E{Ul(a)i(v)} = CuCs > B{Dayliw i i2)Py (W1 ) |-
1<j1,52,01,02<p;

i€P(ng,a); i€P(ng,b)

WEP (ny,a); WEP(ny,b)
As a # b, we know {i} # {i} and {w} # {w}. It follows that simi-
larly to Section B.1.2, E{Dxy (i, w, j1,j2)Dxy (i, W, j1,72)} = 0. Therefore
E{U(a)U(b)} = 0 and cov{U(a)/o(a),U(b)/o(b)} = o(1).

B.9.3. Derivation of Dy and 7r7217k. To prove Lemmas A.24 and A.25,
we derive the forms of D,, ,, and 7r7217 ;. in this section. By construction, D,, , =
St trAn ka,, Where Ay, g, = (Ex—Er_1)[U(a,)/o(a,)]. In addition, m2 =
Zlgm rp<m tritrs Er—1(Ankar, Ankar, ). It then suffices to derive the form of
Ay, k.o for a given integer a, and also derive E;_1(Ay, k. q, An k.a) fOr two given
integers a; and as.

For easy presentation, we define &; ;, j, = ;i j, Ti, j» — 0j, j» and V; j, j, =
Yij1Yir,j2» — Oj,j» iD the following. Then under Hy,

a

Z;{(a) = (Pgwpc?y)_l Z H(th7j1,j2 = Vitjr.ja)-

1<91,525p; t=1
i€eP(ng,a); weP(ny,a)

Part I: 1 < k < n;. When 1 < k < ng, similarly to Section B.1.4, as
E(X1j,.j,) = 0 under Hy, we have

a

(Ex — E,H){ [T X0 — ywt,jl,gg)} = (Ex — Eg—1) ( 11 Xit,jl,jz)a
t=1

t=1

which is nonzero only when i1,...,i, < k and k& € {i1,...,i5}. Then we
know when k < a, A, 1, =0 and when k > a,

a—1

(B.189) Anka = c1(n,a) Z ( H Xitvjl»jQ)Xk:jl7j2’

1<j1,j2<p;  t=1
ieP(k—1,a—1)
where c¢j(n,a) = al/{P}*c(a)}. For two integers a; and as,

Ex—1 (An,k’,cu An,k,az )

2
. l . .
- HC(?’L,CL[) Z Mxﬁy,l(kal( )7]2l717.72l =1, 2)7
=1 1<j1,42,48,J4<p;
iOeP(k—1,a,—1),1=1,2
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where
eyt (kA0 g1, oy 1 1=1,2)
2 a;—1
H ( 1:[ zt ,]21 17321)E(Xk’jl’jQXk’jg’j‘l)'

Part II: ny +1 <k <ng +ny. Whenn, +1 <k < n, +ny, we have

a a a—s
H(Xit7j1,j2 - yit,jh]é) = Z Z (H Xlt 711,J2> ( H ywtf,jl,jé)’
t=1 s=0 i*eS(i,s); t=1 i=1

w*eS(w,a—s)
where S(i, s) represents the collection of sub-tuples of i with length s and

S(w,a — s) represents the collection of sub-tuples of w with length a — s,
which is similarly used in Section B.3.1. When n,+1 < k < n,+n,y, similarly

to Section B.1.4, (B — Ex—t){IIi1 (wig i i7 o — 01.52) TTEZ] oz 1 Yoz o —

0jj»)} # 0 only when wi,...,wi_, <k—ngand k —n, € {w],...,wi_.},
and then
s a—s a—s—1
(Ex — Eg—1) ( H Xi: 31,72 H yw;f ,j17j2) Vi—na,ji.jo H ‘Xlt 1,72 H ywt J1.J2:
t=1 t=1 =1
It follows that
a—1 a—s—1
An,k,a = E E (n a S)yk Nz,j1,j2 HXZt7]17]2 H ywtm]lan’
s=Ly 1<)1,52<p; i=1
iEP(ng,s);

weP(k—ng—1,a—s—1)

where Ly, = max{n,—k-+a,0} and cy(n, a, s) = Pr= 5Py~ T pre Pl o (a)} L.
Thus for two constants a1 and as,

Ex1 (An,k,m An,k:fm )

= § HCQ n al78l X,y ,2 (k Ng,1 ()7j21 17.72l l:172)7
1<J1,52,J3,J4<P;
Lp<s;<a;:1=1,2;
iDeP(ng,s;): 1=1,2;
wileP(k—ng—1,a;—s;—1):1=1,2

where

My 2(k — ng, i i) g1, jor 1 1=1,2)

S al—sl—l

2
- ll_[l (H Xiil)7j2l—laj21 H ywtw,j21—17j21)E(yk_nx’jl’hyk_nx’jg’j‘l)'
= t=1

t=1
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B.9.4. Proof of Lemma A.24 (on Page 62, Section A.13). Note that by
the Cauchy-Schwarz inequality, for some constant C,

n
2 2
var E T ) <Cn max var(T )
<k:1 nk 1<k<n;1<r1,ro<m ( k,ar17a72)7

where for two integers a; and as, Tk ;a0 = Ex—1(An ka1 An k,a0) 1S given in
Section B.9.3. Therefore to prove Lemma A.24, it suffices to prove var(Tk a4, a,,) =
o(n=2) forevery 1 <k <mand1 < ry,ry < m. Wenext prove var(Tk o, ,00) =

o(n=2) when a < k < n, and n; + 1 < k < n, + n, in the following Parts I
and II respectively.

Part I: a < k <ng. We first derive the form of var(Ty 4, 4,) When a < k <
Ng. As var(Ty g, a0) = E(T? )— {E(Tk,ah@)}Q, we next derive E(Ty, g, 4,)

k.a1,a2
and E(sz a,)- In particular,
2
E(Tkay.a,) = [ [ e(n, ) > E{Mx,y,l(/c, i) o1, jor 11 =1, 2)}.
=1 1<j1,42,48,4<p;

iOeP(k—1,a,—1),1=1,2

For easy presentation, we let ag = a1 and a4 = as, and have

{E(Tk,a1,a2)}2
= HC(TL,CL[) Z E{Mx,y,l(kyi<l)vj2[—1aj2l = 1’2)}

=1 1<51,92,73,4,75,J6,J7,J8 <P;
iOWeP(k—1,a;-1),1=1,2,3,4

X E{Mx,y,l(kai(l))j2l—laj2l = 374)}

In addition, we have

4

E(Ti,al,ag) = H C(n’ al) Z

=1 1<71,J2,738,74,75,J6,J7:78 <P}
iOeP(k—1,a,—1),1=1,2,3,4

B{ My (ki o, g 1= 1,2,3,9) |,
where we define

My 1 (ki) joy 1, gy 1 1= 1,2,3,4)

a;—1

4
=11 ( I X0, | m)E(Xk,jl,jﬂk,jm)E(Xk,js,jﬁxk,jmg)-
=1 =1
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Let 15 be an indicator function of the event that ({iV}uU{i®}H)N{i®}u
{i®®}) = 0. Then define

4
Gal,ag,l = Hc(n,al) Z X1g
=1

iOeP(k—1,a,—1),1=1,2,3,4
X E{Mx,y,l(k, O o 1ol =1,2, 3,4)}.
We also note that
(B.190) E{Mx7y71(k,i(l),jzl,l,jm = 1,2,3,4)} ¥ 1p
_ E{Mw,l(k, O oy 1 gl =1, 2)}
x E{Mx,y,l(k;,i<l),j2l_1,jgl = 3,4)} x 1p.

Since |Var(’]rk,a1,a2)| < |E(Tz,a1,a2) - Ga1,02,1| + |{E(Tk,a17a2)}2 - Ga17a2,1|7
to prove var(Tka,.4,) = 0(n™2), we will next show that [{E(Tk.a,.a5)} —
Gayasa| = o(n™2) and |E(Ti,a1,a2) — Gay.as1| = 0o(n™2). In particular, we
present the proof under Conditions A.5 and A.6 in the following Sections
B.9.4 and B.9.4, respectively.

Proof under Condition A.5.

Step I {E(Tk.ay.a5) 1> — Gaya,1| = 0(n2). If a1 # ag, we have E(Tk.q, 45) =
Gai 40,1 = 0. It remains to consider a; = az below. Note that

(B.191) E{Myy1(k,i?, jor 1, dor : 1 =1,2)}
XE{Myy 1 (K, iD, g1, jor 1 = 3,4)}

satisfies that (B.191) # 0 only if {iV)} = {i®} and {i®} = {i®}. Thus,

4

{E(Trar0:)} = [ e(n, ) > 1{{“1)}:{“2)}7} x (B.191).
p;

=1 1<51,52,53,J4,J5,36,37:J8 < {i®)1={i"}

iOeP(k—1,a;—1),1=1,2,3,4
Similarly, E{Mxyy,l(k,i(l),jgl_l,jgl 1 =1,2,3,4)} x 1g # 0 only when
{i0} = {i®} and {i®} = {i®}. Therefore, by (B.190),

4
Garaz1 = HC(n,al) Z 1 GO =@y, § X (B.191),
=1

1<71,72,§3:J4:75136 07,38 <D { {i®3={i"}, }
i0eP(k—1,ai-1),1=1,234 {0 }N{i®)1=p}
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and then

(B.192)  [{E(Th.ay.00)} — Gayani]

4
< JJetn a) > 1 goy—pey, | X |(B191)].
=1

1<51,52,73,4,75,36,J7,38 <P; { {i®}={i"},

iVeP(k—1,a,-1),1=1,234 “{iD}0{i3)}£0}

Note that
(B.193) > 1 sojgey, . =0mare™d),

iOeP(k—1,a,-1),1=1,2,3,4 { {i®}={i"®}, }

(W 3N{i®) )0}

In addition, by Condition A.5 (2),
(B.194) > (B.191)]

1<51,32:73,J4:35,36,J7,d8 <P

<C Z ‘E(XkyjlajzXk7j37j4)E(Xk,j&jGXkJ?,js) .

Recall that E(X% j, g, Xk js,ja) = Xiujajs.ja 0D E( Xk js o X j7 s ) = Xis o jr.ds
following the notation in Section B.9.1. Following the similar analysis for
the proof of (B.176), we obtain » ;. i i i <) [ X jojajal = O(p?) and
D 1< s jojrgs<p | Kz dogrods| = O(p?). Tt follows that (B.194) = O(p*). Note
that ¢(n,a) = ©(p~'n~%?) by Lemma A.22. Combining (B.193) and (B.194),
we obtain {E(Tk 4y a5) > — Gaya0.1 = 0o(n72).

Step II: |E(T%’a17a2) — Gay.a5.1] = 0o(n™2). By construction, we have

4
(B.195) E(T},, ) — Gayast = || cln,a) ) (1-1p)

=1 1<91,J2,73,J4,95,36,J7:J8 <P3
iWepP(k—1,a;-1),1=1,2,3,4

XE{MX,y,l(kv i(l)7j2l—17j2l = ]-7 27 37 4)}
When | UL, {i®'}| > a1 + ag — 2, which means that there exists one index

that only appears once among the four sets {i"}, I = 1,2, 3, 4, then similarly
to Section B.1.5,

(B.196) B My, (630, o1, o 1 1= 1,2) } x (1 - 1p)
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satisfies that (B.196) = 0. When | UL, {i®}| < a3 +ag — 2,
(B.197) > L(ut (10} <aybag—2p = O 79277).
iOeP(k—1,a,-1),1=1,2,3,4
Similarly to the analysis of (B.194) above, by Condition A.5, we have
(B.198) > (B.196) = O(p*).
1<J1,J2,J8,J4,75,J6 ,J7,J8 <P
Therefore, by (B.197), (B.198) and ¢(n,a) = ©(p~'n=%?),

4
H c(n, ay) Z (1 =1)1gus (i0))<aytaz—2)

=1 1<51,92,73,34,35,J6,J7,J8 <P;
iOWeP(k—1,a;-1),1=1,2,3,4

XE{MX,yJ(k)i(l)7j21—17j2l = 1)2)}
_ O(l)n—al—agp—4na1+a2—3p4 — o(n_Q).
Last, we consider | UL, {i!'}| = a; 4 ag — 2. Note that 1 — 15 # 0 indicates

that ({iMYU{ANHN{E® JU{i®}) # 0 under this case. By the symmetricity
of the j indexes, we have

(B.199) ’ 3 (B.196)’
1<71,J2:93,J4,95:36:J7:J8 <P
=C > ‘E(Xk,jmXk,jm)E(Xk,js,je?fkm,js)

1<71,792,73,54,75,J6,J7,8 <P

X E(Xk gy 5o Xk gs o ) E( Xk ja,ja Xk, jr.5s)

Following similar arguments to that in Sections B.1.5 and B.9.1, by dis-
cussing different cases of j indexes, we have (B.199) = o(p*). Thus,

4

[T e, a) > (1 =1p)1gu (i0)|=a)+az—2}

=1 1<51,92,73,74,35,J6,07:J8 <P;
i(l> Ep(k_laal_l)v l:1727374

XE{Mx,yJ(k,i(l),jzl—l,jm = 172)}
_ 0(1)n7a17a2p74na1+a272p4 _ 0(77,72).

In summary, we obtain E(Ti,al,az) — Gayap1 = 0(n72).
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Proof under Condition A.6. Similarly to Section B.9.4, we next prove [{E(Tk,q,.a,) }2—

Ga17a271’ = 0(n72) and ‘E(T%,al,@) - Ga17a271| = 0(77,72).

Step I {E(Tk.ay.05)}> — Gayan.1| = 0(n~2). Following the same analysis in
Section B.9.4, we obtain (B.192) and (B.193). By Condition A.6 (2) and (4),
we have

(B.200) > (B.191)

= O(l){ Z (Ujl,j2aj3,j4)al}{ Z (Uj5’j60j7’j8)a2}'

1<j1,42,73,74<p 1<j5,56,37,38 <P

Note that o2(a) = O(n~%) x > 1<i1 o dsia<p(TingsTaja)? by Lemma A.22,
and c(n,a) = O(1){n%(a)}~!. Combining (B.193) and (B.200), we have
‘{E(Tk,ahw)}? - Gal,a2| = O(n_z)'
Step I1I: ‘E(T%,ahaz) — Gayap.1] = o(n™2). Similarly to Section B.9.4, we
have (B.195) and E{Myy 1(k,i", jo; 1,52 : | = 1,2,3,4)} # 0 only when
UL, {10} < ay +a — 2.

When | U, {iD}] < a1 + ag — 2, (B.197) still holds. By Condition A.6
(2) and (4), similarly to (B.200), we have

Z E{Mx,y,l(kv i(l)vaZ—l,jﬂ = 17 27 3’ 4)}

= O(l){ Z (Uj1,j2‘7j3,j4)al}{ Z (Uj&jﬁoj%js)@}'
1<71,52,33,J4<P 1<75,J6,37:J8 <P
Note that 02?(a) = ©(n~?) x D 1< 1 jajsja<p(Tii,jsTiaja)® by Lemma A.22,
and c(n,a) = ©(1){n%(a)}~*. Then we have

4

Hc(n, ay) Z 1{\Uf‘:1{i(”}|<a1+a2—2}

=1 1<71,J2:93,J4:95:76:J7:38 <P}
iOeP(k—1,a;—1),1=1,2,3,4

X E{Mx,y,l(k7 i(l)7j2l71aj2l =1, 273?4)} = O(n_z)'
When | UL, {iD}| = a1 + as — 2, by the construction of 1, we know
(B.201) B My (10, jor1, g 11 =1,2,3,4) } x (1= 1p)

satisfies that (B.201) # 0 if ({iV} U {i®}) N {i®} U {i®}) # 0. Then
by Condition A.6 (3) and (4), we know (B.201) is a linear combination
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of i<y is<p otb 5 Ojops1rday With Sg > 4, where we recall that Sg is

the number of distinct sets among {ga21—1,92:},t = 1,...,a + b, induced by
G = (91,5 92(atb))- Therefore,

4
[T ctn.a) > (1=15) X 1us G0)j=aytaz—2}
=1

1<71,52,793,34,35,J6,J7,J8 <P;
iOeP(k—1,a;—1),1=1,2,3,4

X B My (i, o1, o+ 1= 1,2,3,4) |
4 a+b

C{HC(%W)} « pottaz—2 Z ‘ Z H0j92t717j92t

IN

=1 G:Sg>4 1<j1,....js<p t=1
= o(n7?).
where the last equation follows by Condition A.6 (4), o%(a ) O(n™%) x
Zlgjl,jg,jg,j4§p(‘7j1,j3sz,j4)a7 and ¢(n,a) = O(1){n"s(a)}~'. In summary,

we obtain E(T%,ahaz) — Gayap1 = 0(n72).

Part II: ny <k < ng+ny. In this section, we prove that when n, < k <
ng + ny, var(Tka,.a,) = 0o(n2). Recall the form derived in Section B.9.3.

We have Tk,al,az - Zngslgal,LQSSQSag Tk7a17a2,51752’ where

2

Tk:al,a2751732 = § H C2 (n7 ar, Sl)

1<j1,52,793,54<p; =1
i(l)E'P(nz,sl):lzl,Q;
weP(k—ng—1,a;—5,—1):1=1,2

X My y2(k — ng, i i) g1, jor 1 1=1,2).

To prove var(Tk.q,.4,) = o(n2), it suffices to prove var(Th oy a0,61,80) =
o(n*2). In particular, for easy presentation, we set ag = a1, a4 = a2 S3 = s1
and s4 = s9, and then have

4
2
{E(Tk7a1702751752)} = Z H Cc2 (na ag, Sl)
1<71,92,793,34,35,J6,J7,J8 <P; =1
iOeP(ng,s;): 1=1,2,3,4;
weP(k—ngy—1,ai—s1—1):1=1,2,3,4
() - L
E{M&yﬂ(k — Ny, 1( )a]2l—1a]2l = 17 2)}

X E{Mx,y,Q(k N A0 jor 1, oy - 12374)}‘
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In addition, we have

4
E(Ti,al,ag,sl,@) = Z H 62 (n7 al’ Sl)
=1

1<51,J2,33,J4,35,J6,J7,38 <P}
iOeP(ng,s;):1=1,2,3,4;
wleP(k—ng—1,0;—s;—1):1=1,2,3,4

X E{Mx,y,Z(k - nwai(l)7j2l717j21 = 1727374)}7
where we define

Mx,y,Q(k — N, i(l)7j2l—17j2l :1=1,2,3, 4)
4 S al—sl—l

- Xo . - )
H (H 1§l)aJ2l—17]21 H yﬂ)(l) J21—1,J21
t=1

=1 t=1 £
E(Vk—ngj1,j2 Vk—najsia) X BV k—ng.js jo Ve —ne jr.js)-
Therefore var(Ty g, a.51.50) = E(T? )—{E(Tk7a17a27sl’32)}2 is derived.

We note that the form of var(’]l‘k7a1’i§;??5’zl)7sig very similar to the var(Ty q, q,)
in Section B.9.4. In particular, we can write Z; j, j, = & j, j, if i < n, and
Ziiris = Vicneirgo if @ > ng. Then we let g0 = (i), W) to be a joint
index tuple of i) and w¥), where W) is transformed from w) by adding
each index with n;. Also let 1z be an indicator function of the event that

{aDru{a®@H N {a®} U {q®1) = 0. Then define

4
Gal,ag,Q = Hc(n7al) Z X].E~
=1

1<71,92,73,34,35,J6,J7:J8 <P;
iDeP(ng,s;): 1=1,2,3,4;
weP(k—ng—1,a;—s;—1):1=1,2,3,4
o(1 . . . o
X E{Mx,y,Q(ka 1( )7.72l717‘72l = 17 27 37 4)}

Similarly to Section B.9.4, we also note that
E{Mx,y,g(k, ORI iy g 1,2,3,4)} x1p
- E{Mx7y72(k, iO oy 1l =1, 2)}
X E{Mx,yg(kz,i(l),jgl_l,jgl = 3,4)} x1p.

Given Conditions A.5 and A.6, we know that similarly to Section B.9.4,
we can show |[{E(Tk 4y a.51.55) }> — Gay.az,2] = 0(n™?) and ]E(’]I‘i@h@m&) —
Gy an.2| = 0(n™2) respectively. Finally we obtain var(Tk 4, ay.51.5,) = 0(n72).

The proof is very similar and the details is thus skipped.
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B.9.5. Proof of Lemma A.25 (on Page 62, Section A.13). Recall the
form of D, ;. derived in Section B.9.3:

éE(D -y Y Htrle(HAnkarl).

k=11<ri,ro,r3,ra<ml=1

To prove Lemma A.25, it suffices to show that for glven 1 <k <n and
1 < ri,7r9,73,74 < m, we have E(T]}_, Ankay,) = o(n!). In addition, by

the Cauchy-Schwarz inequality, it suffices to show E(A% ) = o(n™!) for

n.k,a
each given finite a.
Part I: 1 <k <n,. We consider without loss of generality that &£ > a and

4 a—1

B(I14e) = o S BT, )

1<)1,.-,78<p; I=1t=
i(l>e73(k—1,a—1),1:1,...,

XE(H Jai— mzz)

As E(X}, j,) = 0 under Hy, we know

4 a—1

(H H %l J21- 1,J2l) 5& 0

I=1t=1

only when | Uf_; {i¥}| < 2(a — 1). Note that ¢(n,a) = ©(1){n%(a)}~". To
finish the proof, it suffices to show that for given (i"),i® i3 i4)  we have

B202) Y E(H H 0 g U JE (lljlxjmm,) — O(n2)0*(a),

1<71,...,58<p I=1t=

We next prove (B.202) under Conditions A.5 and A.6 in the following Sec-
tions B.9.5 and B.9.5, respectively.

Under Condition A.5. Recall that X ;, ;, = ;% j, — 0}, j,- By the sym-
metricity of the j indexes, we have

3 Blsem)se s {p(ITn)

1Sj17--~7js<p 1<g1,.-,8<p
4
+ ‘ H Oj21—1, jai
=1

+ ’E ( H 901,;@) Ojr.gs| T ‘E< H 901,3';) Tjs.j6 T 7.Js
=1 =1

}.
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Under Condition A.5 with the mixing-type assumption, following similar
analysis in Sections B.1.5 and B.1.6, we know >, . BT, 215l
Zlgjl,...,jggp ’E(H?:I T1,5,)057,5s Z1§j1,...,j8§p |E(H?:1 T1,5,)0 5,560 jrjs | 2a0d
DA< js<p | [T Oy im | are all O(p*). Tt follows that

(B.203) 3 ’E(ﬁxjml,jm)‘ —0@pY),
=1

1<j1,...,J8<p

Recall that Lemma A.22 shows that o2(a) = ©(p?>n~%). By (B.203) and
Condition A.5 (2), we have (B.202) holds and E(Aﬁ k) = o(n™1).

Under Condition A.6. By Condition A.6 (3), we know that B(]T., Htl 1 X

(Hl 1 Xjy_1.ju) 18 @ linear combination of E( t Oy rdgn )» Where G =
(g1,-..,984) € {1,...,8}8% satisfies that go; 1 # gos for t = 1,...,4a and
the number of ¢’s equal to m is a for each m € {1,...,8}. By Condltlon
A.6 (4), for given G satisfying the constraints, Zl<]1

o(1) Elg]l,m,]SSP(gjl’32033’34035’360]7?38) Then we have

2js<p Pdags—1:d920 —

4 a—1

4
Z E(H H Ztl Jai— 1,321) X E(lljll Xj2171’.7'2l)

1<j1,....J8<p I=1t=

4
=0(1) ) (Ujl7j20-j37j40-j57j60-j77j8)a:O(l)< > )

1<51,...,J8<p 1<51,52<p

Recall that Lemma A.22 shows that o2(a) = O(n™) (X 1<)y jo<p 03-117].2)2.
Therefore, (B.202) is obtained and Lemma A.25 is proved.

Part II: n, +1 < k < ng + ny. Section B.9.3 derives that A, , =

s a—s—1

Apkas = Z ca(n, a, S)yk*nz:jh]é H Xiy j1go H ywz"jl,jr

1<51,52<p; t=1 =1

iEP(ng,s);

weP(k—ng—1,a—s—1)

Similarly to Section B.9.5, it suffices to show that for given finite integers
a and s, E(Aikas) = o(n™1). Following the arguments in Section B.9.4,
we know A, 1 4. takes a similar form to Ay k.o in Section B.9.5. Therefore
the proof in Section B.9.5 can be applied similarly to show E(An ka S) =
o(n™!) in this section. The proof will be very similar and the details are

thus skipped.

)

J21-1,J21

)X
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B.10. Lemmas for the proof of Theorem 4.7.

B.10.1. Proof of Lemma A.26 (on Page 64, Section A.14). In this sec-
tion, to prove Lemma A.26, we study var(Tp q.1), var(1p q2) and var{U/*(a)}
respectively.

Part I: var(Tpq1). We first derive var(Tp q,1). Note that Tp 41 is a sum-
mation over j indexes in Jo, and o0y j, j, = 0y j, j» for ji1,j2 € Jo. Following
the arguments in Section B.9.1, similarly to (B.175), we have

var(Tpan) =~ > a XKy gy s s/ Me + Yoo js.ga/ 1) "
1<51,52,43,34€J0

By Condition A.7 (3), (B.183) still holds. Then by Condition A.8 and the
symmetricity of j indexes,

(B-204) var(Tp,a1) = Cra Z a!0?1,j20?3,j4’
1<51,52,93,54€J0
where Cyo = {(ka — 1)/ns + (ky — 1)/ny}* + 2(kz/ne + Ky/ny)?, and

. axrl/2 . 1/2
var(Tp q,1) is of order ©(n aVa,/a,o,o) with Va,/a,O,O = Zjhwﬂejo(Uzjjmagg,jg,jél)“
defined on Page 63.

Part II: var(Tpq2). We show var(Tp q2) = o(1)var(Tp q1). Particularly,

Tpag2 = Z ﬁ Z H vtz — Ywejgz)s

(r.g2)€do,p = ¢ 7Y i€P(nga), t=1
weP(ny,a)

where we redefine &X; j, j, = i j, Ti,j, — 0y, j g, A0 Vi jy o = Yirjs Yirja — Ty, jo-
Moreover, we define

Gp,a= Z (PyePa”)™? Z Liipngy=oy (D2 D ia) -

(41,32),(93,J4)€Jo, D i,ieP(ng,a),
w, WEP(ny,a)

To prove var(Tp q2) = E(Tl%,a o) — {E(Tpa2)}? is o(1)var(Tp 41), we next

show |E(Tf)’a72) — (TD}a’Q)}Q — Gp,q| are both o(1)var(Tpg,)-
Note that E(Xi,jl,jg) = Dj1,j2 and E(yi,jhh) = 0. We have

{E(TD,aQ)}Q = Z (P(?xpgly)_2 Z (DJI;JZDJ&.M) :

(41,32)5(J3,44)€Jo, D i,i€P(ng,a),
w, WEP(ny,a)
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Then
{E(Tp,a2)}* — Gp.al

< ’ Z (Py=pPy")~? Z Liipngyzor (Dinge Dis.ga)”

(41,32),(43,J2)€Jo, D i,ieP(ng,a),
w, WEP(ny,a)

—1 a
<Cn E : ‘DjthDj&jzl‘ ’
(41.42),(J3,Ja)€Jo,D

where we use Zi,ieP(nx,a),w,WGP(ny,a) Liingioy = O(n**=1). In addition,

[E(T.42) = Gp.a

<c Y R Y

(41,32),(43,4a)€Jo, D i,ieP(ng,a),
w, WEP(ny,a)

<1{{i}m{;}:@}’E{ [T = Vi o) (X g — ywt,ja,j4)} — (Dj1,j2Djs a)*

+ 1{{i}m{§}¢@}‘E{ H(Xit,jl,jz - ywt,jl,jz)()cit,j3,j4 - yﬁ;z,js:j‘l)}’)'
t=1

We redefine X, j, js s = E(Xijy joXijs ja) and Y, gy gs s = E(Vijy jo Vi g ja)-
Then

[E(T5.4.2) = Gp.al

<C Z n M2

1<mi+m2<a

mi ma o . \a—mi—my2
X Z ‘le 7j27j3,j4Yj17j27j37j4 (DJIJ2 D]3J4) .

(41.72),(43,4)€Jo,D

Note that Y, j, js.js = 0y.j1,j3Ty.52.4a + y.d1.,3a0y.Ga.gs A0 Oy j1 jo = O jrjo —
Dj, j,- By Conditions A.7 and A.8, the Holder’s inequality and definitions
in (A.28), we have

a

VaI‘(TD,(LQ) < C%{Hgﬁ({ Z (n_aVa,’H,r,t)m/a(Va,H,D,Z’»)1—m/a’ n_IVa,H,D,ii}'
t=1,2 m=1

Therefore by Condition A.8 and (B.204), var(Tpq2) = o(l)n‘“Vi{io’O =
o()var(Tpq1)-
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Part III: var{ld*(a)}. Last, we prove var{{*(a)} = o(1)var(Tpq.1). Sim-
ilarly to Section B.9.1, we write U*(a) = Y%, Y5120 2by—0 Caepr by X
Th, bs,c by +by<a—1, Where Ty, p, . is defined in (B.179). For finite a, to prove
var{t*(a)} = o(1)var(Tp 4,1), it suffices to prove var(Th, p,.c) = o(1)var(Tp 4.1)
for 0 <c<aand by +by <a—-1. As E();; j,) =0 and E(x) = E(y) =0,
we know that if by + by < a — 1, E(T}, , ) = 0. Then var(Tp, p,c) =
E(Tfhbmc), which takes a similar form to (B.180). Specifically, we can write
Val"(Tbhb%c) = Val"(Tb17527c)(1) + Va‘r(Tbl,bQ,C)(Q)) where

Var(Tb17b27C)(1) = Z (P2ncm—b1 P;(ch)sz)_2 Z

J1.92.91,52€J0 i,1€P(ne,2c—by );
w WEP(ny,2(a—c)—b2)

T(i,i,W,VV,jl,jQ,jl,jQ),

and
var(Th, by c)(2) = Z (P;cm—blPzn(@zjz—c)—bzr2 Z
(J1.52)s i,1€P (ng,2c—b1);
(91,32)€Jo,D w weP(ny,2(a—c)—b2)

T(i,1i, w, W, j1, j2, j1, j2),

and T(i,1, w, W, j1, jo, J1, j2) is defined same as in (B.180).

Note that var(Ty, p,.c) (1) is a summation over j indexes in Jo, and oy j, j, =
Oy.j1,jo fOT j1,72 € Jo. Therefore the arguments under Hp in Section B.9.1
can be applied similarly to var(T}, p,c)1)- Then we have var(Ty, p,.c)1) =
o(n™*) (X2, nelo 0?1,]’2)2 which is o(1)var(Tp q4,1). We next consider var(Ty, p,.c)(2)-
As E(Viji,j.) = 0 and E(x) = E(y) = 0, by the definition in (B.180),
we know E~{T(i,i,w,v?r,jl,jz,jl,jg)} # 0 only when {'l‘bl_l’_l,..;,ch_bL} =
{ib1+1a ce 7i2c—b1} and {W} = {VNV} Let mg = bl—‘{il, ce ,’ibl}ﬂ{il, e ibl}|-
By Condition A.7 (3) and the Holder’s inequality,

var (Tb1 ,ba ,C) (2)

a—c
— p— - —_—C— — a
< an (c b1)ny (a—c—b2) ?5%%}57 {(nya Z |Uy,jh1 iy T i |a>
0<mo<by (41,32)5(J3,Ja)€Jo, D
C—mo
X (n;a Z ’JZ Jh1 5Tho OT0ng 0n ‘a ’
WhyoJhg Wh3aJhg

(41,42),(43,44)€Jo, D
mqg

. . . . a T
X ( Z |Dyh1,Jh2 D.Yh3:]h4’ ) }
(41,32)5(J3,J4)€Jo, D

< Cn_(a’_bl_b2) max n—aV A%
- HEHO,t:LQ{ a,H,x,t> (l,’H,D,3},
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where the last inequality uses oy j; j» = 0z.j1,jo — Dji jo- As b1 +b3 <a—1,
var(Ty, py.c)(2) < Cn~ ' maxyemyt=12{n""Var 2t Var,ns} By Condition
A.8 and (B.204), we know var(Ty, p,.)2) = o(1)var(Tpa,1)-

B.11. Proof of Remark 2.4. In this section, we prove the conclusion
in Remark 2.4. To be specific, we prove in the following that under the
conditions of Theorem 2.3,

(B.205) ’P(n(MJ)2 > Y,

Note that we already know M, /n and U(a,)/o(a,)’s for r =1,...,m are
asymptotically independent by the proof of Lemmas A.8 and A.9. In this
section, the proof idea is that we show the difference between n(M,JE)2 and
My /n is 0p(1) and then obtain (B.205). To prove that n(M})? — M, /n is
op(1), we introduce an intermediate variable M,,/n defined below, and show
that M, /n — n(M;)? = 0p(1) and M,,/n — M,,/n = o,(1) respectively.

Specifically, we define

Y ~2
Mn/n - IS;?QJ?;SP ‘najl,jz/gjhh‘?
where 6 j, = D1 {(®ijy — 7)) (i g, — Tjp)}/n and 0, = var{(zij —
iy )(%i jo — iy, ) }. Moreover, by (A.9), we have
~2
Mn/n - ISJI'?QJ?;SP ‘najl,jz/gjhh‘?
where we use the fact that 0;, ;, = 0, j,04,,, by Condition 2.3 and define
Girgo = 2 {(@ijy — ) (@i j, — o)} /. In addition, we have
N 5 1/2
M = L max 105,521/ (0.,) 2,
where we let 9j1,j2 = \72;1“(5']'17]'2) =n! Zzﬂzl{(xivjl 7‘%_]'1)(1’7;,]'2 *CEJ'Q)*&J'IJQ}Q.
In the following, we will first compare M, /n and n(MZ)Q, and then compare
M, /n and M, /n. Also for simplicity, we assume without loss of generality
that p; =0 and o;; = 1.

Note that n(MTTL)Q = MAX1<ji£jp<p |n(7j241 o /éjl _j»|, which differs from M, /n
only by replacing 6;, ;, with 6;, ;,. By the proof of Lemma 3 in [10], we know
that for any Cy > 0, there exists some constant C7 such that

P( max_ 6,5, = 65151 /01 g2 2 Clvlogp/”) =0(p™).

1<j1#52<p
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Under the event \9}13]’2/93-1,]-2 — 1| < C1+/logp/n, we have
| My /1 — n(M)?|

~2 ~2 )
=| max nd; . /0, — max no: ;[0
HLdl , J1,J2 Hlds , J1,J2
1<ji#j<p T2 1<ji#j<p T2
< max |na'j2‘1 jQ/Hjl»j2| X max |1 - Gjl,jz/éjl,j2|
1<j1#52<p ’ 1<j1#£52<p
-9
< _max_ [n6j, ;,/0;5,|C1v/logp/n.
1<j1#52<p

It follows that n(M;})2 = M, /n{l + O(y/log p/n)}. Since log p/n — 0 and
M,, /n has alimit by Theorem 3 in Cai and Jiang [9], then | M,, /n—n(M})?| =
op(1). )

We next compare M, /n and M, /n. by Lemma B.3,

n

n
< C  max ‘ Y (@i — Tj)(Tigy — Tjp) — Y Ti gy Tig
1<j1#j2<p 1 =1

2
/ n
n n
+ Cy/My,/n _max ’ D (@igy — B (@igy — Tjp) — > ija T
1<j1#52<p P =1

—4 1/2 -2
< C max nZ; + Cn'/*\/M,/n max 77,
1<j<p 1<j<p

/v

21+
56?2)/2 < maxi<j<p f? By Eq. (27) in Lemma 2 of Cai and Liu [7], ]We
know that max <<, |Z;| = Op(y/logp/n). Since we assume logp = o(n!/7),
and Proposition 6.3 in [9] shows that M, /n has a limit, we know | M, /n —
My /n| = op(1).

In summary, | M, /n — n(M£)2| < |My/n — My, /n| + | M,/n — n(MJL)2| =
op(1). Since |M,,/n — n(M;rL)2| = o0p(1) and M,,/n and U(a,)/o(a,)’s for r =
1,...,m are asymptotically independent, similarly to the proof of Lemma
A9, we know (B.205) is proved.

where in the last inequality we use maxi<j, £j,<p Tj; Tj, < MaAX1<j,£jo<p(T

B.12. Proof of Corollary 4.1. Since the proofs in Sections A.10 and
A.12 do not rely on ¥, = X, the proof of Corollary 4.1 follows from Sec-
tions A.10 and A.12 directly. We also obtain var{{/(a)} under the null and
alternative hypotheses by Lemma A.16 (on Page 56) and Lemma A.20 (on
Page A.20), respectively.

APPENDIX C: COMPUTATION & SUPPLEMENTARY SIMULATIONS
C.1. Computation.
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C.1.1. Formulae for (2.15). Note that Uj(a) = Ulla by the definitions
n (2.16), and for different I’s, the computation methods of Ull‘“s are the
same. Therefore in the following, for simplicity, we give the formulae of U, lla
without the subscript I:

vt =y,

Utz —y4L1) _ V(2)7

Uts =yts gy @D 4 oy B)]

Ut =yt — gy LY L gy G 4 3y _ gy ™),

Uls —yts — 1oV 218) 4 ooy Bil2) 4 1522 _ 3oy (1)
— 20V 23 1 24y ),

Uts =yte — 15y (142) 4 40y B:13) 4 45 (1:12.2)
— 90V I 1207 (128 444y (15) 151222
+ 90V %Y 440V B3 — 120176,

where U'e and V{#1-t) are defined as in (2.16).

C.1.2. Computation with unknown mean. In this section, we provide the
details of the computation of U(a) when E(z; ;) is unknown. We note that
U(a) is some linear combination of

(C'l) Z H ::7]11 ::7322’

1<y #. Fip<nt=1
where a < k < 2a, 141,712 > 0 and r, 1 + 7,2 > 1. A direct calculation
of (C.1) has computational cost O(n*), which is large when k is large. But
following the discussion in Section 2.3, we can similarly reduce the compu-
tational cost of (C.1) to order O(n) with an iterative method. In particular,
we note that

Tt,1 Tt 2
(C'Z) Z H Zt,h Ly 2J2
1<i1#. Fip<n t=1
n
o Tt T2 Tk, Tk,2
_( Z H lt,]l lt:]2> (sz’.jl m27.72)
lgll# #Zk 1<1’Lt 1 =1
k—1 k—1
_ Tt,1 T2 e, 7rE,2
Z Z ( H Titga :EitJQ) Lt Vi o

m=1 1§11;£7ézk,1§n t=1
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k—1 e, 2 .

Suppose we can compute Y2 ;o ;< [Lim) @), 2505, with cost O(n)
for any (r¢1,72),t =1,...,k—1. Then by the relationship in (C.2), we can
obtain (C.1) with cost O(n) iteratively.

We then illustrate the iterative method with some examples. When k = 1,
for any given (r11,r1,2), we know » I, mzljllarzljj can be computed with

2 T, T,
cost O(n). When k = 2, by (C.2), we have >°,; .o, [lisy #5275, =
T1,1 71, 2,1 T2, r1,1+t7r2,1 _rietre, .
(i legll xzbj)@?:l xzill %?f)—ZL leﬁl ’ 1xz1]22 **, which can be com-
puted with cost O(n). For a general k, suppose for any given (r1,72),t =
k—1 _re1 T, .

L....k — 1, we can compute » i, s  <nlli— xzf;lxlf; with cost
O(n). Then by (C.2), we can obtain (C.1) with computational cost O(n).

Given the iterative method discussed above, we can compute U(a) with

cost O(p?n). For example, we can write U(1) as
n n n n
-1 -1
Z {n le}jlxi,ﬁ —(P%) ( Z Ti1,j1 Z Tig,ja — Z ﬂfi,jlxi,jz) }
1<j1#j2<p i=1 i1=1 io=1 i=1
For a = 2, similar analysis holds. Note that

u)= Y {E) U@ - 2P @) + (P Us(2)],

1<j1#52<p

2
Ui(2) = Z Hliit,hxit,jm

1<ii£i<nt=1

Us(2) = D (@i i) (@) (i o),

1<iy #ia#i3<n
2 4
Us(2) = > [z [z
1<iy #igFiz#ia<n =1 =3

We then find that U (2),Us(2) and U3(2) can be computed with cost O(n)
using the following formulae.

n
2
Ui(2) = (Zfﬂz’mxi,jg> = (@igwign)*
i=1 ]

U2(2)=(zn:$i,j1$i,jg>< > ﬂfi,jlf'fi,jz)
i=1

1<i1#i2<n

2 2
- E (J:il,jlxil,jz)xiz,jz - E (xilajlxihjg)xi%jl?

1<iz#i2<n 1<iz#i2<n
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where we use -y ;i< Tiji Tijo = (Dioq Tigy ) oty Tiga) =D iy Ty Tigos
and Zlgilﬁggn(l‘% ,jlm’il,b)ximh = (Z?:l %2,]'1 xi,jz)(z?;ﬂ %’Jz)—Z?:l x%,jlxiz,jz‘

U@ = > v )Y Tanig) - 26(2) - (),

1<ir#i2<n 1<ig#ia<n

where we use >y ;. i <, Tiy kTis k = OCr @)=, ;. for k = ji, ja.

When a > 3, the similar iterative method can be applied. But the closed
form for computation might be hard to derive directly. Alternatively, we
introduce a simplified form of U-statistics: U.(a) = (P?)~! D A<int. Fia<n
Y 1<ivtin<p =1 (Tie s =Ty ) (%, jo — Tj,). We note that U (a) takes a similar
form to U(a) in (2.5), but replacing each observation z; ; with the centered
correspondence x; ; — Z;. Therefore, U.(a) can be computed with cost O(n)
using Algorithm 1, if we set s;; = (x; ;, — Z;, ) (@i j, — Zj,) in Algorithm 1 for
L€ {(j1,72) : 1 < j1 # jo < p}. We then show that we can substitute U(a)
with U.(a) when a > 3 in computation under certain conditions.

ProrosiTiON C.1. Under the Conditions of Theorem 2.4, consider a >
3. If a is odd, p = o(n't%/?); if a is even, p = o(n¥?). Then {U(a) —
Ue(a)}/o(a) > 0.

Proposition C.1 is proved in the following Section C.1.3. It implies that the
results in Theorem 2.4 sill hold by replacing U (a) with U.(a). As discussed
above, we recommend including U-statistics of orders {1,2,3,...,6,00} in
the adaptive testing procedure. Then Proposition C.1 requires that p =
o(n?), which suits a wide range of applications. Combining Theorem 2.4
and Proposition C.1, we can conduct the test with quick computation of
cost O(p*n).

On the other hand, we can conduct the test more generally without Con-
dition 2.4 and the requirement p = o(n?). Specifically, we compute U(a) in
(2.5) with cost O(p?n). Then [U(a) — E{U(a)}]/+/var{t(a)} 2, N(0,1) by
Lemma A.1 in Supplementary Material and Theorem 2.4. To test Hy in (2.1),
it suffices to estimate E{U/(a)} and var{i/(a)} with permutation. This may
have higher computational cost than the method above due to permutation,
but is computationally more efficient than estimating p-values directly via
permutation or bootstrap, especially when evaluating small p-values.

C.1.3. Proof of Proposition C.1 (on Page 199). In this section, we prove
Proposition C.1. As both U.(a) and U (a) are location invariant in the sense of
Proposition 2.1, similarly to the proof of Theorem 2.4, we assume E(x) = 0
in the proofs in this section.
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Let U.; = U(a) in (2.5), and L{cg( ) = Uc(a) —Ueq(a ) By the proof of
Theorem 2.1, we know {U(a) a)}/y/var{(a } 2 0. To ﬁmsh the
proof of Proposition C.1, it sufﬁces to prove Ueo(a)/+/var{U(a)} 2o By
Lemma A.1, var{t(a)} = ©(p?*n~?). Then it suffices to prove E{Z/{ZQ(G)} =
o(p?n=?) by the Markov’s inequality. To derive U, 2(a), we similarly use the
notation in Section B.3. Specifically, given tuple i € P(n,a), let (s, 1,1s,)
represent a sub-tuple of i with length s+ s2+ s3, and define S(i, s1+s2+ s3)
to be the collection of sub-tuples of i with length s1 4+ s2 + s3. Then we write

uc2( )

= Z Z Z ('i'jd j]’z)a_SI_SQ_S3

1€EP(n,a); 081,520 (4 1 sy1e9)ES(,51+52+53)
1<ji#j2<p 0=s3z<a

S1+S2 S$1+82+s3

7. )52 o e

{ —Zj,) qu,m}{ —Zj;) H J%t,az}{ H xltdlxlt,h}
t=s1+1 t=s1+s2+1

= E 051732,33T51,52,537

0<s1,s52<a;0<s3<a

where Cy, s, s, are some constants that only depend on s1, s2, s3 and a, and

1
— 7oA. \A—S1—82—83
Tsy 50,53 = E P x (%5, j,)
1<j1#j2<p; i€P(n,s1+s9+s3) S1T52+83
s1+s2 S1+82+s83
7. )52 . . ..
{ —Zjs) Hl‘u,h}{ —Zj,) H 1‘“,]2}{ H xlt»]lmlty.h}‘
t=s1+1 t=s1+s2+1

When a is finite, it suffices to prove E(TZ ,, ..) = o(p*n™?).
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Particularly,

(C.3)  B(T%, .)

51,582,583

- ¥ > ()

— . P
1<j1#52<p iieP(n,s1+satsg) 115213

1<j1#52<p
S1+s2
F. . A —S1—82—S83 7. )52 .o
xE | (), %) { —Zj,) H%wl}{ —Zj) H %m}
t=s1+1
s1+s2+s3 S1
e T . \O—S1—82—83 ) (4 \S1 S
X{ H $zt,j1xlt,]2}(xj1xj2) {( xjg) Hxit,jl}
t=s1+s2+1 t=1
Ss1+s2 $1+82+83
_\S2 S e e -
X{( x]l) H xiuh}{ H xitvjlxitva}
t=s1+1 t=s1+s2+1

= Y > 152,55 M (1,1, W, W, J),

1§217522§p i,iEP(n,Sl-i-Sg-i-Sg);
1<j1#72<p w,WweC(n,2a—s1—s2—253)

where we define on Page 71 that w € C(n,s) represents tuples i1, ..

satisfying 1 < idy,...,is < n, and Ch s 50,55 = (Perisyrss
and

Sy ls
2a—s1—32—33)—2

(C4)  M(3,i,w,w,j)
S1+582 S1+52+s3

S1
= [Mziam g 11 wnrig 1] @eamin) (@5, 5)
t=1 t=s1+1 t=s1+s2+1

a—S1—S3 2a—81—82—283

X H xwk 1 Imk 751 H xwk »J2 xﬂ)k 732 :
k=1

k=a—s1—s3+1

We write M (i, 1, w,w,j) = Mj, My, M; M5, , where

J2?
81 $1+82+583 a—s1—83 $1+82+583 2a—s1—82—253
Mj, = Hxitm H Lig,j1 H Ty g My, = H Lit, o H Loy, g2
t=1 t=s1+s2+1 k=1 t=s1+1 k=a—s1—s3+1
51 s1+s2+s3 a—s1—Ss3 s1+s2+s3 2a—s1—52—283
M31 - sztvjl H i H Lipg,ji MEQ - H L3432 H Lipg,jo-
t=1 t=s1+s2+1 k=1 t=s1+1 k=a—s1—s3+1

As E(x) = 0, when a = 1, E(M;,) = E(M;,) = (M~):E(M~.) 0.
We then consider a > 2. As E(x) = 0, i1 # ... # ig, 159ty and i # ... #
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%51+52+53, we know that E(M;,) # 0 only when {i1,... 45,9 +s041,---,
i81+82+83} g {wh e 7wa—51—53} and

(C.5) 1Sj,] < s14+ s34+ [(a—2s1 —2s3)/2] = |a/2],

where Sj, = {i1, ..., s, G5 450415+ » bsit+sotszs Wi, - - - Wa—s,—s - Similarly,

when E(M] ) # 0, we know {i81+17"'7i81+82+83} - {wa751733+1,
s 7w2a—51—32—2$3}7 and

(C.6) 1Sj,| < s24+ 53+ |(a—2s2 — 253)/2] = |a/2],

where Sj2 = {i51+1, - ,i51+52+s3, Wa—s1—s34+1y - ,’LUQa,Sl,SQ,QSS}. As |Sj1 N
Sj,| = s3, combining (C.5) and (C.6), we know that if E(M; ) # 0 and
1) 1S5 U Syl < 20a/2] — 54

Similarly, if E(M;l) # 0, we know

(C.8) 95,1 < a/2],

where 551 = {7:1, N 7i51,i51+52+1, N 7i51+52+53, QIJl, N 771}(1—81—83}- If E(M52) 7&
0, we know

(C.9) 55,1 < la/2],

where 852 — {gsl—o—la ce ,5314_324_33, Qf}a_sl_s3+1, e ,’u~)2a_sl_32_253}. IfE(Mjl) 7'5
0 and E(Mj5,) # 0, we know

(ClO) |Sjl @] Sj2| < 2La/2j — S3.

To evaluate E(T? ) in (C.3), for the simplicity of representation, in

51,52,53
the following we write

). = 2 2

ALL SUM 1<y #jo<p; 1<j1#j2<p i,i€P(n,s1+s2+53); w,WEC(n,2a—s1—s2—253)

We next evaluate E(T?2 ) by discussing the indexes {j1,jo, j1,j2}. We

51,582,583
first consider |{j1, j2,71,J2}| = 4, and the summation

Y YGieiiali—ap X Cnspsass X B{M(i,1,w,w,j)}.
ALL SUM
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Note that |{j1, j2, j1, 2} = 4 implies that ji1 # j2 # J1 # j2. Without loss
of generality, we assume j; < jo < j1 < Ja , while the other cases can follow
similar analysis. Define k1 = jo — j1, k2 = j1 — jo and K3 = jo — j1. In
addition, for some small positive constants p and € and ¢ in Condition 2.2,
define Ko = —(2+¢€)(4 + p)(logp)/(elogd). If Ky, = max{ky, ka2, K3} > Ko,
we can write

[E{M (1,1, w,W,j)}| < Co50/CTI L A -
We next evaluate A, 5 by discussing the following cases (a)—(c).

Case (a) If all three k1, k2, k3 > Ko, we have
A5 = [E(M;,)E(M;, ) E(M; )E(M;,)|.

Then if A, = 7 0, we know E(M;,), E(Mj,), E(M;,) and E(M;,) # 0, which

J
implies that (C.7) and (C.10) hold. By Cond1t10n12 4, we know that

- I _ 4, 4la/2]—2s
Z A5G g oY = ma s> Ko} = O(L)PTn .
ALL SUM

In addition, E{M(i,i, w,w,j)} # 0 only if [{i} U{i} U{w}U{w}| < 2a— ss.
It follows that

(C]'l) Z Cn’51732’s3E{M(171’W’W"])}l{Hjl,jz,;h;g}=4;}‘
ALL SUM

a—1
C Z n—2(2a—53)n2a—53p406K06/(2+5)

s3=0
—2(2a—s3) B o
+ Z Cn Ajyjl{\{jl,j27j1,j2}|=47H1,R2753>K0}’
ALL SUM

_ O(n—(a—i-l))+O(1)p4n4La/2j—4a’

K1,Kk2,Kk3>Ko

IA

where we use Y app sum e iwwj)}£0p = Soo ynPamsaph gloe/(24e) =
O)p~U+H) and Cyy 4.6, 59,55 = O(1)n~2(22753) Tf g is even, (C.11) = O(1)p*n—2¢ =
o(1)p*n=% If a is odd, (C.11) = O(1)p*n=2¢72 = o(1)p?n 9.

Case (b.1) If k; < Ky, ko > Ky and k3 > K,
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IfE(M; ) and E(M5,) # 0, we know (C.10) holds. We then consider E(M;, Mj,)
with j; # jo. Note that

M' M'
S1+s2 S1+S2+sS3 a—S1—S3 2a—s1—S2—283
_Hxltzjl H Liy,jo H xzt:]lxltJQ H Lawy,j1 H Lwy,j2 -
t=s1+1 t=s1+s2+1 k=a—s1—s3+1
As E( ) = 0 and E(z1;,21,) = 0 under Hy when j; # jo, we know
( ) # 0 only when {il, .- 'ai81+82+83} - {wlv s 7w2a—81—82—283}
and
(C.12) 15, U Sj,| < [(2a — s3)/2]

We then know A, = # 0 only when (C.10) and (C.12) hold, and thus

Z AJ’J X 1{\{1'1,jzjl,32}|=4,/€1SK071€2,H3>K0}
ALL SUM

a—1
= 3" 0(1)pP Kon2la/2-si+LGams)/2),

s3=0

Then similarly to (C.11), we have

c13) | ¥ Cn7a731752,53E{M(i,§,w,v~v,j)}1{

[{d1.72.71,72 }|=4; ‘
ALL SUM

K1 <Ko;ka,k3>Ko

—(a+1 -
< O(n ( )) + Z Cn’a’51’82’53Ajvj1 [{71.52.71.52}/=4;
ALL SUM k1< Ko; k2,k3>Ko

a—1
_ O(n—(a+l)) + Z O(l)p3K0n2La/2J—53+L(2a—53)/2j—4a+233‘

s3=0
If a is even, we use 2|a/2| — sz + | (2a — s3)/2] —4a + 2s3 < —2a+ s3/2 <
—a — (a+1)/2 as s3 < a — 1. Then (C.13) = O(1)p*Kon—2~(@+1)/2 =
o(1)p?>n=a. If a is odd, we use 2|a/2| — s3 + [(2a — s3)/2] — 4a + 2s3 <
—2a + s3/2 < —a — (a+ 3)/2 as 2|a/2] = a—1 and s3 < a — 1. Then
(C.13) = O(1)p? Kon~ o (@+3)/2 = o(1)p>n—c.

Case (b.2) If k1 > Ko, k2 > Ko and k3 < Ky, similarly to Case (b.1), by
symmetricity, we know

€10 | Y CossssBIMGELw, W)} {

[{41,52,71,J2}|=4; ’
ALL SUM 0

K1,k2>Ko; k3 <K

= o(n‘(a—i-l)) + z_: O(l)p3K0n2|_a/2J—83+|_(2a—53)/2j—4a+253'

s3=0
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Then (C.16) = o(1)p*n~2.
Case (b.3) If k1 > Ky, ko < K¢ and k3 > K,
A5 = [E(Mj,)E(M;, M; )E(M;, ).

If B(Mj,),E(M;,) # 0, we know (C.5) and (C.8) hold. We then consider
E(M;j, M5 ). Note that

M;, M,

$1+82+s3 2a—s1—s82—2s3 s1 s1+82+53 a—s81—83

= I #s I wwsllss I =5 I #ea
t=s1+1 t=a—s1—s3+1 t=1 t=s1+s2+1 t=1

IfE(MjQMjl) = 0, we know that |Sj2U531’ < a. As |(Sj2USjl)ﬁ(Sj1U532)| =
2s3, we have [Sj, USj, US: US; | < a+2[a/2] —2s3. We then know

a—1

~ o _ 3 a+2la/2]—2s3

Y AL e e e Kowa <Ko} = D O(Lp*Kon :
ALL SUM s3=0

Then similarly to (C.13), we have

(€15) | Y CuasrsessBAMGLw, v~v,j)}1{ st }‘

ALL SUM k1,k3>Ko;k2 <Ko
= o(n™"™V) + O(1)p" Kon?L¥/21 7.

If a is even, we know (C.15) = p3Kon 2% = o(1)p?n~%. If a is odd, we know
(C.15) = p>Kon=2¢71 = o(1)p?n—°.

Case (c) If two of k1, ko, k3 < Ko, we know

Z l{two of k1,k2,k3<Ko} — O(pQKg)

J1,02:01.02

Following definition in (C.4), we know E{M(i,i,w,w,j)} # 0 only when
‘Sjl U Sj2 U 531 U 552’ < 2a — s3. It implies that

. I _ 2712 2a—s3
Y AL ai et two of e <Ko} = O(PPEGn 7%,
ALL SUM
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Similarly to (C.15), we have

(C.16) ‘ Z Cn,a,s1,sz,s3E{M(lale,WaJ)}l{ [tz 1,2 =4 }‘
ALL SUM two of k1,k2,k3<Kp
a—1
= o(n~(@tl)) ¢ Z O(1)p*KZn~20+s3,
s3=0

As 53 < a—1 and Ko = O(logp), we know (C.16) = O(1)p*Kgn *"! =
o(1)p*n~".

Case (d) If |{j1,72,73,J4}| = 3 or 2, similar analysis can be applied, and
we know that

(CA7) ‘ D Cnossss BAMEL W, WD) 5055000 or )
ALL SUM

_ O(n—(a—f—l)) +0(1)p2n—2a‘

Summarizing Cases (a)-(d) above, we obtain E(TZ , ..) = o(p*n™%).

C.2. Simulations on One-Sample Covariance Testing. In this sec-
tion, we provide extensive simulation studies for the one-sample covariance
testing discussed in Section 2. We present the results of the five simulation
settings introduced in Section 3.1 in the following Sections C.2.1-C.2.5.

C.2.1. Study 1: Empirical Size. In this study, we verify the theoretical
results under Hy in Section 2 and the show validity of the adaptive testing
procedure across different n and p values. In particular, we fix n = 100
and take p € {50,100, 200, 400,600,800,1000}. Then we generate n i.i.d.
p-dimensional x; for ¢ = 1,...,n, and each x; has i.i.d. entries of N(0,1)
and Gamma(2, 0.5) respectively. The results are summarized in the following
Tables 1 and 2 respectively.

In Tables 1 and 2, we provide the simulation results of all the single U-
statistics with orders in {1,...,6}. For U(oc0), we first use the test statistic
(2.8) same as in Jiang [43], which is denoted as “U(oco) 1”7 below. Since
the convergence in [43] is slow, we use permutation to approximate the
distribution in the simulations. We also use the standardized version MJL
given in Remark 2.4, which is denoted as “U(oc0) 2” below. Given “U(c0) 1”
and “U(oc0) 27, we apply the adaptive testing with minimum combination
and Fisher’s method respectively. The results are denoted as “adpUminl”,
“adpUf1”, “adpUmin2” and “adpUf2” respectively below. In addition, we
also compare several methods in the literature. The identity and sphericity
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TABLE 1
Empirical Type I errors under Guassian distribution; n = 100.

D 50 100 200 400 600 800 1000
1) 0.0564 0.055 0.045 0.053 0.048 0.052 0.036
2) 0.058 0.058 0.066 0.050 0.071 0.048 0.063
3) 0.057 0.066 0.061 0.055 0.051 0.063 0.052
4) 0.0564 0.067 0.052 0.080 0.053 0.041 0.056
5)
6)

0.049 0.054 0.059 0.070 0.045 0.049 0.053
0.039 0.057 0.063 0.061 0.056 0.057 0.074

1 0.046 0.055 0.049 0.067 0.064 0.042 0.044
U(co) 2 0.040 0.047 0.045 0.056 0.048 0.050 0.048
adpUmin 1  0.056 0.066 0.067 0.064 0.067 0.056 0.051
adpUf1 0.065 0.083 0.069 0.079 0.063 0.058 0.060
adpUmin 2 0.054 0.069 0.065 0.060 0.062 0.055 0.057
adpUf2 0.069 0.082 0.065 0.065 0.058 0.057 0.062
Identity 0.055 0.053 0.058 0.053 0.061 0.049 0.053
Sphericity  0.053 0.050 0.058 0.053 0.062 0.049 0.054
LW 0.058 0.051 0.053 0.045 0.067 0.048 0.058

Schott  0.052 0.055 0.050 0.052 0.050 0.044 0.051

TABLE 2
Empirical Type I errors under Gamma distribution; n = 100.
D 50 100 200 400 600 800 1000

(I) 0.043 0.049 0.054 0.048 0.050 0.049 0.043
(2) 0.0567 0.075 0.062 0.054 0.057 0.055 0.061
(3) 0.0564 0.064 0.050 0.041 0.057 0.051 0.056
(4) 0.047 0.056 0.061 0.056 0.052 0.053 0.045
(5) 0.043 0.043 0.054 0.052 0.050 0.053 0.049
(6) 0.032 0.035 0.059 0.045 0.046 0.053 0.044
)1 0.052 0.045 0.048 0.053 0.045 0.049 0.055
U(co) 2 0.044 0.052 0.052 0.053 0.044 0.051 0.045
adpUmin 1  0.051 0.054 0.069 0.062 0.049 0.058 0.065
adpUf1 0.055 0.060 0.075 0.067 0.054 0.058 0.067
adpUmin 2 0.049 0.055 0.068 0.063 0.049 0.059 0.066
adpUf2 0.063 0.067 0.070 0.058 0.047 0.057 0.061
Identity 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Sphericity 0.088 0.065 0.071 0.056 0.060 0.059 0.050
LW 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Schott 0.051 0.063 0.053 0.053 0.055 0.046 0.060

tests in Chen et al. [15] are denoted as “Equal” and “Spher” below; the
methods in Ledoit and Wolf [51] and Schott [66], which are referred to as
“LW” and “Schott” respectively.
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C.2.2. Study 2. In this section, we provide the simulation results for the
second setting in Section 3. In particular, we generate n i.i.d. p-dimensional
x; for ¢ = 1,...,n, and x; follows multivariate Gaussian distribution with
mean zero and covariance 34 = (1 — p)I, + plyk, 1;7%.

Similarly to Figure 2, we conduct simulations on the adaptive proce-
dure with U-statistics of orders in {1,...,6,00}. We provide the simula-
tion results of all the single U-statistics and the adaptive procedure, and
also compare with some other methods in the literature. We take (n,p) €
{(100, 300), (100, 600), (100, 1000)}, and provide the results in the following
Figures 46 respectively.

In Figure 4, the first 7 plots are simulated with ky € {2,5, 7,10, 13,20, 50}.
Particularly, we include results of U(a) for a € {1,...,6,00}; the adaptive
procedure “adpU” by minimum combination of these single U-statistics;
identity and sphericity tests in [15], which are denoted as ‘Equal” and “Sh-
per”, respectively. We can see that when ko € {7,10,13}, the results of
“adpU” are better than all the other test statistics. For other cases, the
results of “adpU” are close to the best results of single U-statistics. In ad-
dition, we also examine the case when the nonzero off-diagonal elements of
34, ie., 0j j, with 1 < j1 # jo < ko, have same absolute value |p|, but can
be positive or negative with equal probability. The results of powers versus
different |p| values are given by 8th plot in Figure 4, which is consistent with
Remark 2.6 in Section 2.2.

In Figures 5 and 6, the meanings of the legends are the same as in Tables
1 and 2, and are already explained in Section C.2.1. We can find similar
patterns to that in Figure 4.
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Fig 4: Study 2: n = 100, p = 300.
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C.2.3. Study 3. We provide supplementary simulations for the third set-
ting in Section 3.1. In particular, we generate n i.i.d. p-dimensional x;
for : = 1,...,n, and x; follows multivariate Gaussian distribution with
mean zero and covariance X 4. In this case, 34 is symmetric and positive
definite, and has the diagonal being all one and only |J4| random posi-
tions being nonzero with value p. Note that here p represents the magni-
tude of the alternative signal; and |J4| represents its sparsity level with
a larger value indicating a denser alternative, and vice versa. We let |J4|
and p vary to examine how the power changes correspondingly. We take
(n,p) € {(100,600), (100,1000)}, and provide the results in the following
Figures 7-8 respectively. The meanings of the legends are the same as in
Tables 1 and 2, and are already explained in Section C.2.1. We observe
similar patterns to that in the figures in Section C.2.2.

C.2.4. Study 4. In this section, we provide the simulation results of the
fourth setting in Section 3.1. In particular, we generate n i.i.d. p-dimensional
x; for ¢ = 1,...,n, and x; follows multivariate Gaussian distribution with
mean zero and covariance 3 4. Under this setting, 34 is symmetric and
positive definite and has the diagonal being all one and |J 4| random positions
taking values uniformly in the range (0,2p). Therefore, the nonzero off-
diagonal elements in 34 are different. Figure 9 below presents the power
versus p when n = 100 and p = 1000. The meanings of the legends are the
same as in Tables 1 and 2, and are already explained in Section C.2.1. We
observe similar patterns to that in the figures in Section C.2.2.

C.2.5. Study 5. In this section, we compare our methods with the meth-
ods in Chen et al. [15] following their multivariate models. Specifically,
for each i« = 1,...,n, x; = Zz; + p, where = is a matrix of dimension
p x m with m > p. Under null hypothesis, m = p, E = I, p = pol, with
po = 2; under alternative hypothesis, m = p+ 1, p = 2(v/1 — p+ /2p)1,,
E = (V1—ply,\/2p1,), thus ¥ = (1 — p)I, + 2p1,1}. Two settings are
examined: first, z;’s are i.i.d. multivariate Gaussian random vectors with
mean 0 and covariance Ip; second, z; = (z;1,...,2m)T consists of i.i.d. ran-
dom variables z; ; which are standardized Gamma(4,0.5) random variables
so that z; has mean 0 and covariance I,,.

To mimic “large p, small n” situation, [15] sets dimension p = ¢; exp(n")+
¢, where n = 0.4, for (c1,c2) = (1,10) and (c1,c2) = (2,0) respectively.
In particular, we consider (n,p) € {(40,159), (40, 331), (80, 159), (80, 331),
(80,642)}. The results are based on 1000 simulations and the nominal sig-
nificance level of the tests is 5%.

In the tables 3-10, results outside and inside parentheses are calculated
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from parametric-permutation- and asymptotics-based methods, respectively.
To be specific, psarametric-permutation-based method means estimating p-
values or powers by permutation; and asymptotic-based method uses the
asymptotic theoretical results and is described in Section 2.3. For each
a€{l,...,6,00}, the row of “U(a)” has results using the single test statis-
tic U(a); and the row of “adpU” is obtained by the adaptive testing proce-
dure which combines all single candidate U-statistics in the tables using the
minimum combination. In addition, “Ident” and “Spher” rows denote the
identity and sphericity tests in [15] separately.

In the tables 3-8, we find that the empirical sizes of most tests are close
to the nominal level, except U (oco) due to the slow convergence to extreme
value distribution as pointed out in [31]. “Ident” and “Spher” tests per-
form similarly to ¢(2) in both settings. This is reasonable because they are
all sum-of-squares-type statistics. Moreover, for the p’s examined, ¢(1) has
higher power than U(2), as the constructed alternative is very dense and
only has positive entries. In addition, “adpU” achieves high power for dif-
ferent cases, and its power converges to 1, as one of the test statistics has
power converging to 1. In Tables 9 and 10, data are standardized with sam-
ple mean and variance. It can be seen that methods in [15] perform poorly
in this case. Other than this, the results follow similar patterns to results in
other tables.

TABLE 3
Empirical Type I errors and power (%) under simulation setting 1. n = 80,p = 331.

p 0 0.001 0.002 0.003 0.004
U(1) 44 (4)  93.4(90.6) 100 (99.9) 100 (100) 100 (100)
U2 5.6 5.5 (6) 72 (5.9)  13.1(10.2) 19.7 (14.4)
UB) 5.4(6.1) 4.5 (4) 6.3(5.4) 6.9 (45 9 (5.4)
U) 4.7 (5.1) 6 (5.4) 3.7(4.6)  42(53) 6 (4.8)
UBG) 54(6.3) 49 (47  53(56) 6 (5.7) 6.1 (5.1)
U6) 4.6 (4.9) 58(54) 49 (45) 52 (48) 4.8 (5)

U(o) 4.7 (0.3) 5 (0.6) 55(0.7)  51(04)  5.9(0.8)
aSPU 5 (5.4) 81 (81.8)  99.4 (99.4) 100 (100) 100 (100)
Ident 5.5 5.7 8.2 14.4 21.8

Spher 5.6 5.7 8.1 14.2 21.4
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TABLE 4
Empirical Type I errors and power (%) under simulation setting 2; n = 80,p = 331.
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p 0 0.001 0.002 0.003 0.004
U(l) 5.3 (4.6) 56.7(50.3) 92.5(89.3) 99.3 (99.1) 100 (99.8)
U2) 5.4 (5) 5.5 (5.7) 6.9 (5.4) 7.7 (5.8) 11.4 (7.3)
UB) 5.6 (54) 4.5 (3.5) 5.7 (4) 5.8 (4.8) 7.2 (5.1)
UH) 4839 49 4.1) 4.9 (5) 6.5 (6.8) 4.9 (5.1)
UuB) 6.1 (5.1) 5.6 (6.1) 5.1 (5.2) 5.5 (5.7) 5.2 (5.5)
UuG) 64 (5.6) 54(4.1) 5.1 (5.3) 5.1 (5.4) 5.8 (5.3)

U(co) 5.5 (3) 5.3 (2.5) 6 (2.8) 5.5 (2.8) 6.8 (3.1)

adpU 6.4 (6.5) 35 (36.3) 78.7 (79.2) 96.1 (96.1)  99.5 (99.6)

Ident 6.7 6.5 7.4 9.2 13.5

Spher 6.2 6.2 7 9.1 12.9
TABLE 5

Empirical Type I errors and power (%) under simulation setting 1; n = 40,p = 159.

p 0 0.0005 0.001 0.0015 0.002 0.0025
U(l) 5.8 (4.6) 16.6 (13.6) 36.5(32.3) 57.4(51.3) 69.2 (65.1) 83.3 (80)
U2) 5249 4.6 (3.1) 4.6 (5.6) 5.3 (4.5) 5.5 (4.8) 5.9 (4.8)
UB) 4.9 (4.8) 58 (5.4) 5.6 (5.6) 5.6 (4.9) 4.6 (4.7) 5.6 (5)
UH) 4.6 (5.7 4.2 (4.1) 5.6 (4.6) 4.7 (4.6) 4.5 (5.1) 5.3 (4.9)
UB) 5.5 (5.6) 5.3(6.2) 5.7 (4.9) 3.1 (3.1) 4.7 (4.4) 5.5 (5.4)
Uu) 4.4 4.3) 4.8 (4.6) 4.4 (4.7) 4.3 (4.3) 4.8 (4.6) 5 (4.2)

U(co) 5.1(0.1) 5.1(0.1) 4.2 (0) 4.6 (0.1) 4.6 (0) 5.5 (0.1)
adpU 5.7 (5.8) 8.9 (10.6) 18.5 (21.1) 31.5(34.2) 474 (50.8) 63.2 (66.2)
Ident 5.8 5.3 5.9 6.8 6.8 7.1
Spher 5.8 5.1 5.7 6.5 6.5 7.2

TABLE 6

Empirical Type I errors and power (%) under simulation setting 1; n = 40,p = 331.

p 0 0.0025 0.005 0.01 0.015 0.02
U(1) 5.9 (5.4) 99.4(99.3) 100 (100) 100 (100) 100 (100) 100 (100)
U?2) 5.1 (4.4) 7(6.3) 155 (10.7)  65.8 (60)  95.1 (93.1) 99.3 (98.7)
UB) 54(55) 7.6(4.6) 13 (7.5) 26.3 (19.7) 53.9 (44.1) 76.9 (68.9)
U4) 48 (5.1) 49(54)  68(5.6) 6.3 (6.6) 114 (7.7) 144 (11.7)
UB) 5.9 (4.8) 55 (4.9  7(6.6) 56 (4.9) 86 (7.3) 85 (82)
U6) 4.1(4.9) 3.4(45)  68(4.6)  48(65)  55(6.6)  8(8.6)
Uc) 42(0) 4.1 (0) 6.1 (0) 4.9 (0) 6.6 (0) 7.3 (0.1)
adpU 5.2 (5.8) 97.5(98.5) 100 (100) 100 (100) 100 (100) 100 (100)
Ident 6.2 8.3 19.2 68 95.5 99.3
Spher 6.3 8.2 18.6 67.6 95.4 99.3
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TABLE 7
Empirical Type I errors and power (%) under simulation setting 1; n = 80,p = 159.

p 0 0.0025 0.005 0.01 0.015 0.02
U(1) 5.7 (47) 98.1(97) 100 (100) 100 (100) _ 100 (100) 100 (100)
U?2) 62(51) 68(55) 165 (11.4) 68.4 (60.6) 96.7 (94.7) 100 (99.9)
UB) 647  62(55)  TA(59)  152(9.2) 348 (26.2) 69.2 (61.4)
U4) 54 (5.6) 4(3.8) 47(42) 76(71) 106 (9) 18.2 (15.7)
UB) 45(4.9) 46(4.2)  48(45)  53(53) 9.6 (7.6)  13.1(13)
U6) 56 (53) 3.9 (47  4(3.3) 53 (49) 8.7 (8) 12 (12.4)
U(o) 45(0.8) 6.1(1.1) 49 (1.4)  54(L.7)  8(L5) 10.7 (3.3)
adpU 5.7 (7)  91.8 (92.6) 99.8 (99.8) 100 (100) 100 (100) 100 (100)
Ident 6.7 7.8 18.5 71.1 97.3 100
Spher 6.7 7.2 18 69.6 97 100

TABLE 8
Empirical Type I errors and power (%) under simulation setting 1; n = 80,p = 642.

p 0 0.0025 0.005 0.01 0.015 0.02
U 8 (4.8) 100 (100) 100 (100) 100 (100) 100 (100) 100 (100)
U?2) 4(6.2) 179 (12.7) 71.2 (63.4) 99.8 (99.8) 100 (100) 100 (100)
U3) 2 (5.6) 6.2 (3.6) 19 3(13.3) 68.4 (57.3) 96.4 (94) 99.8 (99.6)
U4) 2(5.2) 6.2(64) 2 (5.2) 8.5 (6.4) 25 (18.3) 57.9 (51.7)
Ub) 4 (4.6) 5 (5.2) 4 (5.4) 7.8 (7.2) 11.7 (9.9) 21.1 (16.9)
Uu(6) 4 (4.2) 5.8 (6.4) ( ) 4.2 (5.2) 9.3 (10.3) 13.1 (15.3)
U(oco) 4.4 (0.6) 5(0.2) 6 (0.4) 7 (0.8) 9.3 (0.8) 15.3 (0.6)
adpU 6 (4.2) 100 (100) 100 (100) 100 (100) 100 (100) 100 (100)
Ident 6.8 18.9 72.6 100 100 100
Spher 6.6 18.7 72.6 100 100 100
TABLE 9

Empirical Type I errors and power (%) under simulation setting 2; n = 80,p = 159.

p 0 0.0005 0.001 0.002 0.003 0.004
U(1) 49 (42) 26.1(20.4) 57.1 (49.7) 95.2 (93.1) 99.9 (99.8) 100 (99.9)
U?2) 49 (44) 39(53)  59(52) 67 (48  83(5.6) 122 (7.7)
UB) 54(5.2) 47(53) 43 (41) 6 (4) 59 (5.1)  7(5)

U4) 54(4.9) 55(52) 48 (48)  59(6.3)  6.7(7.2) 4.6 (4.6)
UpG) 7.3(6.2) 54(56)  58(6.5)  53(6.3)  58(55) 56 (5.6)
U6) 6.5 (5.6) 4.9 (5) 55(5.3)  4.9(5.2) 55 (54) 4.2 (4.7)

Uo) 59(3)  57(21)  58(25)  57(26)  55(29) 6.7 (3.3)
adpU 5.7 (5) 121 (13.1) 34.8 (34.6) 81.9 (82.6) 98.1 (98.1) 99.9 (99.8)
Ident 0.2 0.1 0.1 0.2 0.1 0.1
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TABLE 10
Empirical Type I errors and power (%) under simulation setting 2; n = 80,p = 642.
p 0 0.0005 0.001 0.002 0.003 0.004
(1) 2.8 (22) 942(93) 100 (100) 100 (100) 100 (100) _ 100 (100)
U2) 5842 4248 6 (5.6) 11.9 (7.2)  22.3 (14.5) 459 (36.2)
U3) 36((38) 54(2) T2(5  6(3.6) 11.9 (7.6)  15.1 (9.3)
UA) 4.4 (44) 46 (44)  64(62) 48(3.8) 54(5.2)  T(6.2)
UG 7066 6(5) 62 (5.4) 7(6.2) 6.6 (5.4) 7.4 (5.6)
UeG) 704 5 (46) 46 (5.6) 6.8 (7.2) 54 (46) 5.6 (5.8)
Uoo) 4.8(22) 62(24) 48 (0.8) 6.2 (3) 6.4 (2.6) 52 (1.6)
adpU 5 (4) 84.5 (85.9) 100 (100) 100 (100) 100 (100) 100 (100)
Ident O 0.4 0.2 0.4 2.4 8.3
Spher 0 0.4 0.2 0.4 2.4 7.8

C.3. Simulations on Other Testing Examples. In this section, we
provide the simulation results on other testing examples discussed in Sec-
tion 4. We present simulations on generalized linear model in Section C.3.1.
In addition, we provide simulations on two-sample covariance testing to ex-
amine the empirical type I error and power in Sections C.3.2 and C.3.3,
respectively.

C.3.1. Study 6: GLM. In this study, we conduct simulations for gener-
alized linear model considering the following model

(C.18) yi =zl a+x]8+ €,

fori =1,...,n. We generate i.i.d. x; from the multivariate normal distribu-
tion N(0,X). We show the results with an equal variance and a first-order
autoregressive correlation matrix case, that is, ¥ = (0.4"'*j|). We further
generate z; of two covariates with entries i.i.d. from standard normal distri-
bution N (0, 1), and ¢; are the random errors following i.i.d. normal distribu-
tion A/(0,0.5). In (C.18), we take a = (0.3,0.3)T, 3 = 0 or # 0 corresponded
to the null hypothesis Hy and the alternative hypothesis H 4, respectively.
Under Hy, |ps] elements in 3 are set to be non-zero, where s € [0, 1] controls
signal sparsity. We vary s to mimic varying sparsity situations, from sparse
to dense signals with s € {0.001,0.1,0.3,0.7,0.9}. The positions of non-zero
elements in 3 are assumed to be uniformly distributed in {1,2,...,p}, and
their values are constant ¢, where c is the effect of signals that vary in the
simulations. The results are based on 1000 simulations with 5% nominal sig-
nificance level, n = 500 and p = 1000. We summarized the results in Figure
10. It shows similar patterns as in Study I.
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Fig 10: Power comparison under generalized linear model simulation setting.




ASYMPTOTICALLY INDEPENDENT U-STATISTICS 221

C.3.2. Study 7: Two-sample covariance testing under Hy. In this section,
we examine the empirical Type I errors of the proposed the adaptive testing
procedure and compare it with the other methods.

We follow the simulation settings in Yang and Pan [79]. In particular, let
A(s) be the sx s covariance matrix of MA(1) model with the parameter 6, =
0.4. In addition, B = 0.71,_, is a (p—s) x (p — s) scaled identity matrix. We
then define the matrix Q(s) = BlkDiag(A(s), B), where “BlkDiag” indicates
a block diagonal matrix. We take s = p'/2 and n = 100, and consider
3, = X, = Q(s). The results are presented in Table 11.

In Table 11, we provide the simulation results of the single U-statistics
U(a) with a € {1,...,6}. In addition, we provide the simulation results of
U(o0) using permutation and the asymptotic distribution in Cai et al. [10],
which are denoted as “U(oco) permutation” and “U(co) Tony” respectively.
Given the results of U(1),...,U(6) and “U(co) (permutation)”, “adpUmin
1”7 and “adpUf 1” represent the results of the adaptive testing procedure us-
ing minimum combination and Fisher’s method respectively. Similarly, given
the results of U(1),...,U(6) and “U(c0) (Tony)”, “adpUmin 2” and “adpUf
2” represent the results of the adaptive testing procedure using minimum
combination and Fisher’s method respectively. Moreover, “Schott”, “Sriva”
and “Chen” represent the methods in Schott [66], Srivastava and Yanagi-
hara [70] and Li and Chen [54], respectively. In addition, we denote the tests
without and with Micro term in Yang and Pan [79] as “Panl” and “Pan2”
respectively. The tests in [79] are time-consuming. Therefore we only provide
the simulation results at p = 50, which takes about 100 times the time of
the proposed adaptive testing procedure.

Based on our simulation results, we find that the empirical Type I errors
of the single U-statistics are close the nominal levels, which verifies the theo-
retical results of Theorem 4.6. Moreover, comparing “U(oo) (permutation)”
and “U(co) (Tony)”, we find that using the asymptotic distribution in Cai
et al. [10] gives conservative Type I errors that are smaller than the nominal
levels. In addition, by examining the results of minimum combination and
Fisher’s method, we find that both of the two methods give empirical Type
I errors that are close to the nominal level, while the Fisher’s method may
have slight size inflation compared to the minimum combination.
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TABLE 11
Empirical Type-I errors under X, = 3y = Q(s); n = 100, s = p/?

P 50 100 200 300
U(1l) 0.052 0.055 0.040 0.039
U(2) 0.051 0.060 0.053 0.047
U(3) 0.048 0.061 0.054 0.054
U4) 0.039 0.059 0.067 0.053
U(5) 0.056 0.046 0.041 0.066
UB) 0045 0.044 0.041 0.044

U(oo) (permutation) 0.047 0.042 0.049 0.052
adpUmin 1  0.043 0.057 0.059 0.053
adpUf1 0.076 0.081 0.060 0.076
U(oo) (Tony) 0.018 0.024 0.016 0.013
adpUmin 2 0.044 0.056 0.059 0.051
adpUf2 0.051 0.056 0.040 0.050
Chen 0.050 0.049 0.049 0.050

Sriva  0.166 0.002 0.000 0.000

Schott 0.074 0.119 0.236 0.418

Panl 0.055 NA NA NA

Pan2 0.058 NA NA NA

C.3.3. Study 8: Two-sample covariance testing power. In this section, we
examine the power of the two-sample covariance testing.

We follow the covariance matrix models in Yang and Pan [79]. In partic-
ular, let H (19, 71,7) = (hij)pxp, Where h; j = 0 except h;j; =719,1=1,...,r
and hj 41 = hijj—1 =m7,1=1,...,7r—1. Here 79 and 7 are used to measure
the level of faint alternatives and r is used to measure the sparsity level of
alternative. We fix 3, = I, the p x p identity matrix, and examine the
following three representative covariance matrix models of X,.

Model 1: (Extreme faint, 7o = 0.04, 74 = 0.2, = p). ¥, = I,+H(0.04,0.2,p).
This matrix can also be considered as the covariance matrix of MA (1) model
with the parameter #; = 0.2, which is also used in Li and Chen [54].

Model 2: (Extreme sparse, 9 = 1,71 = 1.5,r =2). 3, = I, + H(1,1.5,2).
This model only has four large disturbances compared with 3., which is
regarded as the extreme sparse (ES) alternative.

Model 3: (Reasonable faint and sparse, 7o = 0.3,77 = 0.3,r = p/10)
¥, =1, + H(0.3,0.3,p/10). The value of r here is between 2 (in Model 2)
and p (in Model 1), which is regarded as a moderately sparse setting.

Under each model above, we take n = 100, p € {50, 100,200,300}, and
provide the simulation results of the Models 1-3 in the Tables 12-14 respec-
tively. The explanation of each row are the same as in Table 11, which is
given in Section C.3.2. Similarly, we note that the tests in Yang and Pan
[79] are very time-consuming. Therefore for “Pan 1”7 and “Pan 2”7, we only
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provide the simulation results at p = 50, which takes about 100 times the
time of the proposed adaptive testing procedure.

TABLE 12
Empirical Power under Model 1 (Extreme faint); n = 100.

p 50 100 200 300

U(1) 0397 0389 0408 0.416
U(2) 0445 0.458 0.456 0.484
UB) 0290 0309 0354 0.371
UA) 0197 0211 0.199 0.205
UG) 0244 0397 0.752  0.855
UG) 0.054 0.052 0.054 0.091

U(oo) (permutation) 0.066 0.062 0.044 0.029
adpUmin 1  0.478 0.511 0.692 0.783
adpUf1 0.600 0.648 0.843 0.886
U(oco) (Tony) 0.091 0.072 0.087 0.072
adpUmin 2 0.480 0.513 0.691 0.781
adpUf2 0.619 0.669 0.855 0.903
Chen 0.573 0.574 0.569 0.623

Sriva  0.513 0.586 0.598 0.569

Schott 0.667 0.731 0.888 0.956

Panl 0.640 NA NA NA

Pan2  0.669 NA NA NA

TABLE 13
Empirical Power under Model 2 (Extreme sparse); n = 100.

D 50 100 200 300
1) 0.068 0.056 0.048 0.049
2) 0.725 0.364 0.122 0.086
3) 0.993 0.960 0.850 0.660
4) 1.000 0.997 0.988 0.956
5)
6)

0.934 0.874 0.803 0.682
0.972 0.960 0.935 0.914
U(o0) (permutation) 0.966 0.919 0.852 0.772
adpUmin 1 1.000 0.992 0.984 0.959

adpUf 1 1.000 0.996 0.989 0.970

U(co) (Tony) 0.999 1.000 0.997 1.000
adpUmin 2 1.000 0.997 0.993 0.995

adpUf2 1.000 0.999 0.992 0.992

Chen 0.800 0.457 0.196 0.127

Sriva 0.787 0.433 0.166 0.101

Schott 0.864 0.640 0.550 0.654

Panl 0.673 NA NA NA

Pan2 0.694 NA NA NA

We then analyze the simulation results. Model 1 is the extreme faint case
and ¥, — X, is dense. We find that under this case, the U-statistics of
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TABLE 14
Empirical Power under Model 3 (Reasonable faint and sparse); n = 100.

p 50 100 200 300
u() 0.072 0.067 0.069 0.070
U(2) 0.090 0.096 0.096 0.083
U(3) 0.155 0.151 0.152 0.145
UH4) 0.175 0.162 0.162 0.154
U(5) 0.347 0.582 0.868 0.946
Uu(6) 0.308 0.494 0.732 0.854

U(oo) (permutation) 0.028 0.034 0.027 0.018
adpUmin 1 0.337 0.496 0.797 0.901

adpUf 1 0.355 0.535 0.802 0.910

U(oo) (asymptotic) 0.254 0.319 0.409 0.403
adpUmin 2 0.348 0.508 0.798 0.901

adpUf 2 0.426 0.620 0.862 0.940

Chen 0.138 0.149 0.153 0.144

Sriva  0.092 0.096 0.097 0.100

Schott 0.189 0.283 0.486 0.712

Panl 0.167 NA NA NA

Pan2 0.186 NA NA NA

small orders, e.g., U(1) and U(2) are powerful. The tests based on the sum-
of-squares type statistics including “Chen”, “Sriva” and “Schott” are also
powerful under this case. Our proposed adaptive testing procedure using
Fisher’s method has comparable power performance to “Pan 1”7 and “Pan
27 and is computationally more efficient. Model 2 is the extreme sparse
case. Under this case, we find that generally U-statistics of higher orders,
e.g., U(4) and U(co), are more powerful than the U-statistics of smaller
orders, e.g., U(1) and U(2). Model 3 is the moderately faint and sparse case.
Under this case, we can see that a finite-order U-statistic U(5) is the most
powerful one. Neither the maximum-type test statistic ¢ (oc) and the sum-
of-squares type test statistic U(2), “Chen”, “Sriva” and “Schott” are very
powerful. Tests in [79] considering only faint or sparse alternatives are not
very powerful under this case. On the other hand, the proposed adaptive
testing procedure maintains high power under this case.
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